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Administrivia
• First handout will be out next week! (~2 week to turn in).
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Outline
• Hoare Logic revisited (Axiomatic approach) 
• Iteration (Loop Invariants) 
• Algorithmic approach to verification 
• Examples
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Part I 
Hoare Logic (Recap)
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Procedures and method calls

5

<latexit sha1_base64="16HDgKXGemyFKEniiDnQ+cdLbFw="></latexit>

E ::= Expressions
| . . .

S ::= Statements
| . . .
| x := m(E1, . . . , En) Call + Assignment

D ::= Declarations
| method m(x1, . . . , xn) returns (r)

requiresPre(x1, . . . , xn)
ensuresPost(x1, . . . , xn, r)
{S}

P ::= Program
| D

RECAP
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Procedures and method calls

6

• Declarations annotated with pre- and post-conditions. 
• Method calls built into a form of assignment. 
• A program P is a set of method declarations. 
• Each method decl. is validated, assuming its pre-condition 

and establishing its post-condition:
<latexit sha1_base64="k5HYrpekn5j5dYitXHZ6zCflcco="></latexit>

{Pre(x1, . . . , xn)}S {Post(x1, . . . , xn, r)}
method m(x1, . . . , xn) returns (r)
requiresPre(x1, . . . , xn)
ensuresPost(x1, . . . , xn, r) {S}

RECAP

Tiago
Realce

Tiago
Realce



Construction and Verification of Software, FCTUNL, © (uso reservado)

Procedures and method calls

7

• Method calls built into a form of assignment:

<latexit sha1_base64="KAALFmckqAVSNhhNz9QACX8qPZo=">AAADk3icbVLbbtNAEN3YXIq5NC3iiZcREVIqWSGuUEFFiDRQiRekcElbKWus9XqTrGqvnd01JLL8QfwOb/wN68SgJM1Klkcz58ycOZowi7nS3e6fhmXfun3n7t495/6Dh4/2mweHFyrNJWVDmsapvAqJYjEXbKi5jtlVJhlJwphdhtfvq/rlDyYVT8U3vciYn5CJ4GNOiTap4KDxC0djSahTAA7ZhIuCSEkWZUFLcGArF5cO4I ToqdZFwvQ0jUrsYheS9jzwwAUcpVqZ/zwQR6ZQIyXTuRTKQNvyCOOq6//KLOeSVaVVjutiIFm5q906jwmVb9NSpXfwXFkJcXEBXwGXDmYiqpcBzAUMAOPRMUt8s9dslpMIzgB/4ZOpNqD056ao88Bzl63dcyPoH2FTwAbGDN/o1h99ly+Cub8uo6yML85wtcscTt8aL7fnGPV9XEIZNFvdTnf54Gbg1UEL1W8QNH+bNjRPmNA0JkqNvG6mfTNYcxoz40auWEboNZmwkQkFSZjyi+VNlfDcZCIYp9J8QsMyu84oSKLUIgkNsnJAbdeq5K7aKNfj137BRZZrJuhq0DiPQadQHShE5iKojhcmIFRyoxXolJgT1eaMHWOCt73yzeDiuOOddLzPL1u9fm3HHnqKnqE28tAr1EMf0QANEbWa1on1zurZT+w3dt/+sIJajZrzGG08+9NfbDUerQ==</latexit>

method m(x1, . . . , xn) returns (r)
requiresPre(x1, . . . , xn)
ensuresPost(x1, . . . , xn, r) {S}

2 P

A ) Pre(E1, . . . , En) Post(E1, . . . , En, r) ) B[r/x]

{A}x := m(E1, . . . , En) {B}

RECAP
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Procedures and method calls

8

• Instantiated method pre-condition must follow from A 
• Instantiated method post-condition must imply B 
• Calls are opaque! We only know what’s in the post-condition. 
• Verification with method calls is modular.

<latexit sha1_base64="KAALFmckqAVSNhhNz9QACX8qPZo=">AAADk3icbVLbbtNAEN3YXIq5NC3iiZcREVIqWSGuUEFFiDRQiRekcElbKWus9XqTrGqvnd01JLL8QfwOb/wN68SgJM1Klkcz58ycOZowi7nS3e6fhmXfun3n7t495/6Dh4/2mweHFyrNJWVDmsapvAqJYjEXbKi5jtlVJhlJwphdhtfvq/rlDyYVT8U3vciYn5CJ4GNOiTap4KDxC0djSahTAA7ZhIuCSEkWZUFLcGArF5cO4I ToqdZFwvQ0jUrsYheS9jzwwAUcpVqZ/zwQR6ZQIyXTuRTKQNvyCOOq6//KLOeSVaVVjutiIFm5q906jwmVb9NSpXfwXFkJcXEBXwGXDmYiqpcBzAUMAOPRMUt8s9dslpMIzgB/4ZOpNqD056ao88Bzl63dcyPoH2FTwAbGDN/o1h99ly+Cub8uo6yML85wtcscTt8aL7fnGPV9XEIZNFvdTnf54Gbg1UEL1W8QNH+bNjRPmNA0JkqNvG6mfTNYcxoz40auWEboNZmwkQkFSZjyi+VNlfDcZCIYp9J8QsMyu84oSKLUIgkNsnJAbdeq5K7aKNfj137BRZZrJuhq0DiPQadQHShE5iKojhcmIFRyoxXolJgT1eaMHWOCt73yzeDiuOOddLzPL1u9fm3HHnqKnqE28tAr1EMf0QANEbWa1on1zurZT+w3dt/+sIJajZrzGG08+9NfbDUerQ==</latexit>

method m(x1, . . . , xn) returns (r)
requiresPre(x1, . . . , xn)
ensuresPost(x1, . . . , xn, r) {S}

2 P

A ) Pre(E1, . . . , En) Post(E1, . . . , En, r) ) B[r/x]

{A}x := m(E1, . . . , En) {B}

RECAP

Tiago
Realce
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Procedures and method calls

9

method maxImp(x:int,y:int) returns (r:int)
  ensures r >= x && r >= y
{
  if x > y { r := x; } else { r := y; }
  return r;
}

RECAP
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Procedures and method calls

10

method maxImp(x:int,y:int) returns (r:int)
  ensures r >= x && r >= y
{
  if x > y { r := x; } else { r := y; }
  return r;
}

method Main() {
  var a := -10;
  var b := 23;
  var c := maxImp(a,b);
  assert (c >= b);

}

RECAP
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Procedures and method calls

11

method maxImp(x:int,y:int) returns (r:int)
  ensures (x>y ==> r == x) && (x <= y ==> r == y)
{
  if x > y { r := x; } else { r := y; }
  return r;
}

method Main() {
  var a := -10;
  var b := 23;
  var c := maxImp(a,b);
  assert (c == b);

}

RECAP
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Hoare Logic - Structural Rules

12

{A} skip {A}
<latexit sha1_base64="jNniT6ZJ0NZyp1WAcTvFyhOFlVc="></latexit><latexit sha1_base64="jNniT6ZJ0NZyp1WAcTvFyhOFlVc="></latexit><latexit sha1_base64="jNniT6ZJ0NZyp1WAcTvFyhOFlVc="></latexit><latexit sha1_base64="jNniT6ZJ0NZyp1WAcTvFyhOFlVc="></latexit>

RECAP

{A[E/x]} x := E {A}
<latexit sha1_base64="v+oYx1ucS5H1T9d8EmiBFREELO4="></latexit><latexit sha1_base64="v+oYx1ucS5H1T9d8EmiBFREELO4="></latexit><latexit sha1_base64="v+oYx1ucS5H1T9d8EmiBFREELO4="></latexit><latexit sha1_base64="v+oYx1ucS5H1T9d8EmiBFREELO4="></latexit>

A0 =) A {A} P {B} B =) B0

{A0} P {B0}
<latexit sha1_base64="2FrMdNTfdvBPEo6EHNgE1TeP81s="></latexit><latexit sha1_base64="2FrMdNTfdvBPEo6EHNgE1TeP81s="></latexit><latexit sha1_base64="2FrMdNTfdvBPEo6EHNgE1TeP81s="></latexit><latexit sha1_base64="2FrMdNTfdvBPEo6EHNgE1TeP81s="></latexit>

{A} P {B} {B} Q {C}
{A} P ;Q {C}

<latexit sha1_base64="6oUpeRuLO+FtwIVha6hH/GZMBj8="></latexit><latexit sha1_base64="6oUpeRuLO+FtwIVha6hH/GZMBj8="></latexit><latexit sha1_base64="6oUpeRuLO+FtwIVha6hH/GZMBj8="></latexit><latexit sha1_base64="6oUpeRuLO+FtwIVha6hH/GZMBj8="></latexit>
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Rule for Assignment

• A[E/x] means: 
• the result of replacing all free occurrences of variable x in 

assertion A by the expression E 
• For this rule to be sound, we require E to be an expression 

without side effects (a pure expression)
13

{A[E/x]} x := E {A}
<latexit sha1_base64="v+oYx1ucS5H1T9d8EmiBFREELO4="></latexit><latexit sha1_base64="v+oYx1ucS5H1T9d8EmiBFREELO4="></latexit><latexit sha1_base64="v+oYx1ucS5H1T9d8EmiBFREELO4="></latexit><latexit sha1_base64="v+oYx1ucS5H1T9d8EmiBFREELO4="></latexit>

RECAP
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Rule for Assignment

• We can think of A as a condition where “x” appears in some 
places. A is a condition dependent on “x”. 

• The assignment x := E changes the value of x to E, but leaves 
everything else unchanged 

• So everything that could be said of E in the precondition, can 
be said of x in the postcondition, since the value of x after the 
assignment is E 

• Example: { x + 1 > 0 } x := x + 1 { x > 0 }
14

{A[E/x]} x := E {A}
<latexit sha1_base64="v+oYx1ucS5H1T9d8EmiBFREELO4="></latexit><latexit sha1_base64="v+oYx1ucS5H1T9d8EmiBFREELO4="></latexit><latexit sha1_base64="v+oYx1ucS5H1T9d8EmiBFREELO4="></latexit><latexit sha1_base64="v+oYx1ucS5H1T9d8EmiBFREELO4="></latexit>

RECAP
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Exercises
Prove using the assignment rule that: 

  assert y > 0;
  x := y;
  assert x > 0 && y == x;

  assert y == x;
  x := 2 * x;
  assert y == x / 2;

15
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Exercises
Prove using the assignment rule that: 

function P(x:int):bool {
  …
}
function Q(x:int):bool {
  …
}

  var x := …;
  var y := …;
  var z;

  assert P(x) && Q(y);
  z := x;
  x := y;
  y := z;
  assert P(y) && Q(x);

16
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• Consider the program 

      P ≜ if (x>y) then z := x else z := y 

• We (mechanically) check the triple 

     { true } P { z == max(x,y) }

Example

17
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• Consider the program 

      P ≜ if (x>y) then z := x else z := y 

• We (mechanically) check the triple 

     { true } P { z == max(x,y) } 

     { x == max(x,y) }  z := x { z == max(x,y) }  
     { x > y }  z := x { z == max(x,y) }  

     { y == max(x,y) } z := y { z == max(x,y) } 
     { y >= x } z := y { z == max(x,y) } 

Example

18

Tiago
Realce

Tiago
Realce
atribuição

Tiago
Realce

Tiago
Realce
atribuição



Part II 
Loops and Loop 

Invariants

Tiago
Realce



Construction and Verification of Software, DI - FCTUNL, © (uso reservado)

Rule for Iteration

20

Any precise post condition depends on how many times P is 
executed … P can be executed 0, 1, 2 … n times, n is generally  
not known at compile/verification time.

{? ^ E} P {?}
{A} while E do P {¬E^?}

<latexit sha1_base64="ytdoHbAIWh2v+VqG1ycYtQj34RM="></latexit><latexit sha1_base64="ytdoHbAIWh2v+VqG1ycYtQj34RM="></latexit><latexit sha1_base64="ytdoHbAIWh2v+VqG1ycYtQj34RM="></latexit><latexit sha1_base64="ytdoHbAIWh2v+VqG1ycYtQj34RM="></latexit>

Tiago
Realce
pré-condição

Tiago
Realce
corpo do programa

Tiago
Realce
pós-condição

Tiago
Realce

Tiago
Realce
para nós metermos uma pós-condição precisa, precisaríamos de saber quantas vezes o programa (ciclo) é executado. Por vezes é possível, mas maioritariamente não
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Rule for Iteration

21

while E do P ,
if E then P ;

if E then P ;
if E then P, ...
else skip

else skip
else skip

<latexit sha1_base64="XodK9KfNpzKyLPHF1WnKR0oUWuk="></latexit><latexit sha1_base64="XodK9KfNpzKyLPHF1WnKR0oUWuk="></latexit><latexit sha1_base64="XodK9KfNpzKyLPHF1WnKR0oUWuk="></latexit><latexit sha1_base64="XodK9KfNpzKyLPHF1WnKR0oUWuk="></latexit>

Tiago
Realce
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Rule for Iteration

22

{A} while E do P {B} ,
{A} if E then {A ^ E}P {B1};

{B1}if E then {B1 ^ E}P {B2};
{B2}if E then {B2 ^ E}P {B3};
...
else skip {¬E ^B2}

else skip {¬E ^B1}
else skip {¬E ^A}

<latexit sha1_base64="v9xOyBP7ASRzTphhvz0ZmRFAdoQ="></latexit><latexit sha1_base64="v9xOyBP7ASRzTphhvz0ZmRFAdoQ="></latexit><latexit sha1_base64="v9xOyBP7ASRzTphhvz0ZmRFAdoQ="></latexit><latexit sha1_base64="v9xOyBP7ASRzTphhvz0ZmRFAdoQ="></latexit>

Tiago
Realce
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Rule for Iteration

23

A ^ ¬E
<latexit sha1_base64="1bHhbi9W7LL1p6PiwT/Tehc3yqs="></latexit><latexit sha1_base64="1bHhbi9W7LL1p6PiwT/Tehc3yqs="></latexit><latexit sha1_base64="1bHhbi9W7LL1p6PiwT/Tehc3yqs="></latexit><latexit sha1_base64="1bHhbi9W7LL1p6PiwT/Tehc3yqs="></latexit>

{A ^ E} P {A}
{A} while E do P {A ^ ¬E}

<latexit sha1_base64="OPOB4kguJyUE+dSOh0lgvjysALI="></latexit><latexit sha1_base64="OPOB4kguJyUE+dSOh0lgvjysALI="></latexit><latexit sha1_base64="OPOB4kguJyUE+dSOh0lgvjysALI="></latexit><latexit sha1_base64="OPOB4kguJyUE+dSOh0lgvjysALI="></latexit>

A
<latexit sha1_base64="rmzczYaZIKm17KvmnEzthbRqkyo="></latexit><latexit sha1_base64="rmzczYaZIKm17KvmnEzthbRqkyo="></latexit><latexit sha1_base64="rmzczYaZIKm17KvmnEzthbRqkyo="></latexit><latexit sha1_base64="rmzczYaZIKm17KvmnEzthbRqkyo="></latexit>

A ^ E
<latexit sha1_base64="1A2TDNVQsIOJRrpLgZIc/AAMf0k="></latexit><latexit sha1_base64="1A2TDNVQsIOJRrpLgZIc/AAMf0k="></latexit><latexit sha1_base64="1A2TDNVQsIOJRrpLgZIc/AAMf0k="></latexit><latexit sha1_base64="1A2TDNVQsIOJRrpLgZIc/AAMf0k="></latexit>

A
<latexit sha1_base64="rmzczYaZIKm17KvmnEzthbRqkyo="></latexit><latexit sha1_base64="rmzczYaZIKm17KvmnEzthbRqkyo="></latexit><latexit sha1_base64="rmzczYaZIKm17KvmnEzthbRqkyo="></latexit><latexit sha1_base64="rmzczYaZIKm17KvmnEzthbRqkyo="></latexit>
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Rule for Iteration

24

• We cannot predict in general for how many iterations the 
while loop will run (undecidability of the halting problem). 

• We approximate all iterations by an invariant condition 

• A loop invariant is a condition that holds at loop entry and at 
loop exit. 

INV = Invariant Condition

{Inv ^ E} P {Inv}
{Inv} while E do P {Inv ^ ¬E}

<latexit sha1_base64="Itwb5Ro+cyg8CJaIp0DPYjTxSrs="></latexit><latexit sha1_base64="Itwb5Ro+cyg8CJaIp0DPYjTxSrs="></latexit><latexit sha1_base64="Itwb5Ro+cyg8CJaIp0DPYjTxSrs="></latexit><latexit sha1_base64="Itwb5Ro+cyg8CJaIp0DPYjTxSrs="></latexit>

Tiago
Realce
Invariante de ciclo

Tiago
Realce
a invariante de ciclo é uma propriedade/condição que se mantém verdadeira à entrada e à saída do ciclo

Tiago
Realce

Tiago
Realce

Tiago
Realce
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Rule for Iteration

25

• If the invariant holds initially and is preserved by the loop 
body, it will hold when the loop terminates! 

• It does not matter how many iterations will run. 
• Unlike the other rules of Hoare logic, finding the invariant 

requires human intelligence and creativity.

INV = Invariant Condition

{Inv ^ E} P {Inv}
{Inv} while E do P {Inv ^ ¬E}

<latexit sha1_base64="Itwb5Ro+cyg8CJaIp0DPYjTxSrs="></latexit><latexit sha1_base64="Itwb5Ro+cyg8CJaIp0DPYjTxSrs="></latexit><latexit sha1_base64="Itwb5Ro+cyg8CJaIp0DPYjTxSrs="></latexit><latexit sha1_base64="Itwb5Ro+cyg8CJaIp0DPYjTxSrs="></latexit>

Tiago
Realce
se a invariante se mantiver ao início e for conservada pelo corpo do ciclo, será verdadeira ao final do ciclo.

Tiago
Realce
independentemente do número de iterações do ciclo, a invariante, como o nome indica, manter-se-á

Tiago
Realce
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Rule for Iteration

26

• The invariant depicts the state in all iterations of a loop. 
• The invariant works like the induction hypothesis in a 

proof. The base case is the loop executed 0 times, the 
loop body is the induction step that iterates from step n to 
n+1.There must exist a valid induction measure.

INV = Invariant Condition

{Inv ^ E} P {Inv}
{Inv} while E do P {Inv ^ ¬E}

<latexit sha1_base64="Itwb5Ro+cyg8CJaIp0DPYjTxSrs="></latexit><latexit sha1_base64="Itwb5Ro+cyg8CJaIp0DPYjTxSrs="></latexit><latexit sha1_base64="Itwb5Ro+cyg8CJaIp0DPYjTxSrs="></latexit><latexit sha1_base64="Itwb5Ro+cyg8CJaIp0DPYjTxSrs="></latexit>

Tiago
Realce
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Loop Invariants

27

{0  n}
i := 0;
while i < n do {
i := i+ 1

}
{i == n}

<latexit sha1_base64="TJA8uKtZjX8aZp1jhllgQTDj4Lg="></latexit><latexit sha1_base64="TJA8uKtZjX8aZp1jhllgQTDj4Lg="></latexit><latexit sha1_base64="TJA8uKtZjX8aZp1jhllgQTDj4Lg="></latexit><latexit sha1_base64="TJA8uKtZjX8aZp1jhllgQTDj4Lg="></latexit>

Tiago
Realce

Tiago
Realce
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Loop Invariants

28

{0  n}
i := 0;
{i == 0 ^ 0  n}
{0  i  n}
while i < n do {
{0  i  n ^ i < n}
{0  i < n}
{0  i+ 1  n}
i := i+ 1
{0  i  n}

}
{0  i  n ^ i >= n}
{i == n}

<latexit sha1_base64="Y4/OEAEVqR4RWZ25Sr4JbUjV9j8="></latexit><latexit sha1_base64="Y4/OEAEVqR4RWZ25Sr4JbUjV9j8="></latexit><latexit sha1_base64="Y4/OEAEVqR4RWZ25Sr4JbUjV9j8="></latexit><latexit sha1_base64="Y4/OEAEVqR4RWZ25Sr4JbUjV9j8="></latexit>

Tiago
Realce

Tiago
Realce
i < n porque essa é a condição de continuação do ciclo0 <= i <= n porque é a condição que vinha de antes do ciclo

Tiago
Nota

Tiago
Realce

Tiago
Realce
mantém-se no final do ciclo

Tiago
Realce
como o ciclo terminou, a sua condição é falsa. !(i< n) = (i >=n)



Part III 
Breaking and Fixing Loop 

Invariants
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• Consider program P defined by 

• What is the specification of P? What does P do? 

Loop Invariants

30

P , s := 0; i := 0; while i < n do {i := i+ 1; s := s+ i}
<latexit sha1_base64="eN9Uss8RVdyFeFlOKfXbX5bGEO4="></latexit><latexit sha1_base64="eN9Uss8RVdyFeFlOKfXbX5bGEO4="></latexit><latexit sha1_base64="eN9Uss8RVdyFeFlOKfXbX5bGEO4="></latexit><latexit sha1_base64="eN9Uss8RVdyFeFlOKfXbX5bGEO4="></latexit>

{A} P {B}
<latexit sha1_base64="NXF4Jmmd2D23iilh4BCeSOTBkrc="></latexit><latexit sha1_base64="NXF4Jmmd2D23iilh4BCeSOTBkrc="></latexit><latexit sha1_base64="NXF4Jmmd2D23iilh4BCeSOTBkrc="></latexit><latexit sha1_base64="NXF4Jmmd2D23iilh4BCeSOTBkrc="></latexit>

Tiago
Realce

Tiago
Realce

Tiago
Realce

Tiago
Realce
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• Consider program P defined by 

• What is the specification of P? What does P do? 

Is this a good specification for program P?  

Can we mechanically check the Hoare triple? 

Loop Invariants

31

P , s := 0; i := 0; while i < n do {i := i+ 1; s := s+ i}
<latexit sha1_base64="eN9Uss8RVdyFeFlOKfXbX5bGEO4="></latexit><latexit sha1_base64="eN9Uss8RVdyFeFlOKfXbX5bGEO4="></latexit><latexit sha1_base64="eN9Uss8RVdyFeFlOKfXbX5bGEO4="></latexit><latexit sha1_base64="eN9Uss8RVdyFeFlOKfXbX5bGEO4="></latexit>

<latexit sha1_base64="vEKyVw03EsDW3lIIehGCwRQAv1w="></latexit>

{n � 0} P {s =
nX

j=0

j}

Tiago
Realce

Tiago
Realce

Tiago
Realce

Tiago
Realce
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Loop Invariants

32

<latexit sha1_base64="FEtVYpyW3W/37yY8pN35yxOWGjI="></latexit>

{0  n}
s := 0;
i := 0;
while i < n do {
i := i+ 1;
s := s+ i

}
{s ==

nP
j=0

j}
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Loop Invariants

33

<latexit sha1_base64="IAtf3R/AHEKOhXGcXuPTcY1HI/I="></latexit>

{0  n}
s := 0;
{s = 0 ^ 0  n}
i := 0;
{s = 0 ^ 0  i  n}
while i < n do {

i := i+ 1;
s := s+ i

}
{s =

nP
j=0

j}

Tiago
Realce
o ciclo vai sempre conservar a propriedade 0>=i <= n, mas o que é que podemos dizer sobre s durante a execução do ciclo?...

Tiago
Realce
...bem, sabemos que no final este vai ser o valor de s... Mas qual é que vai ser o valor a cada parte do ciclo?
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Loop Invariants

34

<latexit sha1_base64="aEjEEnjTu1D/r8kTXw8xQiasRdQ="></latexit>

{0  n}
s := 0;
{s = 0 ^ 0  n}
i := 0;
{s = 0 ^ 0  i  n}

{0  i  n ^ s =
iP

j=0
j}

while i < n do {
i := i+ 1;
s := s+ i;

}

{i = n ^ s =
iP

j=0
j}

{s =
iP

j=0
j}

Tiago
Realce
...portanto sabemos que o valor de s vai ser o somatório até ao índice atual i., esta é a nossa invariante do s



Construction and Verification of Software, DI - FCTUNL, © (uso reservado)

Loop Invariants

35

Invariant holds

{0  n}
s := 0;
{s = 0 ^ 0  n}
i := 0;
{s = 0 ^ i = 0 ^ 0  i  n}

{0  i  n ^ s =
iP

j=0
j}

while i < n do {

{0  i  n ^ s =
iP

j=0
j}

i := i+ 1;
s := s+ i

{0  i  n ^ s =
iP

j=0
j}

}

{i = n ^ s =
iP

j=0
j}

{s =
nP

j=0
j}

<latexit sha1_base64="ZdwgdGjlMJDiS0APMAJ6unYeF60="></latexit>

Tiago
Realce

Tiago
Realce

Tiago
Realce

Tiago
Realce
nestas 3 posições a invariante mantém-se sempre, tal como na primeira após o ciclo (a parte do s)

Tiago
Realce
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Loop Invariants
• The loop invariant may be broken inside the body of the 

loop, but must be re-established at the end. 
• Notice the assignment rule 

• that breaks the invariant…

36

{A[E/x]} x := E {A}
<latexit sha1_base64="v+oYx1ucS5H1T9d8EmiBFREELO4="></latexit><latexit sha1_base64="v+oYx1ucS5H1T9d8EmiBFREELO4="></latexit><latexit sha1_base64="v+oYx1ucS5H1T9d8EmiBFREELO4="></latexit><latexit sha1_base64="v+oYx1ucS5H1T9d8EmiBFREELO4="></latexit>

<latexit sha1_base64="XSV1mdayjp4yIA9AevP4hBIYgmU="></latexit>

{0  i  n ^ i < n ^ s =
iP

j=0
j}

{0  i < n ^ s =
iP

j=0
j}

i := i+ 1

{0  i� 1 < n ^ s =
i�1P
j=0

j}

{0  i  n ^ s =
i�1P
j=0

j}

Tiago
Realce
a invariante pode-se invalidar durante a execução do ciclo, desde que no final seja restabelecida.

Tiago
Realce

Tiago
Realce

Tiago
Realce
durante este step, aumentamos o i, então o s deixa momentaneamente de estar válido
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Loop Invariants
• The loop invariant may be broken inside the body of the 

loop, but must be re-established at the end. 
• Notice the assignment rule 

• and then re-establishes it

37

{A[E/x]} x := E {A}
<latexit sha1_base64="v+oYx1ucS5H1T9d8EmiBFREELO4="></latexit><latexit sha1_base64="v+oYx1ucS5H1T9d8EmiBFREELO4="></latexit><latexit sha1_base64="v+oYx1ucS5H1T9d8EmiBFREELO4="></latexit><latexit sha1_base64="v+oYx1ucS5H1T9d8EmiBFREELO4="></latexit>

<latexit sha1_base64="InTvLVmT8eyvvMh14zRhPw1cJ64="></latexit>

{0  i  n ^ s =
i�1P
j=0

j}

s := s+ i

{0  i  n ^ s = (
i�1P
j=0

j) + i}

{0  i  n ^ s = (
iP

j=0
j)}

Tiago
Realce

Tiago
Realce
mas imediatamente a seguir somamos o i ao s, fazendo com que o s volte a cumprir a invariante de ciclo.
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Loop Invariants
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Invariant holds

<latexit sha1_base64="tSlWuIkeej19JD4jKNOdcVnrokM="></latexit>

{0  n}
s := 0;
{s = 0 ^ 0  n}
i := 0;
{s = 0 ^ i = 0 ^ 0  i  n}

{0  i  n ^ s =
iP

j=0
j}

while i < n do {

{0  i  n ^ s =
iP

j=0
j}

i := i+ 1;
s := s+ i

{0  i  n ^ s =
iP

j=0
j}

}

{i = n ^ s =
iP

j=0
j}

{s =
nP

j=0
j}

Tiago
Realce
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Loop Invariants

39

Invariant 
restored

Invariant 
broken

<latexit sha1_base64="PzXO+e0jZl/z7voQ8ZE4uezrDUE="></latexit>

{0  n}
s := 0;
{s = 0 ^ 0  n}
i := 0;
{s = 0 ^ i = 0 ^ 0  i  n}

{0  i  n ^ s =
iP

j=0
j}

while i < n do {

{0  i  n ^ i < n ^ s =
iP

j=0
j}

{0  i < n ^ s =
iP

j=0
j}

i := i+ 1;

{0  i� 1 < n ^ s =
i�1P
j=0

j}

{0  i  n ^ s =
i�1P
j=0

j}

s := s+ i

{0  i  n ^ s = (
i�1P
j=0

j) + i}

{0  i  n ^ s =
iP

j=0
j}

}

{i = n ^ s =
iP

j=0
j}

{s =
nP
j
j}

Tiago
Realce

Tiago
Realce

Tiago
Realce

Tiago
Realce
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Loop Invariants

40

Invariant holds

<latexit sha1_base64="PzXO+e0jZl/z7voQ8ZE4uezrDUE="></latexit>

{0  n}
s := 0;
{s = 0 ^ 0  n}
i := 0;
{s = 0 ^ i = 0 ^ 0  i  n}

{0  i  n ^ s =
iP

j=0
j}

while i < n do {

{0  i  n ^ i < n ^ s =
iP

j=0
j}

{0  i < n ^ s =
iP

j=0
j}

i := i+ 1;

{0  i� 1 < n ^ s =
i�1P
j=0

j}

{0  i  n ^ s =
i�1P
j=0

j}

s := s+ i

{0  i  n ^ s = (
i�1P
j=0

j) + i}

{0  i  n ^ s =
iP

j=0
j}

}

{i = n ^ s =
iP

j=0
j}

{s =
nP
j
j}

Tiago
Realce
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Hints for finding loop invariants

41

• First: carefully think about the post condition of the loop 

• Typically the post-condition talks about a property 
“accumulated” across a “range”  
(this is why you are using a loop, right?) 

• e.g., maximum of all elements of an array 
• e.g., sort visited elements in a data structure 

Tiago
Realce
Dicas para encontrar invariantes.

Tiago
Realce

Tiago
Realce
As pós-condições podem ser consideradas invariantes em certos casos, mas noutros podem ser modificadas ligeiramente de forma a serem invariantes válidas.
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Hints for finding loop invariants

42

• Second: design a “generalized” version of the post-
condition, in which the already visited part of the data is 
made explicit as a function of the “loop control 
variable” (generalizing the i.h, remember?) 

• The loop body may temporarily break the invariant, but must 
restore it at the end of the body 

• Important: make sure that the invariant together (&&) with 
the termination condition really implies your post-condition

Tiago
Realce
Como dito anteriormente, noutros casos as invariantes podem ser modificadas ligeiramente de forma a serem invariantes válidas.

Tiago
Realce

Tiago
Realce
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Examples, what kind of invariant we need for…
• Max of an array

• All elements to the left are smaller than the max so far 

• Array Searching (unsorted)
• All elements left of the index are different from the value being searched 

• Array Searching (sorted)
• The element is between the lower and the higher limits 

• Sorting (bubblesort, insertion sort, etc.)
• Everything to the left of the cursor is sorted 

• List Reversing
• All elements to the left of the cursor are placed on the right of the result

43



Part IV 
Weakest Pre-condition 

Algorithm

Tiago
Realce
O algoritmo da pré condição mais fraca.



Construction and Verification of Software, FCTUNL, © (uso reservado)

The Weakest Precondition

45

https://dl.acm.org/doi/10.1145/360933.360975
Tiago
Realce
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Predicate transformer semantics
• Algorithmic approach to verify a while program 
• Defines a predicate transformer that produces the 

weakest precondition for a pair of program/assertion 

• Any Hoare triple                    is provable if and only if the 
predicate                         holds. 

• The predicate is (recursively) defined on the cases of the 
program syntax.

46

wp(P,B)
<latexit sha1_base64="yG8BN2cXIK9zd/HWOoeNZfGno1o="></latexit><latexit sha1_base64="yG8BN2cXIK9zd/HWOoeNZfGno1o="></latexit><latexit sha1_base64="yG8BN2cXIK9zd/HWOoeNZfGno1o="></latexit><latexit sha1_base64="yG8BN2cXIK9zd/HWOoeNZfGno1o="></latexit>

{A} P {B}
<latexit sha1_base64="qZ2wG9ikTbh4wrp81X7hvIWtNho="></latexit><latexit sha1_base64="qZ2wG9ikTbh4wrp81X7hvIWtNho="></latexit><latexit sha1_base64="qZ2wG9ikTbh4wrp81X7hvIWtNho="></latexit><latexit sha1_base64="qZ2wG9ikTbh4wrp81X7hvIWtNho="></latexit>

A ) wp(P,B)
<latexit sha1_base64="VMjsnaojy4vAnMCPxQ45flGvyFA="></latexit><latexit sha1_base64="VMjsnaojy4vAnMCPxQ45flGvyFA="></latexit><latexit sha1_base64="VMjsnaojy4vAnMCPxQ45flGvyFA="></latexit><latexit sha1_base64="VMjsnaojy4vAnMCPxQ45flGvyFA="></latexit>

Tiago
Realce
verifica os whiles

Tiago
Realce

Tiago
Realce

Tiago
Realce
produz a pré-condição mais fraca para um par (programa, asserção)

Tiago
Realce

Tiago
Realce

Tiago
Realce
provamos que o programa representado pelo triplo de Hoare é válido se a pré condição mais fraca for deduzida da pré condição A do programa
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Predicate transformer semantics

47

{A} skip {A}
<latexit sha1_base64="jNniT6ZJ0NZyp1WAcTvFyhOFlVc="></latexit><latexit sha1_base64="jNniT6ZJ0NZyp1WAcTvFyhOFlVc="></latexit><latexit sha1_base64="jNniT6ZJ0NZyp1WAcTvFyhOFlVc="></latexit><latexit sha1_base64="jNniT6ZJ0NZyp1WAcTvFyhOFlVc="></latexit>

{A[E/x]} x := E {A}
<latexit sha1_base64="v+oYx1ucS5H1T9d8EmiBFREELO4="></latexit><latexit sha1_base64="v+oYx1ucS5H1T9d8EmiBFREELO4="></latexit><latexit sha1_base64="v+oYx1ucS5H1T9d8EmiBFREELO4="></latexit><latexit sha1_base64="v+oYx1ucS5H1T9d8EmiBFREELO4="></latexit>

{A} P {B} {B} Q {C}
{A} P ;Q {C}

<latexit sha1_base64="6oUpeRuLO+FtwIVha6hH/GZMBj8="></latexit><latexit sha1_base64="6oUpeRuLO+FtwIVha6hH/GZMBj8="></latexit><latexit sha1_base64="6oUpeRuLO+FtwIVha6hH/GZMBj8="></latexit><latexit sha1_base64="6oUpeRuLO+FtwIVha6hH/GZMBj8="></latexit>

{A ^ E} P {B} {A ^ ¬E} Q {B}
{A} if E then P else Q {B}

<latexit sha1_base64="LQalZIInTApkoa5Snao+SxQxe4c="></latexit><latexit sha1_base64="LQalZIInTApkoa5Snao+SxQxe4c="></latexit><latexit sha1_base64="LQalZIInTApkoa5Snao+SxQxe4c="></latexit><latexit sha1_base64="LQalZIInTApkoa5Snao+SxQxe4c="></latexit>

wp(skip, A) = A
<latexit sha1_base64="rvvyb/Cs4CxPUpFrm+CyGJwpOpo="></latexit><latexit sha1_base64="rvvyb/Cs4CxPUpFrm+CyGJwpOpo="></latexit><latexit sha1_base64="rvvyb/Cs4CxPUpFrm+CyGJwpOpo="></latexit><latexit sha1_base64="50vm2kQg4xSRFZrs6lAqk0P74OA=">AAACJXicbVHLSsNAFJ3UV41V27UIwSK4KokbXQpuXFawD2hCuZlM2qHzCDMTtYT8gFt/xZ/RnfgjTtoubOuFgcM5M/eeeybOGNXG9z+d2s7u3v5B/dA9arjHJ6fNRl/LXGHSw5JJNYxBE0YF6RlqGBlmigCPGRnEs/tKHzwTpakUT2aekYjDRNCUYjCW6o6bbb/jL8rbBsEKtNGqxi3nPEwkzjkRBjPQehT4mYkKUIZiRko3zDXJAM9gQkYWCuBER8XCZ+ldWibxUqnsEcZbsH9fFMC1nvPY3uRgpnpTq8j/tFFu0tuooCLLDRF4OSjNmWekVy3tJVQRbNjcAsCKWq8enoICbGw0a1OWTt1QkBcsOQeRFKHWqShHQVSEPJavRSik4sCqFUKdpsCpbVy0g7IsXZtnsJneNuhfdwK/Ezz6qI7O0AW6QgG6QXfoAXVRD2GUoDf07nw4X873Mveas/qAFlor5+cXOFyokg==</latexit><latexit sha1_base64="hPBx3Mm7cpm2hnG+YFzxBY/IU1U="></latexit><latexit sha1_base64="hPBx3Mm7cpm2hnG+YFzxBY/IU1U="></latexit><latexit sha1_base64="9muUQtQcH1RxLout8NvgKZVUbZY="></latexit><latexit sha1_base64="rvvyb/Cs4CxPUpFrm+CyGJwpOpo="></latexit><latexit sha1_base64="rvvyb/Cs4CxPUpFrm+CyGJwpOpo="></latexit><latexit sha1_base64="rvvyb/Cs4CxPUpFrm+CyGJwpOpo="></latexit><latexit sha1_base64="rvvyb/Cs4CxPUpFrm+CyGJwpOpo="></latexit><latexit sha1_base64="rvvyb/Cs4CxPUpFrm+CyGJwpOpo="></latexit><latexit sha1_base64="rvvyb/Cs4CxPUpFrm+CyGJwpOpo="></latexit>

wp(if E then P1 else P2, B) ,
E ) wp(P1, B) ^ ¬E ) wp(P2, B)

<latexit sha1_base64="DFTzfFYbLR51Ho78v++5ZsccrWA="></latexit><latexit sha1_base64="DFTzfFYbLR51Ho78v++5ZsccrWA="></latexit><latexit sha1_base64="DFTzfFYbLR51Ho78v++5ZsccrWA="></latexit><latexit sha1_base64="DFTzfFYbLR51Ho78v++5ZsccrWA="></latexit>

wp(x := E,A) , A[E/x]
<latexit sha1_base64="DZeLytyOlSiC/hqb4wXYeCZd7Po="></latexit><latexit sha1_base64="DZeLytyOlSiC/hqb4wXYeCZd7Po="></latexit><latexit sha1_base64="DZeLytyOlSiC/hqb4wXYeCZd7Po="></latexit><latexit sha1_base64="DZeLytyOlSiC/hqb4wXYeCZd7Po="></latexit>

wp(P ;Q,C) = wp(P,wp(Q,C))
<latexit sha1_base64="FGkpqcc+yvX6taiNVzOmUenzWxs="></latexit><latexit sha1_base64="FGkpqcc+yvX6taiNVzOmUenzWxs="></latexit><latexit sha1_base64="FGkpqcc+yvX6taiNVzOmUenzWxs="></latexit><latexit sha1_base64="50vm2kQg4xSRFZrs6lAqk0P74OA=">AAACJXicbVHLSsNAFJ3UV41V27UIwSK4KokbXQpuXFawD2hCuZlM2qHzCDMTtYT8gFt/xZ/RnfgjTtoubOuFgcM5M/eeeybOGNXG9z+d2s7u3v5B/dA9arjHJ6fNRl/LXGHSw5JJNYxBE0YF6RlqGBlmigCPGRnEs/tKHzwTpakUT2aekYjDRNCUYjCW6o6bbb/jL8rbBsEKtNGqxi3nPEwkzjkRBjPQehT4mYkKUIZiRko3zDXJAM9gQkYWCuBER8XCZ+ldWibxUqnsEcZbsH9fFMC1nvPY3uRgpnpTq8j/tFFu0tuooCLLDRF4OSjNmWekVy3tJVQRbNjcAsCKWq8enoICbGw0a1OWTt1QkBcsOQeRFKHWqShHQVSEPJavRSik4sCqFUKdpsCpbVy0g7IsXZtnsJneNuhfdwK/Ezz6qI7O0AW6QgG6QXfoAXVRD2GUoDf07nw4X873Mveas/qAFlor5+cXOFyokg==</latexit><latexit sha1_base64="F3O1r2mDdHCJ51prworsapJzr8A="></latexit><latexit sha1_base64="F3O1r2mDdHCJ51prworsapJzr8A="></latexit><latexit sha1_base64="0mnxA/PtA7RlRMkAhwr8Lc/MSs8="></latexit><latexit sha1_base64="FGkpqcc+yvX6taiNVzOmUenzWxs="></latexit><latexit sha1_base64="FGkpqcc+yvX6taiNVzOmUenzWxs="></latexit><latexit sha1_base64="FGkpqcc+yvX6taiNVzOmUenzWxs="></latexit><latexit sha1_base64="FGkpqcc+yvX6taiNVzOmUenzWxs="></latexit><latexit sha1_base64="FGkpqcc+yvX6taiNVzOmUenzWxs="></latexit><latexit sha1_base64="FGkpqcc+yvX6taiNVzOmUenzWxs="></latexit>

Tiago
Realce
no skip é o A, visto que nada acontece

Tiago
Realce
numa sequência,a pré-condição mais fraca vai ser a pré-condição do programa P, com a pós-condição sendo a pré-condição mais fraca do programa Q.

Tiago
Realce
numa atribuição, a pré-condição mais fraca vai ser a expressão original, sem modificação.

Tiago
Realce
num if then else, a pré condição mais fraca vai ser uma conjunção de duas implicações, dependendo do valor da expressão E que decide o ramo do if. Se for verdadeira, será a pré condição mais fraca do programa P/P1, caso contrário, será a pré-condição mais fraca do programa Q/P2
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• Consider the program 

      P ≜ if (x>y) then z := x else z := y 

• We (mechanically) check the triple 

     { true } P { z == max(x,y) }

Example (again)

48
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• Consider the program 

   P ≜ x := y ; y := z;  z:= x 

We (mechanically) check the triple 

     { P(y) && Q(z) } P { P(z) && Q(y) } 

(here P and Q are any properties) 

Example (again)

49
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Algorithmic approach for Iteration

50

wp(while E do P,B) ,
I ^ (E ^ I ) wp(P, I)) ^ (¬E ^ I ) B)

<latexit sha1_base64="jcvb+zZlqgATANpA+COsSNInStw="></latexit><latexit sha1_base64="jcvb+zZlqgATANpA+COsSNInStw="></latexit><latexit sha1_base64="jcvb+zZlqgATANpA+COsSNInStw="></latexit><latexit sha1_base64="jcvb+zZlqgATANpA+COsSNInStw="></latexit>

Tiago
Realce
na iteração, a pré-condição mais fraca vai estar dependente da Invariante, e será uma conjunção composta, na qual se encontram duas implicações. Na primeira, a condição de ciclo é verdadeira, então aí a pré-condição mais fraca será a pré-condição mais fraca do programa P com a pós-condição sendo igual à invariante do ciclo. Caso contrário, o ciclo terminou e essa implicação tem apenas o B como pré-condição, sendo também a pós-condição




