CHAPTER 16
Topics in Vector Calculus

EXERCISE SET 16.1

1.

11.

12.

13.

14.

(a)

(a)
(c)

III because the vector field is independent of y and the direction is that of the negative x-axis

for negative z, and positive for positive

IV, because the y-component is constant, and the z-component varies priodically with z

I, since the vector field is constant

II, since the vector field points away from the origin
true (b) true (c) true

false, the lengths are equal to 1 (b) false, the y-component is then zero
false, the x-component is then zero
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(a) Vo=¢,i+¢,j= T x2y21 + T 9172y2.] =F, so F is conservative for all x,y

(b)

(a)
(b)

Vo = ¢pui+ ¢yj = 22i — 6yj + 82k = F so F is conservative for all z,y

Vo = ¢,i+ ¢yj = (6xy — y®)i+ (4y + 322 — 3zy?)j = F, so F is conservative for all z,y

Vo =¢zi+ ¢j+ ¢k = (sinz+ycosz)i+ (sinz + zcosy)j+ (zcosz +siny)k =F, so F is
conservative for all x,y

divF =2z +y,curl F =zi

div F = 23 + 8322 + 102y, curl F = 5221 + 3222%j + 4xy’k
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15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

27.

28.

29.

30.

31.

Chapter 16

div F =0, curl F = (40222 — 12293)i + (14932 + 3y*)j — (16225 + 21y%2?)k

div F = ye™ +siny + 2sin zcos z, curl F = —xe™k
. 2
divF=—o———curl F=0
Va2 +y? + 22

1
div F = — + zze™* + curl F = —zye™*i 4 L‘j + yze®Y?k
x 22 + 22

_r
z? + 22’
V-(FxG)=V-(—(z+4y%)i+ (dzy + 222)j + (2zy — 2)k) = 4z
V- (FxG)=V-((22y2? — 22y?)i — 2y?2%j + 2y?zk) = —zy?

V. (VxF)=V-(—sin(zx—y)k)=0

V- (VXF)=V - (—ze¥*i+ xe**j+ 3eVk) =0

VX (VXxF)=V x (zzi—yzj+yk) = (1+y)i+j

Vx(VxF)=V x ((x+3y)i —yj — 2zyk) = —2zi + 2yj — 3k

Let F = fi+ gj + hk; dlv(kF)—k‘g—i-ka —l—k?—kdlvF
it it bk (90 09N (O O (09 _OFN, _
LetF—f1+gJ+hk,curl(kF)-k(ay 8Z)l k(az ax)'H_k(am By k=Fkcurl F

Let F = f(z,y,2)i+ g(z,y,2)j + h(z,y,2)k and G = P(z,y, 2)i + Q(z,y, 2)j + R(z,y, 2)k, then

)i
8f oPrP dg 0Q oh  OR
div F+G < ) <6y+8)+<82+82)
8f 89 Oh oP 0Q OR
( > <8x oy Oy * 0z

)divF+diVG

Let F = f(z,y,2)i + g(z,y,2)j + h(z,y, 2 )k and G = P(x,y,2)i + Q(x,y, 2)j + R(x,y, 2)k, then
0 0 0

curl (F+G) = [é)y(mR)—az(ngQ)} i+ {;Z(HP)—(%(HR)}J'

ox

expand and rearrange terms to get curl F + curl G.

+ gt @ -+ Pk

Let F = fi+ gj+ hk;
div(¢F)<¢af+a¢f> (¢8g+a¢ >+<¢5h+5¢ )

0 oy 0y 0 0
af dg Oh ol ¢ 8(1)
=0 (Gt o 5:) (50 3o o0)

—¢divF+V¢-F
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32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

Let F = fi+ gj + hk ;
curl (6F) = | £-(61) = 57(60)| i+ 5 (01) = 5-(60)| 1+ | - (09) = 5 (01)] s usethe produee

rule to expand each of the partial derivatives, rearrange to get ¢ curl F + V¢ x F

Let F = fi+ gj+ hk;

0 (0h Og o (0f Oh 0 (dg Of
1 F — - = — = - = — = - =
div(curl F) = ox <8y 82) * Oy (32 8:6) * 0z <8m Oy
_ 0%h 7 0%g +a2f B 0%h 0%g 7 0 f ~0
© 0x0y  0x0z  Oydz OyOxr  0z0x 020y
assuming equality of mixed second partial derivatives
(P60 PN, (6 9\, (0% 0%
curl (V9) = <8y82 B 828y) t <8z8x B 8m8z) + <8m8y  Oyox

of mixed second partial derivatives

) k = 0, assuming equality

V-(kF)=kV-F, V- (F+G)=V-F4+V-G, V- (¢F)=¢V-F+V¢p-F, V- (VxF)=0
Vx(kF) =kVxF, Vx (F+G)=VxF+VxG, Vx (¢F) = ¢VxF+VéxF, Vx (Vo) =0

(a) curlr=0i+0j+0k=0

(b) Vr|=V/aZ+ 12+ 2% = i Y i+ : k= T

\/x2+y e \/x2+y2+22 Va2 +y? + 22 Iz

(a) divr=14+1+1=3

() Vg =V 4o+ = o — i

(@) VI0) = P05+ P05+ £ 5k = P v = L

(b) div[f(r)r] = f(r)dive+ Vf(r) - r=3f(r) + f/y)r r=3f(r)+rf(r)

(a) curl[f(r)r] = f(r)eurl r + V£(r) x r = f(r)0 + f;(f")r xr=0+0=0

w>WﬂmMWﬂmﬁﬂﬂ@qf@&”+vﬁﬂm
L0 L0, o0

fr)y=1/r3 f'(r) = =3/r*, div(r/r®) = 3(1/r®) + r(=3/r*) =0

Multiply 3f(r) 4+ rf'(r) = 0 through by r? to obtain 3r2f(r) + r3f'(r) =
dirf(r)]/dr =0, 73f(r) = C, f(r) = C/r3, so F = Cr/r® (an inverse-square field).

(a) At the point (z,y) the slope of the line along which the vector —yi + zj lies is —x/y; the
slope of the tangent line to C' at (x,y) is dy/dz, so dy/dx = —z/y.

(b) ydy = —xdx, y*/2=—2?/2+ K1, 2° +y> = K
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44. dy/dr =z,y=2%/2+ K 45. dy/dx=1/z,y=lnaz+ K
y Ay
v
M o d T
- ~ Va /‘ e X
N ~ /
~ |, /¥
< >
~ L,

46. dy/dx = —y/x, (1/y)dy = (—1/z)dz, Iny = —lnz + K,

y=efre"? = K/g

N =
.
EXERCISE SET 16.2
1
1. (a) / dy = 1 because s = y is arclength measured from (0,0)
0
(b) 0, because sinxy = 0 along C
2. (a) /ds = length of line segment = 2 (b) 0, because z is constant and dx =0
c
3. (a) d (W) /1(215 342)/1 4 362 dt = — - \/T0 — = In(v/T0— 3) — —
= —_— —_— —_— e —_—— n — —_——
y dt at ) %, 108 36 27
1 1 1
(b) / (2t — 3t%)2dt = 0 (c) / (2t — 3t%)6t dt = -5
0 0
! 864 ! 54
4. (a) / t(3t3)(6t%)% /1 + 36t2 + 324¢* dt = = () / t(3t2)(6t%)2 dt = 5
0 0
! 648 !
(c) / t(3t2)(6t%)26t dt = 0 (d) / t(3t2)(6t%)21812 dt = 162
0 0
1
5. (a) C:x:t7y:t,0§t§1;/ 6tdt =3
0
1
(b) C:x:t,y:tQ,Ogtgl;/ (3t 4 6t% — 2t%)dt = 3
0
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(c¢) C:zx=t y=sin(nt/2),0<t<1;

/1[3t + 2sin(nt/2) + wt cos(wt/2) — (7/2) sin(nt/2) cos(nt/2)]dt = 3
0

1
(d) C:x:t3,y:t,0§t§1;/(9t5+8t3—t)dt:3
0

1
6. (a) C:x:t,y:t,z:t,ogtgl;/(t—i—t—t)dt:f
0

1

1

(b) C:x:t,y:t2,22t3,0§t§1;/ (t2+t3(2t)—t(3t2))dt:—%
0

1
2
(c) C:$=COS7Tt,y=Sin7Tt,Z=t,O§tS1/( 7 sin? 77t+7rtcos7rt—cos7rt)dt:—g—f
e
S VIt 3 1 1+2¢
7. 14+t) Y2 dt=2 8. 4+1n2
1 O(+) \[/1+t2 = V5(r /44 n2)
1
9. /3( J(2)(263/3)(1 + 262) dt:2/ 11+ 242) dt = 13/20
0
\f /4
10. T/ et dt =V5(1 —e ) /4 11. / (8 cos® t—16sin® t—20sint cost)dt = 1—x
0
12. ( t5/3 t2/3>dt:6/5

3
1
13. C:x:(?)—t)z/?),y:3—t,0§t§3;/ §(3ft)2dt:3
0

1
2 2
14. C:z =13 y=t, —1§t§1;/ (3t2/3—3t1/3+t7/3>dt:4/5
1

/2
15. C:x:cost,y:sint,0§t§7r/2;/ (—sint —cos? t)dt = —1 — /4
0
1
16. C:m:3—t,y:4—3t,0§t§1;/(—37+41t—9t2)dt:—39/2
0
1
17. /(—3)63tdt=1—63
0
/2
18. / (sin®tcost —sin®tcost + t1(2t)) dt = —
o 192

19. (a) /1n2 (e +e7?") Vet +e2tdt
0

_ 63 \ﬁ+1 1. V2+1
6—4\/ﬁ+ 1n(4+\f) \/ﬁ—1 ln(\/§+1)—|—§ln\/§_l

(b) / [sintcost dt — sin® t dt] =

l\')\r—l
>J>\=]
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/2
20. (a) / cos?! t sin? t\/(—3 cos? tsint)2 + (3sin’ ¢ cost)2 dt
0
/2 61,047
=3 246int0¢qdp = — 2
/0 cos e 4,294,967,296

50, 59, 49

5 2 4 o
(b) / <t Int+7¢=(2t) + t (lnt)t> dt = 36 166 " 1

21. (a) C71:(0,0) to (1,0);2=t,y=0,0<t<1
Cy:(1,0) to (0,1);2=1—-¢t,y=¢0<t<1
C3:(0,1) to (0,0);2 =0,y=1—-¢t,0<t<1

/Ol(O)dt+/01(—1)dt+/ol(o)dt .

o~~~

(b) C1:(0,0) to (1,0);2=¢t,y=0,0<t<1
Cy:(1,0) to (L,1);2=1,y=¢0<t<1
Cs: (L, to(0,1);2=1—-¢t,y=1,0<t<1
Cy:(0,1) to (0,0);2=0,y=1—-¢t,0<t <1

1 1 1 1
/O(O)dt+ ; (—1)dt+/0 (—1)dt+/0 (0)dt = —2

22. (a) C1:(0,0) to (1,12 =t,y=¢t0<t<1
Cy:(1,1)to (2,02 =1+ty=1-t0<t<1
C5:(2,0) to (0,0);2=2-2t,y=0,0<t<1

/ dt+/ 2dt+/

(b) Cj:(=5,0)to (5,0);x=t,y=0,-5<t<5
Cy:x="5cost,y =>5sint,0<t<m

[ Z(O)dt + /O "(“25)dt — 257

—~~

1 1
1
23. C’lzarzt,y:,ZZO,OStSl,/ 0dt = 0; C2zx=1,y:t,z=0,0§t§1,/(—t)dt:——
0 0 2
! ) ) 1 5
Cs:x=1y=12=t,0<t<1, 3dt = 3; T zdr — yx dy+3dz:075+3:§
0 c
24. (7:(0,0,0) to (1,1,0);z=t,y=1t,2=0,0<t <1
Cy:(1,1,0) to (1, ,1);z2=1,y=1,2=10<t<1
Cs3:(1,1,1) to (0,0,0);z =1—-t,y=1—-t,z=1-¢t,0<t<1
1 1 1
/(—t3)dt+/ 3dt+/ —3dt = —1/4
0 0 0
™ 1
25. /(O)dt:O 26. /(eZt—4e_t)dt=ez/2+4e_1—9/2
0 0

1 w/2
27. / etdt=1—¢""! 28. / (7sintcost + 3sint cost)dt = 23/6
0 0
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29. Represent the circular arc by = 3cost,y = 3sint,0 <t < /2.

/2
/x\/gjds:9\/§/ Vsin tcost dt = 6v/3
c 0

30. é(x,y) = k\/x? + y? where k is the constant of proportionality,
1
/ kv/2? + y2ds = k/ et (V2et) dt = \/ik/ e dt = (e — 1)k/V2
c 0

1
0
k /2 t
31, /%ds:mk/ R dt=5ktan '3
cl+y o 1+9sin“¢

32. 6(x,y,z) = kz where k is the constant of proportionality,

4
/kzds:/ k(4v/1)(2 + 1/t) dt = 136k/3
C 1
1
33. C:m:tQ,y:t,ogtgl;W:/ 3t*dt = 3/5
0

3 1
34. W:/ (t2+1—1/t3 +1/t)dt = 92/9 +1n3 35. W:/ (t3 + 5t%)dt = 27/28
1 0
36. C;:(0,0,0)to (1,3,1);x=t,y=3t, 2=10<t<1
Cy:(1,3,1)t0 (2, —1,4); 2 =1+t y=3—4t, 2=1+3t,0<t <1

1 1
W= / (4t + 8t?)dt +/ (=11 — 17t — 11¢%)dt = —37/2
0 0

37. Since F and r are parallel, F - r = ||F||||r||, and since F is constant,

/F~dr:/d(F.r):/d(||F||r|):\/§/z\/§dt:16
C C

38. /F -r =0, since F is perpendicular to the curve
c

39. C:x=4cost,y=4sint,0 <t <m/2

7'!'/2 1
/ <sint+cost) dt =3/4
O 4

40. C1:(0,3) to (6,3);x=6t,y=3,0<t<1
Cy:(6,3) to (6,0);2 =6,y =3—-3t,0<t<1

1 1
6 —12 1 2
——dt — __dt=—tan '2— =tan (1/2
/0 362 + 9 +/0 361901-_¢2 3™ 5 tan(1/2)
41. Represent the parabola by z =t,y = 2,0 <t < 2.

2
/ 3xds=/ 3tV 14 42 dt = (17V17 — 1) /4
C 0

42. Represent the semicircle by z = 2cost,y = 2sint,0 <t < 7.

/x2yds:/ 16 cos® tsint dt = 32/3
c 0
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43.

44.

45.

46.

Chapter 16
(a) 2nrh =27(1)2 =4n (b) S:/z(t)dt
c
27
(c) C:z:cost,y:sint,0§t§27r;5:/ (24 (1/2)sin3t) dt = 47
0
C:xz=acost,y=—asint,0 <t < 2m,

zdy —ydx ™ _a2cos?t —a?sin’t 2
[tovie_ Sy [y
c T4ty 0 a 0

1
W:/F-dr:/ (M2(1 =), = M(L—1)) - (1, A — 2\t) dt = —\/12, W = 1 when A = —12
C 0

1 3
The force exerted by the farmer is F = (150 +20 — lOz) k= (170 — 4t> k, so
71'

1 60 1
F.dr = <170 — 1()Z> dz, and W = (170 - 10z> dz = 10,020. Note that the functions
0

x(z),y(z) are irrelevant.

EXERCISE SET 16.3

/9y = 0 = dy/Ox, conservative so 0¢/0x = x and 0¢/dy = y, ¢ = 2%2/2 + k(y), ¥ (y) = v,
kly) =y*/2+ K, =2 /2+y*/2+ K

d(3y?)/0y = 6y = 9(62y)/0z, conservative so d¢/0x = 3y and d¢p/dy = 6xy,
¢ = 3zy® + k(y), 6zy + k'(y) = 62y, K'(y) =0, k(y) = K, ¢ = 3z’ + K

d(x?y) /0y = 22 and (5xy?)/d0x = 5y*, not conservative
d(e® cosy) /0y = —e"siny = J(—e” siny)/0z, conservative so d¢/dx = e cosy and
0¢/0y = —e®siny, ¢ = e* cosy + k(y), —e* siny + k'(y) = —e* siny,
K(y)=0,k(y) =K, ¢ =e"cosy + K
O(cosy 4+ ycosx)/dy = —siny + cosz = I(sinx — xsiny)/dz, conservative so
0¢/0x = cosy + ycosx and O¢p/Jy = sinx — xsiny, ¢ = xcosy + ysinzx + k(y),
—zsiny + sinz + k' (y) = sinz — xsiny, ¥ (y) =0, k(y) = K, ¢ = zcosy +ysinz + K
O(zlny)/0y = z/y and O(ylnx)/Ox = y/x, not conservative
(a) 9(y?)/dy = 2y = 9(2zy)/Ox, independent of path
1

(b) Ciaz=—1+2ty=2+t0<t< 1;/ (4+ 14t + 6t2)dt = 13

0

(c) 0¢/0x = y* and 8¢/dy = 2xy, ¢ = xy® + k(y), 2xy + K (y) = 2xy, K'(y) = 0, k(y) = K,
¢ =y’ + K. Let K =0 to get ¢(1,3) — ¢(—1,2) =9 — (—4) =13

(a) O(ysinz)/0y = sinz = I(— cosx)/Ox, independent of path
1
(b) Crix=mt,y=1-2t,0<t<1; / (msinwt — 2wt sinwt + 2 cos wt)dt = 0
0

(c) 0¢/0x = ysinz and 0¢/dy = —cosz, ¢ = —ycosz + k(y), —cosz + K'(y) = —cosz,
K(y)=0,k(y) = K, ¢p=—ycosz+K. Let K =0 to get ¢(m,—1)—¢(0,1) = (-1)—(-1) =0
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10.

11.

12.

13.

14.

15.

17.

18.

19.

20.

21.

22,

23.

24.

25.

0(3y)/0y = 3 = 0(3x)/0z, ¢ = 3xy, ¢(4,0) — $(1,2) = —6
d(e* siny) /0y = e cosy = O(e” cosy)/Ox, ¢ = e®siny, ¢(1,7/2) — $(0,0) =e
0(2xeY) /0y = 2xe¥ = (x2eY)/0x, ¢ = x%eY, $#(3,2) — $#(0,0) = 9e?

O3z — y+1)/dy = —1 = 0[—(z + 4y + 2)] /0,
¢ =30%/2 —ay + o — 2% — 2y, $(0,1) — $(~1,2) = 11/2

a(Qxys)/ay = 6331/2 = 3(3z2y2)/6‘z, ¢ = x2y3, (b(*la O) - (b(?a *2) =32

O(e*Ilny —e¥/x)/0y =e"Jy —e¥/x = 0(e”/y — e¥Inx) /0,
p=e"lny—e¥lnz, ¢(3,3) —o(1,1) =0

¢ =2%y%/2, W = ¢(0,0) — p(1,1) = —1/2  16. ¢ =2%y3 W = ¢(4,1) — ¢(—3,0) = 16

¢ = ey, W= ¢(270) - ¢(_17 ]-) =1—-et
p=e Ysine, W = ¢(—7/2,0) — §(w/2,1) = —-1—1/e
O(e¥ 4+ ye®) /0y = e¥ + e = J(xe¥ + e”)/0x so F is conservative, ¢(x,y) = ze¥ + ye® so

/F-dr:¢(o,1n2)—¢(1,0) =n2-1
C

0(2xy) /0y = 2x = d(x? + cosy)/Ox so F is conservative, ¢(x,y) = 22y + siny so

/ F - dr = o(m,7/2) — 6(0,0) = 7°/2 + 1
C

F - dr =[(e¥ 4+ ye®)i+ (xe¥ + e%)j] - [(7/2) cos(nt/2)i+ (1/t)j]dt

= (g cos(mt/2)(e¥ + ye®) + (xe¥ + ez)/t) dt,
2
SO / F.-dr= / (72r cos(mt/2) (t + (In t)esm(”t/2)) + <sin(7rt/2) + 163“1(’”5/2))) dt=1In2-1
c 1

F - dr = (2t* cos(t/3) + [t* + cos(t cos(t/3))](cos(t/3) — (t/3)sin(t/3))) dt, so

/CF cdr = /OTr (2t% cos(t/3) + [t* + cos(t cos(t/3))](cos(t/3) — (t/3)sin(t/3))) dt = 1+ /2

No; a closed loop can be found whose tangent everywhere makes an angle < w with the vector

field, so the line integral / F . dr > 0, and by Theorem 16.3.2 the vector field is not conservative.
c

The vector field is constant, say F = ai + bj, so let ¢(z,y) = ax + by and F is conservative.

If F is conservative, then F = V¢ = ?i—i— ?j + ?k and hence f = ?79 = ?, and h = ‘;ﬁ
i Yy z i Yy z

of  9*¢ q dg P9 Of _ %9 d Oh  9%¢ 0g  0%¢ d Oh  0%¢

s oy - OyOx el P 0xdy’ 0z 020z M or T 920202 020y an dy  Oydz’

The result follows from the equality of mixed second partial derivatives.
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26.

27.

28.

29.

30.

Chapter 16

Let f(x,y,2) = yz,9(v,y,2) = 2z, h(z,y, 2) = yx?, then df/0z = y,0h/0x = 2xy # Of 0z, thus
by Exercise 25, F = fi+gj+hk is not conservative, and by Theorem 16.3.2, / yz dz+xz dy+yx? dz
C

is not independent of the path.

9
dy
9
ox

equate these two partial derivatives to get (z cosy — ysiny)(h'(z) — h(z)) = 0 which holds for all
x and y if h'(z) = h(x), h(x) = Ce® where C is an arbitrary constant.

(h(z)[zsiny + ycosy]) = h(z)[x cosy — ysiny + cos y]

(h(z)[xcosy — ysiny]) = h(z) cosy + h'(z)[x cosy — ysiny],

0 cx 3cxy 0 cy

@ Gy T @R ey e 0 200

so by Theorem 16.3.3, F is conservative. Set d¢/dz = cx/(x? + y*)~%/2,
then ¢(x,y) = —c(z® + %) 72 + k(y), 0¢/0y = cy/(2* +y*) 7>/ + K/ (1), so K (y) = 0.
Thus ¢(z,y) = —

c . . .
W 1S a potentlal function.

(b) curl F =0 is similar to Part (a), so F is conservative. Let

¢z, y,2) = / e yzc::_ )37 dr = —c(z® + y* + 22) 72 + k(y, 2). As in Part (a),

Ok /Oy = 0k/0z = 0, s0 d(x,y,2) = —c/(x? +y? + 22)/2 is a potential function for F.

Q 1 1

a) See Exercise 28, c=1; W = F.dr=¢(3,2,1) —¢(1,1,2) = ——= + —

(@ / 663.2.1) = (11,2 = =+
1 1

b) C begins at P(1,1,2) and ends at Q(3,2,1) so the answer is again W = —— + .

(b) C begins at P(1,1,2) QG.2.1) g =t

(¢) The circle is not specified, but cannot pass through (0,0,0), so ® is continuous and differ-
entiable on the circle. Start at any point P on the circle and return to P, so the work is
o(P) — d(P)=0.
C begins at, say, (3,0) and ends at the same point so W = 0.

d d
(a) F-dr= (ydf - xd:g) dt for points on the circle 22 +y% =1, so

Clzx:cost,y:sintogtgm/ F-drz/ (—sin2t—(;082t)dt:—7r
Cl 0
C’g:x:cost,y:fsint,()gtgﬂ',/

F-dr:/ (sin®t + cos® t)dt =
Cs 0

ﬁ_ z? — 92 dg y? —z? _of

(b)

R el T R o T
(c) The circle about the origin of radius 1, which is formed by traversing C and then traversing
C5 in the reverse direction, does not lie in an open simply connected region inside which F
is continuous, since F is not defined at the origin, nor can it be defined there in such a way
as to make the resulting function continuous there.
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31. If Cis composed of smooth curves Cy, Cs, ..., C, and curve C; extends from (x;—1,y;—1) to (;, y;)
n n
then / F.dr= Z/ Fdr=> [6(i,y;) — (i1, 4i-1)] = 6(2n, yn) — (0, y0)
c = Jo —
where (z9,y0) and (x,,y,) are the endpoints of C.
32./F-dr+/ F-dr:(),but/ F-dr:f/F-drso/F-dr:/F-dr,thus
Cq —C —Cs Cs C1 C2
/ F - dr is independent of path.
c
33. Let C; be an arbitrary piecewise smooth curve from (a,b) to a point (z,y;) in the disk, and Cs
the vertical line segment from (z,y1) to (z,y). Then
(z,y1)
(b(x,y):/ F-dr+/ F-dr:/ F-dr—l—/ F - dr.
Ch Co (a,b) Ca
The first term does not depend on y;
dp 0 / 0
hence — = — F.dr= fxydx+gxydy
=l 5 | @zt glay)
o . . 0
However, the line integral with respect to x is zero along Cs, so — = — g(z,y) dy.
dy Oy Je,
) dp 0
Express Cy as ¢ = x,y = t where t varies from y; to y, then 9= D0 g(z,t) dt = g(z,y).
Y
EXERCISE SET 16.4
1,1
1. //(290 —2y)dA = / / (2z — 2y)dy dx = 0; for the line integral, on z = 0,4 dx = 0, 2% dy = 0;
o Jo
ony=0,y2dr=22dy=0;onx=1,y°dx +22>dy =dy; and on y = 1,y dx + 2> dy = dz,
1 0
hence fy2dx+x2dy:/ dy+/ dr=1-1=0
Z 0 1
2. //(1 — 1)dA = 0; for the line integral let x = cost,y = sint,
27
%ydw—i—xdy = / (—sin®t + cos® t)dt = 0
z 0
4 2 2 3
3. / / (2y — 3z)dy dx =0 4. / / (14 2rsind)rdrdf =97
—2J1 o Jo
/2 pw/2
5. / / (—ycosz + xsiny)dydz =0 6. // sec’ x — tan® r)dA = //dA—?T
0 0
7. //[17(71)]dA:2//dA:8ﬂ 8. // 2z — 2y)dy dx = 1/30
R R
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©

10.

11.

[

12.

14.

15.

16.

17.

18.

Chapter 16

w/2 pd
/ (—r®)rdrdf = —321

0 0
2
// L Vaa 7//dA:71
1+y2 1+y2
1 Ve
//(cosxcosy—cos:ccosy)dAzO 13. // (y* — 2%)dydx = 0
x2
i 0
2 2x 2 2x
(a)// (—6z + 2y)dy drx = —56/15 (b)// 6y dy dz = 64/5
0 Ja? 0 Jax2

(a) C:xz=cost,y=sint,0 <t < 2m;

2m
% = / (e (—sint) + sint coste®") dt ~ —3.550999378;
C 0

[ (= )on= o=
R R
2 1 )
= / / [rsinfe” 3¢ — "] v dr df ~ —3.550999378
0 0

1
(b) Crix=ty=t2,0<t<1; / [e¥ dx + ye® dy] = / [etz + 2t3et} dt =~ 2.589524432
0
C

~ 2.859140914

1
3
C’g:x:tQ,y:t,OStg1;/[eyda:+yemdy]:/ [Qtet—ktetz} dt = e;
0

Cy
1 vz
/—/ ~ —0.269616482; // =/ / [ye® — eY] dy dx =~ —0.269616482
0 Jzx2
R

Ch Ca

0

2m 2m
(a) j{ xdy = / abcos? tdt = wab (b) j{ —ydr = / absin®t dt = Tab
c 0 c

1 1 2m
A= 3 j{ —ydxr +xdy= 3 / (3a® sin ¢ cos? ¢ + 3a® cos? ¢ sin? @)do
c 0

3 2m 3 2m
= §a2 / sin? ¢ cos? ¢ dp = gaz / sin? 2¢ d¢ = 37a?/8
0 0

4 :(0,0) to (a,0);z = at, y =0, 0<t<1
Cs :(a,0) to (0,b); x = a — at,y = bt, 0<t<1
Cs5:(0,b) to (0,0); z =0, y=b—-0,0<t<1

1 1 1
A= xdyz/ (o)dt+/ ab(l—t)dt+/ (0)dt = ab
0 0 0 2
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19.

20.

21.

22.

23.

24.

25.

Cy:(0,0) to (a,0); x =at,y=0,0<¢<1
Cy : (a,0) to (acostg,bsinty); x = acost, y =bsint, 0 <t <ty
C3 : (acosty,bsinty) to (0,0); x = —a(costy)t, y = —b(sinty)t, —1 <t <0

1 1 1t 1 [t 1 [0 1
A=-¢ —ydzx+zdy=- [ (0)dt+ = abdt+ = | (0)dt = —abtg
2 Jo 2 Jo 2 Jo 2/, 2

C1:(0,0) to (a,0); z=at,y=0,0<t<1
Cs : (a,0) to (acoshty,bsinhty); x = acosht, y = bsinht, 0 <t <t
C3 : (acoshtg, bsinhty) to (0,0); z = —a(coshty)t, y = —b(sinhtg)t, —1 <t <0

A—lf— dr+xd —1/1(0)dt+1/t0 bdt+1/0(0)dt— bt
_2nyxy—20 20a 2/, _2a0

™ 5
W://ydA:/ / r?sin 6 dr df = 250/3
o Jo
R

We cannot apply Green’s Theorem on the region enclosed by the closed curve C, since F does not
have first order partial derivatives at the origin. However, the curve C,,, consisting of
y=a3/dx0 <z <2x=223/4<y<2 andy=a23/4,90 < x < 2 encloses a region R, in
which Green’s Theorem does hold, and

W = ?{F dr = lim F-dr= lim //V-FdA
zo—0T To—0T
Ry

1
lir%+/ / ( a2 - 2y_1/2> dydx
xro—

lim ( \[_i 34 4 3/2 3 L2 3335/2)2 18 5

2o—0+ 1470 107° 35

27 pa(l4cos@)
%ydxfxdy://(fQ)dA:fQ/ / rdrdf = —3ma®
c £ o Jo
1 1,
1 xdA, but 5T dy = x dA from Green’s Theorem so
c
R R

1 12 1 2 . . — 1 2
= ¢ —z°dy=— dy. Similarl =—— dx.
A7€2x Y 2A7{Cx y. Similarly, g 5 Cy x
1 T 1 1
A:// dydr = =; Cl:x:t,y:t3,0§t<1/ xdy—/tQ(Stg)dt
0 ZS 4 Cl
3 1 4 8
C’2::c:t,y=t,0§t§1;/ xQdyz/tht ,]{x dy—/ / - ——=—,T=—
Co 0 Cy Cy 5 3 15 15

1
1 1 4
/dex:/ tGdtf/ t2dt = = —:——,g:i, centroid 8 8
c 0 0 7 3 21 21 15721

8l
Il

S]]
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26.

27.

28.

29.

30.

Chapter 16

A= ;C r=t,y=0,0<t<a,Csy: x:a—ty:tOgtga'Cgtx:Oy:a—t()gtSa;
2 ¢ a®
y—O 2dy= [ (a—1t)*dt=— :L’dy—() 22 dy = =3, %=
0 1 2 3
C

a
y?de=0— /0 tht—l—O:—%, g:%, centroid (%,%)

Z = 0 from the symmetry of the region,
Cy : (a,0) to (—a,0) along y = vVa? — 2?; x = acost, y =asint, 0 <t <
Cy:(—a,0) to (a,0);z=t,y=0,—a<t<a

1 s a
A =ma?/2, i=-51 [/ —a3sin3tdt+/ (O)dt]
0

—a

= —L —@ = ﬁ' centroid (0 4—a
T ma? 3 ) 3x’ " 37
ab

AZE;C& r=ty=0 0<t<aCy:iz=ay=t 0<t<b;
Cs:x=a—at,y=b—-10t, 0<t<1;

b 1 2
/ x dy—O/ x dy—/ a dt—baQ,/ m2dy:/ 0L2(1—t)2(—b)clt=—bi7
ol Cs 0 3
o[ o -2 e

Cy Co C3

37
b2 b 2a b
/Cy dr=0+0— /0 ab*(1 —t)%dt = f%, y= 3’ centroid (3(1 3)

From Green’s Theorem, the given integral equals / / (1 —z? —yz)dA where R is the region enclosed
R

by C. The value of this integral is maximum if the integration extends over the largest region for
which the integrand 1 — 22 — y? is nonnegative so we want 1 — 22 — y? > 0, 22 + y?> < 1. The
largest region is that bounded by the circle 2 + y? = 1 which is the desired curve C.

(a) Ciz=a+(c—a)t,y=b+(d—-0)t,0<t<1

1
/ —ydr+axdy = / (ad — be)dt = ad — be
c 0

(b) Let Cy, Cs, and C5 be the line segments from (z1,y1) to (x2,y2), (x2,y2) to (x3,ys3), and
(z3,y3) to (z1,y1), then if C is the entire boundary consisting of Cy,Cs, and Cj

3
1 1
A:f/—ydx—l—:vdy:fg / —ydr + xdy
2 Jo 2= Je,

1
[(z1y2 — 22y1) + (T2y3 — T3Y2) + (T3y1 — 21Y3)]

»—\l\)\

(c) A= Z[(z1y2 — x2y1) + (22y3 — T3y2) + -+ + (Tny1 — T1Yn)]

[\

(d) A==[0—0)+(6+8)+(0+2)+(0—0)] =8

l\')\»—l
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31. /F-dr:/(x2+y)dx+(4ac—cosy)dy:3//dA:3(25—2)=69
c c
R

32. /CF dr = /C(e*f +3y)der + v dy = —2 // dA = —2[r(4)* — 7(2)%] = 247
R

EXERCISE SET 16.5

1. Ris the annular region between 22 4+ y? = 1 and 22 + 3% = 4;

245 242 v v’ 1dA
//Z _//(x *v) w2+y2+962+y2Jr
o R

:\/5//(332+y2)dA:\/5/0%/12r3drcl9:12577\/5.
R

2. z=1-—2x—y, R is the triangular region enclosed by x +y =1, x =0 and y = 0;

//xde://:vy\/gdA:\/g/ol/ol_xxydydx: g

3. Let r(u,v) =cosui+vj+sinuk,0<u<7,0<wv <1 Thenr, = —sinui+ cosuk,r, = j,

1 ™
ruer:fcosuifsinuk,Hruxrv||:1,//x2yd8:/ / veos? ududv = /4
o Jo
(o)

4. z=+/4— 22 —y2, Ris the circular region enclosed by z2 + y? = 3;

2 2
//(;U2_|_y2)zdS://(x2+y2),/4—x2_y2\/4_ $2_ 2+4_;/2_y2+1dA
o R

e =y

27 V3
= //2(z2 +y*)dA = 2/ / r3drdf = 9.
o Jo
R

5. If we use the projection of o onto the xz-plane then y = 1 — = and R is the rectangular region in
the xz-plane enclosed by x =0, z =1, 2 =0 and z = 1;

//(xyz)dS/R/(lez)\@dAﬁ/ol/ol(lez)dzd:c\@/2

[ea

6. R is the triangular region enclosed by 2z + 3y = 6, = 0, and y = 0;

(x4 y)dS = (r+y)V14dA=V14 ’ (6721)/3(3: + y)dy dx = 5V 14.
[ vas= [[erovia-vi [ | !
R

[ea

7. There are six surfaces, parametrized by projecting onto planes:
01:2=0;0<2<1,0<y <1 (onto zy-plane), oo : 2 =0; 0 <y < 1,0 < z <1 (onto yz-plane),
03:y=0;0<2<1,0<2z<1 (onto zz-plane), o4 : 2=1;0< 2 < 1,0 < y <1 (onto zy-plane),
o5:x=1;0<y<1,0<z<1 (onto yz-plane), o6 : y =1; 0 <z <1, 0< 2 <1 (onto zz-plane).
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By symmetry the integrals over 01,09 and o3 are equal, as are those over o4, 05 and og, and

//(x+y+z)d5’:/()1/01(;v+y)dxdy:1; //(:c+y+z)d5:/01/01(x+y+1)dxdy:2,

o1 g4

thus, //(9:+y+z)d5:3-1+3-2:9.

o

8. Let r(¢,0) =sin¢gcosbi+singsinfj + cospk,0 <6 <27,0 < ¢ < 7/2;||ry X ro| =sing,

//(1+cos¢)d$: /O27r /07r/2(1+cos¢)sin¢)d¢d9

o

/2
:27r/ (1+cos¢)singdp = 3w
0
9. R is the circular region enclosed by 2% + 3% = 1;

2 2
//\/x2+y2+22d52//\/2(x2+y2)\/ G — 5 +1dA
o R

2492 2?4y

= lim 2//\/x2+y2dA

ro—0t
R/

where R’ is the annular region enclosed by 22 + y? = 1 and 22 + y? = 73 with rq slightly larger

72 Y2
2 2+ 2 2
e +y T +y

27 1
4 4
// 22+ y? 4 22dS = lim 2/ /rzdrd‘): lim (1 rf) = <
ro—0t " Jo i ro—0+ 3 3

10. Let r(¢,0) = asingcosfi+ asingsinbj+ acosdk,
0<60<2m,0< ¢ <m;|rg X gl =a’sing, 22 +y? = a®sin’ ¢

27 T
//f(xv?J’Z) Z/ / a*sin® g dp df = §ﬂ'a4
- o Jo 3
6 ,(12—2z)/3
11. (a) \12(?9/ / ry(12 — 2z — 3y)dy dx
0o Jo

59 3 [(12-42)/3
(b) g /0 /0 yz(12 — 3y — 4z)dy d=

3 6-2z
(c) @ / / 22(12 — 2z — 4z)dx dz
0o Jo

than 0 because \/ + 1 is not defined for 22 + y? = 0, so

a pvVaZ—z? a pvVa%—2z2
12. (a) a/ / x dydx (b) a/ / zdydz
0o Jo 0o Jo

(c) dx dz

Va2 —z2
a a z xz
a S
o Jo Va2 — 22 — 2
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13.

1

[

16.

18.

19.

20.

21.

22,

23.

24.

18v/29/5 14. a*/3

4 2 4 4
1
//y32x/4y2+1dydz;§//xzx/1+4xdxdz

o J1 o J1

9 ra/V2 x2y 2a/vV/5 (9 ) \/» \[
a 7dyda§,a/ / x*dx dz 17. 391v/17/15 — 5v/5/3
/o /a/\/ﬁ Va?—y? a/v2 Jo

The region R : 322 + 2y% = 5 is symmetric in y. The integrand is
22yzdS = 22y(5 — 322 — 2y?)\/1 + 3622 + 1692 dy dz, which is odd in y, hence/// z?yzdS = 0.

0z T 0z
— /4_ 2 P —
? ¥ o Vi —z2 Oy

[ a2 Lt 4
Uéodszéoﬁ 7+1dA:2(50/ / 7d1’dy:*’fr50.
4 — a2 Nz 3
o R 070 *

1
z= 5(3:2 +9?), R is the circular region enclosed by z2 + 3% = 8;

27 \/g )
//50dS:60//\/x2+y2+1dA:60/ / \/T2—|-1Td7"d9:%7ﬂ50.
o Jo
R

g

0;

z =4 — 92, R is the rectangular region enclosed by x =0, 2 =3, y = 0 and y = 3;

3 3
1
//de://y\/zlyQJrldA:/ / y/Ay? + Ldy do = £(37v/37 - 1).
0 0
o R

R is the annular region enclosed by z2 + y2 = 1 and x2 + y° = 16;

2 2/ z? y?
//x stz//x x2+y2\/w2+y2 R
o R
2 4
:ﬂ//xQ\/ﬁ—i—ysz:\/i/ / rtcos? O dr df = 1023\/571
o J1
R

5
M://6(x,y,z)d5://60d5:50//d5:505

8(x,y,2) = |2]; use z = \/a2—22—y2, let R be the circular region enclosed by x?+y?=a?, and
o the hemisphere above R. By the symmetry of both the surface and the density function with
respect to the xy-plane we have

22 Y2 _
M2//zdS2//\/a2x2yZ\/GQ_xQ_y2+a2_x2_y2+1dArolgr;Qa//dA
o R Ry,

where R, is the circular region with radius rg that is slightly less than a. But / dA is simply

Ry

the area of the circle with radius rg so M = lim 2a(7r3) = 27a®.

rTo—a~
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25. By symmetry & =y = 0.

27 v@
//d5=//\/md,4=/ / \/r2+1rdrd9=52%,
o B 0 0
[[zas= [[~vErETia=]} [+ ivemreia
o R R

27 V8
:%/ / r3mdrd0:@
0 0

1

15 14
s — 52{;‘:;35 _ 6—59. The centroid is (7,7, %) = (0,0, 149/65).

26. By symmetry =y = 0.

2 2w V3 r
dS://idA:2/ S N
// Vi —x2 — g2 o Jo Vv4—r?

o R
//zdS = // 2dA = (2)(area of circle of radius V/3) = 67
o R
_ 6m 3 Sy o
s0Z=_—=3. The centroid is (Z,7,z) = (0,0, 3/2).

27. Or/0u = cosvi + sinvj + 3k, dr/0v = —usinvi + ucosvj, ||0r/Ou x dr/dv| = v10u;

/2 p2
3\/10//u4sinvc0svdA:3\/10/ / u* sinv cos v du dv = 93/v/10
0 1
R

28. Or/0u =j,0r/0v = —2sinvi+ 2cosvk, ||0r/du x Or/0v|| = 2;

1 27 3 1
8//fdA:8/ / —dudv =1671n3
u 0 1 u

R

29. Or/0u = cosvi+ sinvj + 2uk, Or/0v = —usinvi + u cosvj, ||0r/Ou x dr/Ov|| = uv4u? + 1;

//udA:// ududv = m/4
£ o Jo

30. Or/0u =2cosucosvi+ 2cosusinvj — 2sinuk, dr/0v = —2sin u sin vi + 2 sin u cos vj;
|0r/O0u x Or/dv|| = 4sinwu;

27 pm/2
4//@72C°S“sinudA = 4/ / e 2 U sinydudy = 41(1 — e ?)
o Jo
R

31. 0z/0x = —2;66’1”2’92,82;/8;/ = —2ye*"”2*y2,
(02/02)% + (02/0y)? + 1 = 4(2* + y2)e’2($2+y2) + 1; use polar coordinates to get

27 3
M = / / r2\/4r2e=2m* + 1 dr df ~ 57.895751
0 0

2m 1
1
32. (b) A= // ds = / / 5\/4Ou cos(v/2) + u2 + 4u? cos?(v/2) + 100du dv ~ 62.93768644;
o J-1

Z ~ 0.01663836266; y = z = 0 by symmetry
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EXERCISE SET 16.6
1. (a) zero (b) zero (c) positive
(d) negative (e) zero (f) zero
2. (a) positive (b) zero (c) zero
(d) zero (e) negative (£) zero
3. (a) positive (b) zero (c) positive
(d) zero (e) positive (f) zero
4. 0; the flux is zero on the faces y = 0,1 and 2z =0,1;itislonx=1and —1onx =0
5. (a) n= —cosvi—sinvj (b) inward, by inspection
6. (a) —rcosfi—rsindj+rk (b) inward, by inspection
2m 1
7. n= —zmi—zyj—i—k,//F-ndS://(2x2+2y2+2(1—x2—y2))dS=/ / 2r dr df = 27
£ £ o Jo
8. With z =1—2 —y, R is the triangular region enclosed by x +y = 1, x = 0 and y = 0; use upward
normals to get
//F ndS:2//(x+y+z)dA:2//dA:(2)(areaofR):1.
o R R
9. R is the annular region enclosed by 2% + 3% = 1 and 22 + y? = 4;
2 2
//F-ndS:// S —
NN N
2m 2
14
= //\/x2 +y2dA:/ / r2drdf = —-.
o N1 3
R
10. R s the circular region enclosed by z2 + y? = 4;
2m 2
//F -ndS = //(2y2 —1)dA = / / (2r?sin? 0 — 1)r dr df = 4.
o R 0 0
11. R is the circular region enclosed by 22 + y? —y = 0; //F -ndS = //(fx)dA = 0 since the
o R
region R is symmetric across the y-axis.
1
12. With z = 5(6 — 6x — 3y), R is the triangular region enclosed by 2x +y =2, =0, and y = 0;
3 1 2-2z
//F-ndSz//(S:vQ—i-2yx+zx>dA:3//di:3/ / rdydx = 1.
o R R 0 0
13. 9Or/0u = cosvi+ sinvj — 2uk, Or/Ov = —usin vi + u cos vj,

Or/Ou x Or /v = 2u? cos vi + 2u? sinvj + uk;

2m 2
//(2u3 +u)dA = / / (2u® 4 u)du dv = 187
o Ji
R
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14.

15.

16.

17.

18.

Chapter 16

Or/0u =k, 0r/0v = —2sinvi + cosvj, Or/0u x Jr/Jv = — cos vi — 2 sin vj;

2m 5
//(2 sin?v — e 5" cosv) dA = / / (2sin® v — e™ 5% cos v)du dv = 107
o Jo
R

Or/Ou = cosvi + sinvj + 2k, dr/0v = —usinvi + u cos vj,
Or/Ou x Or/0v = —2u cosvi — 2usin vj + uk;

//quA:/ / u*dudv = 4/9
0o Jo
R

Or/Ou = 2 cosucosvi + 2cosusinvj — 2sinuk, dr/Ov = —2sinusin vi + 2 sin u cos vj;

dr/Ou x dr/dv = 4sin? u cos vi 4 4sin® usin vj 4 4 sin u cos uk;

27 /3
//SSinudA:8/ / sinu dudv = 87
0 0

R

In each part, divide o into the six surfaces

o1:x=-1with |[y| <1, |z| <1,and n = —i, 05 : . = 1 with |y| <1, |z|] <1, and n =i,

o3:y=—1with || <1, |z]| <1l,and n = —j, 04 : y = 1 with |z| <1, 2| < 1, and n =],

o5:2z=—1with || <1, |[y| <1,and n = =k, 0 : 2 =1 with |z] <1, |y| <1, and n =k,

(a) //F-ndS://dS:4,//F-ndS://dS:4,and//F-ndS:Ofor

g2 g2 aj

i:3,4,5,6s0//F-ndS:4+4+0+O+O+O:8.

(b) //F-ndS://dS:4, similarly //F-ndS’:4fori:2,3,4,5,6 SO

o1 [

//F-ndS:4+4+4+4+4+4:24.

(c) // -ndS = — //dS——4 //F ndS =4, 51m11ar1y//F ndS = —4 for i = 3,5

and//F ndS = 4f0rz—4650//F ndS=-4+4—-4+4—-4+4=0.

53

Decompose o into a top o7 (the disk) and a bottom o9 (the portion of the paraboloid). Then

27
n; =k //F n; dsS = — //de— / /7’ sin@drdf = 0,

y(22% + 22 + 1
no = (27 + 2yj — k)//1 + 422 + 432, //F n, dS = // 24D s,
1+ 4x? + 4y?

because the surface oy is symmetric with respect to the zy-plane and the integrand is an odd
function of y. Thus the flux is 0.
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19.

20.

21.

22,

23.

24.

R is the circular region enclosed by x? + 3% = 1;2 = rcosf,y = rsinf, z = r,

n =cosfi+sinfj — k

[ea

2m 1
//F-ndS://(cos0+sin9—1)dA:/ /(cos9+sin0—1)rdrd0:—7r.
o Jo
R

Let r = cosvi+ uj+sinvk, -2 <u <1,0 <wv < 2m;1ry X1, = cosvi—+ sin vk,

[ea

(a)

(b)
(a)

(b)

(a)

(b)

(a)

//F-ndS://(cosvarsinzv)dA:areaofR:3'27r:6ﬂ'
R

1
n=—[i+j+k|,
\/3[ j+K

1 11—z
V:/F-ndS:// (22 -3y+1—z—y)dydr =0 m3/s
o 0 JO

m =0-806 =0 kg/s

677

Let © = 3sin¢cosf,y = 3sin¢gsinf, z = 3cos ¢, n = sin ¢ cosfi + sin ¢psin 6 j + cos o k, so

V:/F-ndS://Qsingb(fi%singqbsinQCOSG+SSingbcosgi)sinH+9sin¢cos¢>cos€))dA

27
:/ / 3sin ¢ cos O(—sin ¢sin @ + 4 cos ¢) r dr df = 0 m?>
o Jo

d
—T:0~1060:0kg/s

G(z,y,2) =2 —g( )VG—l—a—yJ—g—k apply Theorem 16.6.3:

//F ndS = // < — @ - gxk> dA, if o is oriented by front normals, and

// F-ndS = // (—1 + % (‘;xk) dA, if o is oriented by back normals,
z

where R is the projection of o onto the yz-plane.

R is the semicircular region in the yz-plane enclosed by z = /1 — y? and z = 0;

o

0 0
G(z,y,2) =y —g(z,2), VG = —a—i i+j— a—gk7 apply Theorem 16.6.3:
2

/ / < j+ ? ) dA, o oriented by left normals,

0
and / / (— i+ 6y k) dA, o oriented by right normals,
z

where R is the projection of o onto the zz-plane.

1 p/1-92 39
//F'ndsz//(*y*Qszrle)dA:/ / (fy72y2+162)dzdy:§.
-1Jo
R
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(b) R is the semicircular region in the zz-plane enclosed by z = v/1 — 22 and z = 0;
1 V1—z2 -
//F-ndS://(—2x2+(:r2+22)—2z2)d/1:—/ / (x2+22)dzdm:—1.
-1Jo
o R

25. (a) On the sphere, |[r| = aso F =d*r and F - n = a*r - (r/a) = a*!|r|? = a*1a® = aF*!,

hence //F - ndS = d"*! // dS = a1 (4ma?) = 4wa*t3,

(b) If k= —3, then //F ndS = 4.

26. Let r = sinwcosvi + sinusin vj + cos uk, r, X r, = sin® ucos vi + sin? u sin vj + sin u cos uk,

1

2sin® wcos? v 4+ — sin® usin® v 4 a sin u cos® Uu,
a

F.(r,xr,)=a

27 T
1
//F . ndS:/ / (aQSin3UC082U+SiH3USiH2U+aSiHUCOSSU) du dv
0 0 a

4 ™

= — [ (a®cos®v +sin®v)dv
3a 0

4 1
= % <a2 + a) =10 if a = —1.722730, 0.459525, 1.263205

EXERCISE SET 16.7

1. 01:m:O,F-n:—x:O,//(O)dA:O ag:m:LF-n:x:l,//(l)dA:l
03:y:O,F-n:—y:O,]l/(O)dAzo 04:y:1,F-n:y:1,/02/(1)dA:1
05:z:O,F-n:—z:O,]S/(O)dA:O og:2=1,F-n=z= ,7/(1)dA:1

//F.nzg; /G//dideX;/G//BdVS

o

2. Forany pointr=zi+yj+zkonoletn=xi+yj+zk;then F-n=224+¢y?>+22=1, s0

/U/F-ndS:/o/dSzll?r;also/G/ dideV:/Z/SdV:3(47r/3):47r

3. 01:z:l,n:k7F-n:zQ:1,//(1)d5’:7r,

oo :mn =2zi+2yj — k, F - n = 42® — 42%y* — 2t — 3y,
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2m 1
//F-ndS:/ / [4r200529—47’4cos2ésin29—7’4cos40—3r4sin40]rdrdﬁzg;
o Jo
J[=5
-3
20 1 g1
///div Fde///(2+z)dV=/ / /(2+z)dz7"drd9=4ﬂ'/3
0 0 Jr2
G G

4. 01:sz,F-nz—xyzO,//(O)dAzO 02:x:Q,F-n:xy:2y,//(2y)dA:8
o1 g2
03:yzO,F-n:—yz:O,//(O)dA:O 04:y:2,F-n:yz:2z,//(22)dA:8
o3 g4
05:Z:O,F-n:f:cz:O,//(O)dA:O 06:2:2,F-n:xz:2x,//(2z)dA:8

o6

//F-n:24;also// diVFdV:///(y+z+a:)dV=24
o G G
2 1 3
5. @ is the rectangular solid,; /// div FdV:/ / / (2x — 1)dzdydz = 12.
o Jo Jo

G

6. G is the spherical solid enclosed by o; /// div FdV = ///OdV = O// dv = 0.
G G G

7. G is the cylindrical solid;

/ / div FdV =3 / / 4V = (3)(volume of cylinder) — (3)[ra2(1)] = 3ma.
G G

8. G is the solid bounded by z = 1 — 22 — y? and the zy-plane;

27 1 pl—r? 3
///dideV:3///dV:3/ // rdzdrdf = .
a 0 0o Jo 2

G

9. G is the cylindrical solid;

27 2 3
/// divFdV:3///(x2+y2+z2)dV:3/ / /(r2+z2)rdzdrd0:1807r.
a a 0 o Jo
1 11—z l-z—y 1
10. @ is the tetrahedron; /// div FdV:///de:/ / / rdzdydr = —.
a o Jo 0 24

G

11. G is the hemispherical solid bounded by z = /4 — 22 — y? and the zy-plane;

27 /2 2 1927
/// divFdV=3///(x2+y2+z2)dV:3/ / / p4sin¢dpd¢d9:T.
0 0 0
G

G
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12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22,
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G is the hemispherical solid;

2T /2 a 57‘1’0,4
/// dideV:5///de:5/ / /p3sin¢cos¢dpd¢d9: YR
0 0 0
G

G

G is the conical solid;

27 1 1

// dideV:2///(x+y+z)dV:2/ //(rcos@+rsin9+z)rdzdrd0:g.
0 0 T

G G

G is the solid bounded by z = 2z and z = 22 + y?;

w/2 p2cos@ p2rcosb T
[[] aveav=[[[av=2[" [ [~ razaras=7.
& 0 0 r2 2

G

G is the solid bounded by z = 4 — 22, y + z = 5, and the coordinate planes;

2 4—z2 5—=z 4
// dideV:4///a:2dV:4/ / / a:“'dydzdz:@.
—-2.Jo 0 35
G G
//F-ndS:/// diVFdV:///OdV:();
o G G

since the vector field is constant, the same amount enters as leaves.

/U/r-ndS:/G// divrdV:?)/G/ dV = 3vol(G)

//F - ndS = 3[r(3%)(5)] = 1357

/G/curlF-ndS:/G//div(curl F)dV:/G//(O)dVZO
//Vf-ndS:///div(Vf)dV:///v2de
G

o G

//(ng) ‘n = /G// div (fVg)dV = /G//(fv2g+ Vf - Vg)dV by Exercise 31, Section 16.1.

o

//(ng) +ndS = /Z/(fV%q + Vf - Vg)dV by Exercise 21;

o

//(gi) -ndS = ///(gv“‘f + Vg - Vf)dV by interchanging f and g;
G

o

subtract to obtain the result.
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23.

24.

25.

26.

27.

28.

29.

30.

31.

Since v is constant, V- v = 0. Let F = fv; then divF = (Vf)v and by the Divergence Theorem

[ pvmis= [[wonis= f[favear = [0 -vav

Let r = ui + vj + wk so that, for r # 0,

F B ko u . v . w
(z,y,2) =x/[[r||" = (u2+v2+w2)k/21+ (u2+v2+w2)k/2‘]+ (U2 + v2 + w?)k/2

k

aF 2 2 2 k 2
871; = (u2 iUZ iw2)(k/2l;+1, similarly for OFy/0v, OF3/0w, so that
u? +v2 +w
3(u? +v? + w?) — k(u? + 02 + w?)
(2 + 02 + w2)(F/2H1

div F = = 0 if and only if k = 3.

(a) The flux through any cylinder whose axis is the z-axis is positive by inspection; by the
Divergence Theorem, this says that the divergence cannot be negative at the origin, else
the flux through a small enough cylinder would also be negative (impossible), hence the
divergence at the origin must be > 0.

(b) Similar to Part (a), <0.

(a) F=zi+yj+zk divF=3 (b) F=—zi—yj— 2k, divF =-3
div F = 0; no sources or sinks.

div F = y — x; sources where y > z, sinks where y < x.

div F = 322 + 3y? + 322%; sources at all points except the origin, no sinks.

div F = 3(2% + 9% + 2% — 1); sources outside the sphere x2 + y? 4+ 22 = 1, sinks inside the sphere
2 +y?+22=1.

Let o1 be the portion of the paraboloid z = 1 — 22 — 32 for z > 0, and o3 the portion of the plane
2z =0 for 22 +y? < 1. Then

//F ndS = // (2zi 4 2yj + k) dA

Vi—z2
/ / (2z[z?y — (1 — 2% — *)?] 4+ 2y(y® — 2) + (22 + 2 — 32% — 3y?)) dy dx
1— £2
= 3 /4;

z:Oandn:—konagsoF-n:1—2x,//F-ndS://(1—2m)dS:7r. Thus

//F-ndS:37r/4+7r:77r/4. But div F = 22y + 3y + 3 so

Vi—z? 1—z2—y?
///ddeV / / / (2xy + 3y* + 3) dzdy dz = Tr /4.
Vi—z2?
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EXERCISE SET 16.8

1. (a) The flow is independent of z and has no component in the direction of k, and so by inspection
the only nonzero component of the curl is in the direction of k. However both sides of (9)
are zero, as the flow is orthogonal to the curve C. Thus the curl is zero.

(b) Since the flow appears to be tangential to the curve C,, it seems that the right hand side of
(9) is nonzero, and thus the curl is nonzero, and points in the positive z-direction.

2. (a) The only nonzero vector component of the vector field is in the direction of i, and it increases
with y and is independent of x. Thus the curl of F is nonzero, and points in the positive
z-direction. Alternatively, let F = fi, and let C' be the circle of radius e with positive
orientation. Then T = —sinfi+ cosf j, and

27
f F-Tds=—¢
C 0

= g/oﬂ(f(e,e) — f(—¢,0))sinfdd < 0

because from the picture f(e,8) > f(e,—0) for 0 < § < w. Thus, from (9), the curl is nonzero
and points in the negative z-direction.

L 0
f(e,@)sin@d@:—e/ fle,0)sinfdb — e f(e,0)sind do
0

—T

(b) By inspection the vector field is constant, and thus its curl is zero.

3. If o is oriented with upward normals then C' consists of three parts parametrized as
Ciir(t)=1—-t)i+tjfor0<t<1,Cy:r(t)=(1—-t)j+tkfor0<t<1,
Cs:r(t)=ti+(1-t)kfor0<t <1

1
1
/F-dr:/ F-dr:/ F-dr:/(?)tfl)dt:fso
c Cs Cs 0 2

1 1 1 3
j{F-dr:§+§+§:§. curl F=i+4+j+k, 2 =1—2 —y, R is the triangular region in
c

the xy-plane enclosed by x +y =1, x =0, and y = 0;
1

//(curl F)-ndS = 3//dA = (3)(area of R) = (3) [2(1)(1)} =3
o R

4. If o is oriented with upward normals then C' can be parametrized as r(t) = costi + sintj + k for
0<t<2m.

27
7{ F.dr= / (sin®t cost — cos® tsint)dt = 0;
c 0

curleOso//(curlF)-ndSz//OdSzO.

5. If o is oriented with upward normals then C can be parametrized as r(t) = acosti + asintj for
0<t<2m.

27
%F-drz/ OdtzO;curlF:Oso//(curlF)-ndSz//OdS:O.
c 0
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10.

11.

12.

13.

14.

If o is oriented with upward normals then C' can be parametrized as r(t) = 3costi + 3sintj for
0<t<2m.

27 27
%F-dr:/ (Qsin2t+90052t)dt:9/ dt = 18.
C 0 0

curl F = —2i 4+ 2j + 2k, R is the circular region in the zy-plane enclosed by z2 + 32 = 9;

27 3
//(curl F)-ndS = //(—4x—|—4y+2)dA :/ / (—4rcos + 4rsin 6 + 2)r dr df = 18x.
o Jo
R

Take o as the part of the plane z = 0 for 2% + y? < 1 with n = k; curl F = —3y2i + 2zj + 2k,

//(curl F)-ndS = 2// dS = (2)(area of circle) = (2)[x(1)%] = 2~.

[ea

curl F = 2i + (z — y)j + 62y°k;

(curl F) - ndS = (x —y — 6zy®)dA = 1 3(x —y — 6xy?)dy dr = —30.
£ 0o Jo

o

C is the boundary of R and curl F = 2i + 3j + 4k, so
%F-r://curlF-ndS://4dA:4(areaofR) = 167
R R

curl F = —4i — 6j + 6yk, z = y/2 oriented with upward normals, R is the triangular region in the
zy-plane enclosed by 2 +y =2, 2 =0, and y = 0;

/U/(curl F)-ndS:/R/(3+6y)dA:/02/02_m(3+6y)dydx:14_

curl F = zk, take o as part of the plane z = y oriented with upward normals, R is the circular
region in the zy-plane enclosed by z2 + 3% —y = 0;

m  prsin6
//(curl F) . ndS://di:/ / r? cos@drdf = 0.
o Jo

o R

curl F = —yi — zj — 2k, 2 = 1 — ¢ — y oriented with upward normals, R is the triangular region in
the xy-plane enclosed by x +y =1, z =0 and y = 0;

/a/(cm F) . ndS—/R/(—y—Z—m)dA——4/d,4—_;(1)(1) :_%,

curl F =i+ j+k, take o as the part of the plane z = 0 with 2 + 32 < a? and n = k;

//(curl F) .- ndS = // dS = area of circle = 7a®.

[ea o

curl F =i+ j+k, take o as the part of the plane z = 1/y/2 with 2 +y> <1/2 and n = k.

//(curl F)-ndS = //dS = area of circle = %

g
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15. (a) Take o as the part of the plane 2z + y + 2z = 2 in the first octant, oriented with downward
normals; curl F = —zi+ (y — 1)j — k,

%F-Tds://(curl F) - ndS

c
i 1 .3 b 1.3 3
—//(x—2y+2>dA—/0/o (m—2y+2>dydx—2.
R

(b) At the origin curl F = —j — k and with n =k, curl F(0,0,0) - n=(—j—k) - k= —1.

(c) The rotation of F has its maximum value at the origin about the unit vector in the same
1

1,
BV

direction as curl F(0,0,0) so n =

16. (a) Using the hint, the orientation of the curve C' with respect to the surface oy is the opposite
of the orientation of C with respect to the surface o,.
Thus in the expressions

//(curlF)-ndS:/F-TdSand//(curlF)-ndS:jI{F-TdS,
c c

the two line integrals have oppositely oriented tangents T. Hence

//(curl F) nds = //(curl F)-ndS+//(curl F) - ndS = 0.

(b) The flux of the curl field through the boundary of a solid is zero.

17. Since fE - rdr = //curl E - ndS, it follows that //curl E - ndS = —//aa—]? - ndS. This
C o

g lea

0B
relationship holds for any surface o, hence curl E = ——

ot’

18. Parametrize C' by z = cost,y = sint,0 < t < 27. But F = 2%yi + (v — 2)j + (22 — 1)k along C
S0 ]{ F . dr = —57/4. Since curl F = (=22 — 2)j + (=1 — 2?)k,
c

//(curl F):-ndS = //(curl F)- (2zi+2yj + k) dA

g

R

1 Vi—z2

/ / [2y(22% 4+ 2y% — 4) — 1 — 2¥] dy de = —57/4
—1J—1=22

CHAPTER 16 SUPPLEMENTARY EXERCISES

c . (r —20)i+ (y—yo)j+ (2 — 20)k

2 ®) e e G

dx @

b
@ [ |70 + o000

dt
dt
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b
() [ slalt)u0) @+ 0 de

4. (a) M:/é(x,y,z)ds (b) L:/ds (c) S://dS
c o

C

(d) A:%xdy:—fydx:%j{—ydx—l—xdy

C

C C
11. //f(x,y,z)dS://f(w(u,v),y(u,v),z(u,v))”ru X || du dv
o R

13. Let O be the origin, P the point with polar coordinates § = «,r = f(«), and @ the point with
polar coordinates 6 = 3,7 = f(3). Let

C1:0to P%xthOS%y=tsina70§t§f(a),—y%+x% =0
Cy:PtoQ;xz=f(t)cost, y= f(t)sint, a <0< @—y%er% = f(t)?
C3:QtoO;x=—tcosfB, y=—tsinf, —f(B) StSO,—y% +$% =0

B B
A:%% fyd:rerdy:%/ ft)?dt; set t =0 and r = f(0) = f(t),A = %/ 2 df.
C a a

qQ(xi + yj + 2k)
4. (a) F(z,y,2) = dmeg(x? 4 y? 4 22)3/2

qQ

b) F= h =—
(b) V¢, where ¢ Areg (22 + 42 + 22)1/2

1 1
soW = ¢(3a la 5)_¢(37070) = 43'(630 <3 — \/ﬁ) .

qQ[0 + t + 25¢t] dt
C:zx=3,y=t,2=5,0<t<1; F-dr=
X Y z r 47r50(9+t2+25t2)3/2

W/1 26qQt dt _ Q@ 11
o 4meg(26t2 +9)3/2  dmeg \ V35 3

15. (a) Assume the mass M is located at the origin and the mass m at (x,y, z), then

GmM
_(x2+y2—|—z2)3/2r’

t2 GmM dx dy dz
W =— — — — | dt
/tl (22 + 12 + 22)3/2 (zdt g +Zdt>

r=ai+yj+ 2k Fley,2) =

to

1 1
= GmM (2* +y* + z2)_1/2] = GmM ( - )
t1 r2 T

1 1
(b) W =3.99 x 10° x 10? {7170 - 6970] ~ —1596.801594 km?kg/s? ~ —1.597 x 10° J

y2 — g2 2 — y2 1 1
16. divF = TEEwEE + @ 1 )2 + @+ ) =3 el the level surface of div F = 1 is the

cylinder about the z-axis of radius 1.
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18.

19.

20.

21.
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1
T = 0 by symmetry; by Exercise 16,y:—ﬂ v de;C iy =0,—a <z < a,y*de =0;
c
Co:x=acosf,y=asinf,0<0 <, so
_ 1 i 2 . 92 . 4a
=——" 0(— 0)df = —
] 2(#@2/2)/0 a”sin” f(—asin @) 3

1
y = & by symmetry; by Exercise 16, & = A /x2 dy;C1:y=0,0<z<a,z>dy =0;

Cy:x=uacosf,y=asinh,0 <0 <7/2;C3:2=0,2°dy = 0;

& ! " 2(cos2 4a
x_m/o a”(cos G)acowd&_g

1
y = 0 by symmetry; T = ﬂ/xzdy;A:aa2;Cl rx =tcosa,y = —tsina,0 <t < a;

Co:x=acosl,y=asind,—a <6< q;

C3:x=tcosa,y =tsine,0 <t < a (reverse orientation);
a [e3 a
2AT = — / t? cos® asin v dt + / a® cos® 0 db — / t? cos® asin ac dt,
0 —« 0

2 @ 2a3 1
:—%cos asina + 2a° / cos30d0:—%cos2asina+2a3 {sina—gsing’a}
0

9 2a sin o

4 __2a
3 «

= ga sin av; sinceA = aa”, T =

3
Co:x=a—t,y=00<t<a,z’dy=0;C3:x2=0,y=>b—1,0<t<bz>dy=1y>de=0;

2ab
A= / (b—m)d :i,Cl:x:t,y:th/ag,OgtSa;

2
2A7T :/ t2(20t /a?) dt = a—b, T = 3—a;
2 4 2
2Ay = — /(th/a dt+/ par = — 90 4 g = A0 ,g:ib
0 5 5 5

(a) /f ) da + g(y dy—//(ag yf(:v))dA:()

(b) W= /F - dr = /f(:c) dz + g(y)dy = 0, so the work done by the vector field around any

simple closed curve is zero. The field is conservative.

(a) Let r =dcosbi+ dsinfj+ zk in cylindrical coordinates, so
dr drdf

d
il (—dsin@i—i—dcos@j),V:—r:wer:wxr.

dt
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23.

24.

25.

26.

27.

28.

29.

30.

(b) From Part (a), v = wd(—sin i+ cos6j) = —wyi + wxj
(¢) From Part (b), curl v = 2wk = 2w

(d) No; from Exercise 34 in Section 16.1, if ¢ were a potential function for v, then
curl (V¢) = curl v = 0, contradicting Part (c) above.

Yes; by imagining a normal vector sliding around the surface it is evident that the surface has two
sides.

Dué=n- Vo, so//Dn¢dS://n-V¢dS:///V-(ng)dV
o G
/e A ik
By Exercise 24, / / DufdS = / / (fox + fyy + fo2] AV = —6 / / dV = —6vol(G) =

(a) fy—gs=e" +aye™ — e — zye® = 0 so the vector field is conservative.

(b) 6 = ye™ — 1,6 = e — a + k(z), &, = 2e, let k(z) = 0; $(z,y) = =¥ —

() W= / F - dr = g(x(87), y(87)) — 6(2(0),y(0)) = 6(,0) — $(0,0) = —

(a) If h(z)F is conservative, then ag(yh(x)) = C,%(—th(a:)), or h(z) = —2h(z) — 2zh/(x) which
Y

. 2
has the general solution z3h(z)? = Oy, h(z) = Cz=3/2, so CWI — Cxl/Q
with potential function ¢ = —2Cy/+/z.

j is conservative,

(b) 1 g(4)F(o.y) s conservative then 7 (ug(5)) = - (~209(0). o 9(0) + 1 (s) = ~29(0).

2z
with general solution g(y) = C/y?, so F = C—1i— C—]j is conservative, with potential
Y Y
function Cx/y?.
A computation of curl F shows that curl F = 0 if and only if the three given equations hold.
Moreover the equations hold if F is conservative, so it remains to show that F is conservative if

curl F = 0. Let C by any simple closed curve in the region. Since the region is simply connected,
there is a piecewise smooth, oriented surface o in the region with boundary C'. By Stokes’ Theorem,

fF-dr:/g/(curlF)-ndS:/U/OdSzo.

By the 3-space analog of Theorem 16.3.2, F is conservative.

2

(a) conservative, ¢(z,y,2) = xz* —e Y (b) not conservative, f, # g,

(a) conservative, ¢(z,y,2) = —cosz + yz (b) not conservative, f, # h,
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1.

Chapter 16

(a) If r = 2i + yj denotes the position vector, then F; - r = 0 by inspection, so the velocity field

k
is tangent to the circle. The relationship F; x r = 72—k indicates that r,F;,k is a right-
T

k
handed system, so the flow is counterclockwise. The polar form F; = ———(sin 0i — cos 6j)
r

k
shows that the speed is the constant E— on a circle of radius r; and it also shows that the
wr

1
speed is proportional to — with constant of proportionality k/(2).
r

k
(b) Since ||F1|| = =—, when r = 1 we get k = 27||F4]|
2nr
AY
1
V2 S e i e A B R N 3
VY R R S . A A N N 2
A RV RV RIS A 2 S
[V = chal A A
,"’///k\:\\::\u
[
rroy gy
vr,¢'l’/ \"::AA )ﬁ
11 LEE |
‘:::\\\ SAA 4 d
““\\\_>__—/11414
LSRN AR A
LU NP R S 2 AR AR Ax )
AU N LA A AR AR 4
A A A A -y Yy vae
-1
q S . q .
(a) F2= *Wr so Fy is directed toward the origin, and ||Fs| = oo 18 constant for con-
w|lr o

(b)

stant 7, and the speed is inversely proportional to the distance from the origin (constant of

proportionality ;) Since the velocity vector is directed toward the origin, the fluid flows
T

towards the origin, which must therefore be a sink.

From Part (a) when r = 1, ¢ = 27||F3]|.

AY
1
CAANNNY v vrrrrrs
AR T U TR I 2 Y S
N\\\\"vy)’)))
\A\\\\**”,;AA
[N s 4 a4
NOSRNI ISP
- P I
T TIIT INNTIT
-7 ~ <~ -
rr(///,*\\\\ww
PR 2 I LI B NN
PP AR AR A A A L N R S
¢ ¢ ¢ ¢ 4 4 L] by vy
¢ ¢ € 4 4 4 L vy vy
-1

(b)
(c)

The magnitudes of the field vectors increase, and their directions become more tangent to

circles about the origin.

The magnitudes of the field vectors increase, and their directions tend more towards the

origin.
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6.

10.

11.

12.

q

(a) The inward component is Fy, so at r = 20,15 = ||Fs|| = 27(20)" $0 ¢ = 6007; the tangential
™
k
component is Fy, so at r = 20,45 = ||Fy|| = 27(20)° so k = 1800m.
(b) F=- = (3002 + 900y)i + (300y — 900z)j]
V1
(c) |F|l= S00VI0 <5 km/hr if r > 604/10 ~ 189.7 km.
T
F = 1[( 0+ ksin®)i+ (gsind — kcos)j] = 4y +iu— i(u kuyg)
= —g.(gcos sin#)i + (¢gsin cosO)j] = —5 —wr + 5 —up = —5—(qur 0
1 k 1 1 k 1
F-V¢Y=——(qu, — kuyp) - (ur + qug) = —— (q — kq) = 0, since u, and uy are
2mr r T 2mr \'r r
orthogonal unit vectors.
: 9 )
From the hypotheses of Exercise 8, v = klnr + G(0), =1 = G'(0) = ¢;

" 00
let G =q0,¢ =klnr + qf

The streamline ¢ = ¢ becomes klnr + ¢ = ¢,Inr = —¢0/k + ¢/k,

r=e 90/kec/k = ge=10/k where k > 0.

y

q = 6007, k = 1800w, = ke 9/3; at r = 20,0 = 7/4,k = re?/? = 20e™/1? ~ 25.985; the desired
streamline has the polar equation r = 25.985¢~¢/3.

y

20 -

\: ) 25\



