CHAPTER 15
Multiple Integrals

EXERCISE SET 15.1

12 1 3 1 3
1. / / (x 4+ 3)dydx = / (2x 4+ 6)dx =7 2. / / (2z — dy)dy dz = / dx dr = 16
0o Jo 0 1 J 1

4 1 4 0,2 0
3. //xgydxdy:/ —ydy =2 4. / / (m2+y2)dxdy:/ (34 3y*)dy = 14
2 Jo 2 3 —2J-1 -2
In3 In2 In3
5. / / em+ydydx:/ e“dr =2
0 0 0
2 1 2
6. //ysinxdydx:/ —sinzdr = (1 — cos2)/2
o Jo 0o 2
0 /5 0 6 7 6
7. / /dxdy:/ 3dy =3 8. // dyd:c:/ 10dz = 20
—1J2 —1 4 J-3 4
1,1 1
1
9. //%dydmz/ (1— )dx:l—an
0o Jo (zy—+1) 0 r+1

™ 2 ™
10. / / zcoszydydr = / (sin2z — sinx)dx = —2
7/2J1 /2

In2 1 R In2 1
11. / / zyeY xdydx:/ —(e® = 1)dx = (1 —-1n2)/2
0 0 0o 2

4z 4701 1
. //ﬁdydx:/ ( - )d:rln(25/24)
s J1 (x+y) s \z+1 x+2

1,2 1
13. / / dzySdy dx = / O0der =20
-1J-2 -1

14

1

[\

2? +2)1% — 2(2? + 1)?)de = (3vV3 - 4V2 +1)/3

11 1
. / / Ldydu’c:/ [z(
0o Jo Vaz4+y24+1 0

1 3 1
15. / / xﬂdydwz/ (1 — )Y %de =1/3
0o J2 0
w/2 pmw/3 w/2 T 2
16. / / (xsiny — ysinz)dy dx = / ( - — sinx) dr = % /144
0 0 0 2 18

17. (a) =} =k/2—1/4k=1,2,34;yf =1/2—1/4,1=1,2,3,4,
4 4 4 4
/ /R Flo g dedy = 3N Fat, ) A = 305 (/2 1/4)+(1/2—1/4)](1/2)? = 37/4
k=11=1 k=11=1

2 2
(b) / / (2% + y) dedy = 28/3; the error is [37/4 — 28/3| = 1/12
0o Jo

620



Exercise Set 15.1 621
18. (a) xf=k/2—1/4,k=1,2,3,4;yF =1/2—1/4,1=1,2,3,4,

/ /R f(w)da:dyzzz (whoyr) A = 30 S (k/2 - 1/4) = 2(1/2 - 1/4)](1/2)* = —4
k=1 I1=1

k=11=1

2 2
(b) / / (z — 2y) dedy = —4; the error is zero
o Jo
5 2 5
19. V= / / (22 + y)dy dx = / (22 + 3/2)dx = 19
3 1 3

3 2 3
20. V= / / (32° 4 322y)dy dox = / (62° 4 62°)dx = 172
1

2 3 2
21. V:/ / x2dydx:/ 32x%dr =8
o Jo 0
3 4 3
22. V:/ / 5(1—:1:/3)dyd:17:/ 5(4 — 4z /3)dz = 30
o Jo 0

23. (a) 2 (b)

24. (a) (b)

T

1/2 1/2
25. / / x cos(zy) cos® mx dy dx = / cos? 7 sin(zy) . dx
0 0 0

1/2 1 1/2 1
= / cos’ rxsinmx dr = —3. cos® ’/Tl’i| = —
0

™ 0 3T



622 Chapter 15

5 2 5 3
(b) V:/ / ydydx+/ / (—2y +6) dy dx
o Jo 0o J2

=10+5=15

26. (a)

9 [m/2 1 9 [7/2 o=1 9 (/2 2
27. fave:f/ / ysinxydxdy:f/ (—cosxy} ) dy:f/ (1 —cosy)dy=1——
e 0 0 ™ 0 =0 ™ 0 ™

1 /3 39
28. average = §/ / z(x? + )2 dae dy = / §[(1 + )32 — ¥ dy = 2(31 — 9V3) /45
o Jo 0

1 2 1 (/44 14\°
29. Thve = — 10 — 822 — 2¢?) dyd :7/ — —162% ) de = | —
2/0/0( @* —2y°) dyde 2J, \3 A

IR 1
30. fave:m/a/ckdydx:m(b—a)(d—c)k:k

31. 1.381737122 32. 2.230985141

33. / / fla,y)dA = / b [ / dg(x)h(y)dy] dz = / ' 4(a) [ / dh(y)dy] da
R
= Vabg(x)dr] Vcdh(y)dyl

34. The integral of tanz (an odd function) over the interval [—1, 1] is zero.

35. The first integral equals 1/2, the second equals —1/2. No, because the integrand is not continuous.

EXERCISE SET 15.2

1 T 1 1
1. / / xyidy de = / —(2* —2")dzr = 1/40
0 Ja? 0o 3

3/2 p3—y 3/2
2. / / ydmdy:/ (3y — 2y*)dy = 7/24
1 Yy 1
3 p/9—y? 3
3. / / ydxdy:/ yv9—y?dy =9
0o Jo 0
1

1 T 1 T
4. / \/m/ydydx:/ /x1/2y71/2dydx:/ 2(x—m3/2)dx:13/80
1/4 J 2 1/4 Jz?

1/4
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10.

11.

12.

13.

14.

15.

16.

17.

/f /OI3 sin(y/z)dy dv = /m[—x cos(z?) + x]dx = /2

s

1 z? 1 ™ z? 1 s
/ / (2 —y)dy dx = / 20 de = 4/5 7. / / —cos(y/x)dy dx = / sinzdr =1
1) g2 -1 x/2Jo T ™/2

1 x 1 1 x 1
1
//ew2dydm:/ xexzdx:(e—l)/Q 9. //y\/xQ—gﬂdydx:/ §x3dx:1/12
o Jo 0 o Jo 0

2 py? 2
/ / e/ d dy = / (e —1)y?dy =T7(e—1)/3
1 Jo 1
2 pa? 2
1 1
(a) / / zydyde = / —x°dx = 16
o Jo 0o 2 3

3 r(y+7)/2 3
(b) / / zydz dy = / (3y? + 3y)dy = 38
1 J—(y-5)/2 1

N
(a) /1/ (:17+y)dyda:/1(x3/2+:c/29:3:c4/2)d:1:3/10

Vi—z? Vi—z2 1
(b) / / xdydm—i—/ / ydydﬂc:/ 221 —22dx+0=0
Vi—z? Vi—z2? -1

8 T 8
(a) / / r2dy dr = / (23 — 162)dx = 576
4 J16/z 4
4 08 8 8 8 8 3
512 4096 512 —y
b // xdedy—i—//xzda:dy:/ [—} dy+/ ——dy
(®) 2 J16/y 4 Jy 4 3 3y3 4 3

640 1088
= == =576
3 773

2 Y 2 1
(a) / / zyde dy = / —ytdy = 31/10
1 0 1 2
1,2 2 2 1 280 gt
(b) / / zy? dydx +/ / xy? dydx = / Tz /3 dx +/ 3 dr =7/6+29/15 = 31/10
0 1 1 T 0 1

Vi—z? 1
(a) / / (3x — 2y)dy dx = / 6xv1—22dx =0
Vi—z? -1

(a) //525 zzydydx:/os(Sx—xQ)dx:125/6

(b) //5 25yyda:dy:/()5y<\/25>ﬁ—5+y)dy=125/6

®) [ 11 / ﬁ«s ~ 2 dody = [ T Py =0

4
1
// z(1+y?) 1/2da:dy:/ Sy +y?)7 2y = (VIT—1)/2
0



624

™ xr ™
18. / / xcosydydx:/ rsinxdr =7
o Jo 0

2 6—y 21
19. / / zyde dy = / —(36y — 12y + 4> — y°)dy = 50/3
0 Jy2 0 2

/4 pl/V2 m/4 1
20. / / xdxdy:/ Zcos2ydy:1/8
si 0

ny

1 T 1
21. / / (x —1)dy dx = / (—a* +2® + 2% — 2)de = —7/60
0 Jaz3 0

1/vV2 2z 1 1/x 1/V/2 1
22. / / x2dy dx —I—/ / x2dy dr = / 3dx —I—/ (x —2%)dx =1/8
0 z 1/vV2Jz 0 1/vV2

Chapter 15

23. (a) y (b) = (—1.8414,0.1586), (1.1462, 3.1462)

4

-2-15-1-0.5 05 1 15

11462 pa+2 1.1462
(c) //a:dA / / xdydm:/ x(x+2—e")dx
1.8414 Jex —1.8414
3.1462  lny 3.1462 1,2 _9)2
(d) //:z:dA / / :cdxdy:/ [ny(y)
0.1586 Jy—2 0.1586 L 2 2

24. (a) y (b) (1,3),(3

25

15+

(©) //: xdyd:c:/IBx[(4x3—m4)—(3—4:c+4x2)]da::

4442

7/4 pcosw /4
25. A= / / dydr = / (cosx —sinz)de = V2 —1
s 0

1nx

1
26. / / dv dy = / (—y? — 3y + 4)dy = 125/6
3y 4

~ —0.4044

dy =~

,27)

224
15
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3
27. A= / / dxdy:/ 8(1 —y?/9)dy = 32
1-y2/9 -3

cosh x 1
28. A= / / dydz = / (coshz —sinha)de =1 —e™!
s 0

inh z

2o, /4 /6—3r/2(3 —3x/4 —y/2)dydx = /4[<3 — 30/4)(6 — 35/2) — (6 — 31/2)2/4] dz = 12

2

2 pVA—z?
30. / V4 fx2dydw*/ z?)dx = 16/3
o Jo

V9—22 mz 3
31. V= / / —xdydaz—/ (6v9 — 22 —2xV9 — 2?)dx = 2T
-3

Vo—z2

1 T 1
32. V= / / (z% + 3y*)dy dx = / (223 — 2t — 25%)dx = 11/70
0 Ja2 0
3 2 3
33. V= / / (922 +y*)dy dx = / (1822 4 8/3)dx = 170
0o Jo 0
34. V= / / 1—xdmdy—/ (1/2 — y* +y*/2)dy = 8/15

3/2 V9—4x2 3/2
35. / / (y+3 dydx—/ 61/9 — 422 dw = 277/2

3/2J —\/9—4z? —3/2

3 3 3
36. V= / / (9 — 2?)dx dy = / (18 — 3y* + y°/81)dy = 216/7
2/3 0
5 \V25—x2 5
37. V:S/ \/257x2dydz:8/ (25 — 2%)dx = 2000/3
0 0 0

s v=2[ [ VY ey = 2 [ (31 =0 - 17

1ety—1:sin9togetV:2/

1
{3 cos® 0 + (1 +sin6)? cos 9] cos f df which eventually yields
—m/2

V =3r/2

1 pV/I-2? ] [1
39. V= 4/ / (1 -2 —y?)dyde = g/ (1—2%)32de = n/2
o Jo 0

2 pVa—az? 2 1
40. Vz/ / (a:2—|—y2)dydx:/ {xQ 4—x2+3(4—x2)3/2} dx =27
0o Jo 0

V2 2 8 px/2 e? 2
41. / / f(z,y)dx dy 42. / / flx,y)dy dz 43. / flx,y)dy dz
0 y? 0 Jo 1 Inz
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1 pe w/2 psinz 1 vz
44. / / flz,y)dz dy 45. / / fz,y)dy dx 46. / / f(z,y)dy dx
0 Jev 0 0 0 Jz2

4 ry/4 2 ol 2
47. / / e Vdxdy = / —ye Vdy=(1—e19)/8
o Jo 0 4

1 2 1
48. / / cos(z?)dy dx = / 22 cos(z?)dr = sin 1
0o Jo 0

2 2 . 2 3
49. / / e dy dx = / r?e” dr = (® —1)/3
o Jo 0

In3 3 1 In3 1
50. / / xdxdy = f/ (9 —e*)dy = =(9In3 — 4)
0 ey 2 0 2

2 py? 2
51. / / sin(y?)dx dy = / y?sin(y®)dy = (1 — cos 8)/3
o Jo 0

1 e 1
52. / / xdydac:/ (ex —ze®)dx =e/2 — 1
0 Je* 0

4 42
53. (a) / / sin 7y® dy dz; the inner integral is non-elementary.
0 Jvz

2 g2 2 1 2
/ / sin (wyg) dxdy = / Y sin (wy?’) dy = 3 cos (7ry3) =0
o Jo ™

0 0

1 /2
(b) / / sec?(cos x)dx dy ; the inner integral is non-elementary.
0 Jsin=ly

7/2 psinz /2
/ / sec®(cos z)dy dx = / sec?(cos ) sin z dr = tan 1
0 0 0

2 Va—x? 2 1

54. V:4/ / (x2+y2)dyda::4/ <x2x/4—x2+3(4—x2)3/2> dx (x = 2sind)

0o Jo 0

™2 (64 64 128 647 647 1287w 1-3

. 2 . 4
= — + = 0— — 0)dd=——=—4+—-—-——-—— =
/0 (3+3sm 3sm> 52731 3224 "

55. The region is symmetric with respect to the y-axis, and the integrand is an odd function of =z,

hence the answer is zero.

56. This is the volume in the first octant under the surface z = /1 — 22 — y2, so 1/8 of the volume of
the sphere of radius 1, thus %

11 1
_ 1 1
57. Area of triangle is 1/2, so f = 2/ / ———dydr = 2/ [ - x} dr = = —In?2
0 Jo 14w 0

2
58. Area:/ (32 — 2% — x) dx = 4/3, so
0

2

B 2 3rz—x ) 3 2 5 A 5 9
= —ey)dydr =2 | (=223 + 224 —25/2)dr = -2 = _Z
A N L e

> w
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59. The = // (5zy + 2?)dA. The diamond has corners (+2,0),(0,+4) and thus has area
R
1
A(R) = 452(4) = 16m?. Since 5zy is an odd function of z (as well as y), // S5xydA = 0. Since
x? is an even function of both z and y,
T. —4//x2dA—1/2/4_2Ix2d dr = 1/2(4—2x)x2dx—1 éx3—1x4 2—goC
ave = 96 “1)y Jo =1, —a\3" 2" )|, 73
250
60. The area of the lens is 7R? = 47 and the average thickness Ty is
4 2 " 1 121
Tave = E/o /0 (1—(2®+y?)/4) dydx = ;/0 6(4 o (x = 2cosb)
:i/ sin? Gdﬁfﬁgzzlin
3 3m2-42 2
61. y=sinz and y = z/2 intersect at x = 0 and = = a = 1.895494, so
a sinx
V:/ V14 z+ydy de =0.676089
0 Jz/2
EXERCISE SET 15.3
7/2 psin® /2 1
1. / / rcos&drdﬂz/ —sin?fcosfdf =1/6
0 0 0o 2
T 14+cos@ T 1
2. / / rdrdﬁz/ —(1 4+ cos0)%df = 37 /4
o Jo 0 2
7/2 pasin® w/2 3 )
3. / / r2dr df = / = sin®0do = ~a?
0 0 0 3 9
7/6 pcos36 /6 1
4. / / rdrdﬁ:/ —cos®30d0 = /24
0 0 o 2
™ 1—sin6 ™1
5. / / TQCOSQdeQZ/ —(1 —sin@)®cosfdf = 0
o Jo o 3
7/2 pcos6 /2 1
6. / / r3drdf = / —cos*Hdf = 3n/64
0 0 o 4
2m 1—cos 6 2m 1
7. :/ / rdrd@z/ —(1 — cos0)?dh = 3m/2
o Jo o 2
7/2 psin 20 /2
8. A:4/ / rdrd<9=2/ sin® 20 df = /2
0 0 0
w/2 pl w/2 1
9. / / rdrdf = / —(1 —sin?260)df = 7/16
sin 20 /4 2
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

/3 2 w/3
:2/ / rdrdﬁz/ (4 —sec?0)df = 4n /3 — /3
0 sec 0 0

w/2 pdsin€ /2
_2/ / rdrd@:/ (16sin% 0 — 4)df = 47/3 + 2V/3
w/6

i 1 T
A:2/ / rdrd&:/ (—2cos® — cos? 0)df = 2 — /4
/2 J1+cos @ /2

71'/2 3 12 4
V:8/ / rv9 —r2drdf = 8\[/ %\[277
0 1

7/2 p2sinf
:/ / erdo—f/ sin® 0 df = 32/9

7/2 pcos@
= / / (1—r? rdrd@—f/ (2 cos? 6 — cos* 0)dO = 5m/32
/2 3 /2
V:4/ /drd9:8/ df = 4rw
0 1 0
7/2 3sin@ /2
V:/ / TQSiIltgd’l“d9=9/ sin 0 df = 277 /16
0
/2 p2 T 2
V:4/ / r\/4—r2drd9—|—/ / rv4 —r2drdf
0 2cos 6 m/2J0
m/2
:33/ sin®0.do + 2 / dG_—+—
3 Jo
27 1 2m
/ / e rdrd) == (1—e h dd=(1—e N7
o Jo 2 0
/2 3 /2
/ / 7‘\/9—7‘2d7‘d0=9/ do = 9 /2
0 0 0

w/4 w/4 -
/ / ’/‘d’l“de— 1115/ df = —1Inb

w/2 p2cosf 16 /2
/ / 2r?sinfdr df = — cos® fsinfdf = 1/3
/4

w/2 pl 1 /2
/ / r3drd9:7/ db =m/8
0 0 4 Jo
2 2 R 1 2m
/ / e " rdrdd = *(1—6_4)/ dd=(1—-eYHr
o Jo 2 0
w/2 p2cosf ] /2
/ / r2drdf = f/ cos®0df = 16/9
0 0 3Jo

Chapter 15



Exercise Set 15.3

/2 pl 1 /2 -
26. / / cos(r?)rdrdf = = sinl/ df = —sinl
0 0 2 0 4

/2 pa r -
. _ " _ 2
/0 /O Tt =3 (1-1/V1+a)

7/4  psectan @ 1 /4
/ / r2dr df = g/ sec® @ tan® 0df = 2(V2 + 1) /45
0 0 0

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

/M/ mdrd& (\f5—1)

/2 5 1 w/2
/ / rdrdf 7/
tan—1(3/4) J3cscb 2 tan—1(3/4)

225 {71'

2

— —tan

629

(25 — 9csc? 0)df

“1(3/4)| —6 = % tan~'(4/3) —

2 a 27 a2
Vz/ / hrdrdf = h?dezﬂth
0

(a) V—S/W/Q/

a

D20 dr d = —g—;w(aQ T )3/2} = é71'(12c

0 9

b) V= f7r 6378.1370)26356.5231 ~ 1,083,168,200,000 km?
3

w/2 pasinf
[
0 0 a

w/2 )
)2 dr df = 3a c/ (1 —cos®0)df = (3w — 4)a*c/9
0

/4  prav2cos20 /4
A:4/ / rdrd9:4a2/ cos 20 df = 2a°
0 0 0

7/2 p4sinf
rdrd@—l—/ / rdrdf

n/4 pdsin
/71- /8c052

/2
:/ (8sin? 0 — 400829)d9+/
/6 /4

8sin? 0 df = 47 /3 +2V/3 — 2

¢ r2asin@ ] 1
:/ / rdrd9:2a2/ sin29d9:a2¢f§a2sin2gb
o Jo

0

+oo 2 +oo o +oo +oo o o,
(a) IZ:/ e " dx / e YV dy :/ / e Pdx|le ¥ dy
0 0 0 0
—+o0 —+o0 —+o0 —+o0
z/ / e_IQe_’ﬁdxdy:/ / e_(x2+y2)dxdy
0 0 0 0

/2 ptoo R 1 /2
(b) 12:/ / e " rdrd0=§/ do = /4 (c) I=+7/2
0 0 0

(a) 1.173108605

1
0

T 1
(b) / / re " drdf = / re™" dr ~ 1.173108605
0 0
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27 R 27 R R
39. V= / / D(r)rdrdd = / / ke "rdrdf = —2rk(14r)e”"| =2rmk[l — (R +1)e 7
o Jo o Jo 0

tan~1(2) 2 tan—1(2) 1
40. / / 3 cos? 0 dr df = 4/ cos® 0 df = E + 2[tan™*(2) — tan"1(1/3)] = = +
t 0 t

an—1(1/3) an—1(1/3)

ot =
oS

EXERCISE SET 15.4

1. (a) z

(c)

=
™~
s}
~

(b) ﬁ : |
y
(b) \
y '

(c)

a
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11.

12.

13.

14.

16.

18.

19.

20.

21.

22,

23.

24.

25.

26.

27.

28.

29.

30.

31.

3
(a) z:u,y:v,z:§+§uf2v ) z=u,y=v,2z=u?
v 15 5
(a) TE=UY=0z2= (b) T=uyY=v,2= 300 — g
(a) z=5cosu,y=>5sinu,z=v;0<u<2r,0<v<1
(b) z=2cosu,y=v,z=2siny;0 <u<2r,1<v<3
(a) z=uy=1-uz=v;-1<v<1 () z=u,y=54+2v,z2=v;0<u<3
T =u,y =sinucosv,z = sinusinv 8. x=wu,y=c%cosv,z=e"sinv
. 1 . 2
r=rcosh,y=rsinf,z = —— 10. z=rcosh,y=rsinf,z=¢e¢"
14172
x=rcosl,y=rsind, z = 2r? cosfsin b
z=rcosf,y=rsind, z =r>(cos?h — sin? §)
x=rcosb,y=rsinf,z=v9—1r2r <5
1 1 3
r=rcosh,y=rsinf,z=r;r <3 15. x:§pcos9,y:§psin9,z=gp
x =3cosf,y =3sinf, z = 3cot ¢ 17. z =z — 2y; a plane

y =2+ 22,0 < y < 4; part of a circular paraboloid
(2/3)% + (y/2)? = 1;2 < z < 4; part of an elliptic cylinder
2z =22 +9%0 < z < 4; part of a circular paraboloid
(x/3)% + (y/4)? = 2%;0 < 2 < 1; part of an elliptic cone
2% + (y/2)% + (2/3)% = 1; an ellipsoid

(a) z=rcosb,y=rsind,z=r0<r<2%jr=uy=v,2=\vu2+0v%0<u?+0%><4

(a) Lax=rcosh,y=rsind,z=r20<r<V2; 1L z=uy=uv2=u’>+v*u>+0v> <2

(a) 0<u<30<v<m (b) 0<u<4,—7m/2<v<7/2

(a) 0<u<6,—71<v<0 (b) 0<u<b,m/2<wv<3n/2
(a) 0<¢p<m/2,0<6<2r (b) 0<p<m0<OH<m
(a) 7/2<¢<m0<0<2r (b) 0<0<7/2,0<¢p<7/2
u=lv=2r, xr,=-2i—4j+k;2xr+4y—2=>5

u=1lv=2r, xXr,=—4i—-2j+8k;2x+y — 4z = —6

u=0,v=1r, xr,=606k;z2=0 32. ryxr,=2i—j—-3k;2z —y—3z=

631
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33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

Chapter 15

2 2
r, X, = (vV2/2)i— (V2/2)j+ (1/2)k;z —y + gz = %
ry, Xr, =2i—In2k;2z — (In2)z =0

Z:\/9_y2721?:07Zy:_y/\/g_yzaZ%+Z§+1:9/(9_y2)7
2 3 3 2

Sz// 7dyda§=/37rdx:67r
0o J-3/9—1y2 0

4 pd—z 4
z:8—2$—2y7z§+z5+1:4+4+1:9,5’:// 3dydx:/ 3(4—x)dr =24
o Jo 0
2% = 42% + 4y?, 222, = 8z 50 2, = 4x/z, similarly zy = 4y/z thus
1 T 1
zg—i—zi—l—l:(16x2+16y2)/z2—|—1:5,S:/ / \/gdydx:\/g/ (x — 2%)dx = V/5/6
0 Jz2 0
A=ty =afr, 5y =y/z, A+ +1= (2 +0)/P2+1=2,
w/2 p2cosf /2
S://ﬁdA:2/ \/§rdrd9:4\/§/ cos? 0df =\ 2n
£ 0 0 0
2 = —2x, 2y = —2y, zg+z§+1:4x2+4y2+1,
2w 1
S://\/4x2+4y2+1d/1:/ / rv4r? 4+ 1drdf
£ o Jo
1 27
:E(5\/3—1)/ do = (5v/5 — 1)1 /6
0

Ze =2, 2y =2y, 20+ 22 + 1 =5+ 4,

1 Yy 1
Sz/ / \/5+4y2dxdy:/ y\/5 + 4y2 dy = (27 — 5v/5)/12
o Jo 0

Or/0u = cosvi + sinvj + 2uk, dr/Ov = —usin vi + u cos vj,

2 2
|0r/0u x Or/0v| = uvdu? +1; S = / / uy/4u? + 1du dv = (17V17 — 5v/5)7/6
0 1

Or/0u = cosvi + sinvj + k, dr/0v = —usinvi + u cosvj,

/2 20 \/i
|Or/0u x Or/0v|| = V2u; S = / V2 u du dv = Ew?’
0 0

zm:y,zy:x,zg—l—z;—i—l:;ﬁ—i—gf—&—l,

w/6 3 /6
S://\/z2+y2+1dA:/ / /12 + 1drdf = %(10\/10—1)/ df = (1010 — 1) /18
0 0 0
R
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44.

45.

46.

47.

48.

49.

50.

51.

52.

53.

2y =T, 2y =Y, z£+zg+1:x2+y2+l,
27 \/g 27
26
S://\/x2+y2—|—1dA=/ / r\/r2+ldrd9:§ df = 527/3
£ o Jo 0
On the sphere, z, = —x/z and z, = —y/z s0 2} + z2 +1 = (2® + y* + 22) /2% = 16/(16 — z* — y/*);
the planes z = 1 and z = 2 intersect the sphere along the circles z? + y? = 15 and 22 + y? = 12;

4 27T \/ﬁ 4r 27
S://—dA:/ / 7drd0:4/ d9 = 8n
£ 16 — 22 — y2 o Jyiz V16 —1r2 0

On the sphere, z, = —x/z and z, = —y/z s0 22 + 20 + 1 = (2® + y* + 2°)/2* = 8/(8 — 2 — y*);
the cone cuts the sphere in the circle z2 + y? = 4;

B 27 2 2\/57, B B 2 B B -
Sf/o Oﬁdrdaf(s 4\/5)/0 do = 8(2 — V/2)

r(u,v) = acosusinvi+ asinusinvj + acosvk, ||r, X r,| =a

e 27 T
S = / / a?sinv du dv = 27a’® / sinv dv = 4wa?
o Jo 0

2sinw,

h  pr2m
r =rcosui+ rsinuj+ vk, ||r, X r,]| =7; S:/ / rdudv = 2mrh
o Jo

h2$2 + h2y2

1= 2 2 2
gty 1= @ ),

Zg zi—i—zi—I—l:

h x h Y
= ey = T,
oyt Y a a2
21 a 2 h2 1 27
5= /\/(Trdrdﬁzza\/m d6 = wa\/a? + h?
0 0 0

Revolving a point (ag, 0,by) of the xz-plane around the z-axis generates a circle, an equation of
which is r = ag cos ui + ag sin uj + bok, 0 < u < 27. A point on the circle (z — a)? + 2% = b? which
generates the torus can be written r = (a 4+ bcosv)i + bsinvk,0 < v < 27. Set agp = a + bcosw
and by = a+ bsinv and use the first result: any point on the torus can thus be written in the form
r = (a4 bcosv)cosui + (a + bcosv) sinuj + bsin vk, which yields the result.

Or/0u = —(a+ bcosv) sinui + (a + bcosv) cosuj,
Or/0v = —bsinvcosui — bsinvsinuj + beosvk, ||dr/du x dr/0v| = b(a + bcosv);

2m 27
S = / b(a + beosv)du dv = 42ab
o Jo

4 5 5
[ty x ry]| = \/u2—|—1;5:/ / \/u2+1dudv:47r/ Vu?+ 1du =174.7199011
o Jo 0

z = —1 when v & 0.27955, 2 = 1 when v = 2.86204, ||r,, X | = | cosv|;

2 2.86204
S = / / | cosv| dv du = 9.099
0o Jo.27955
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54. (a) xz =wvcosu,y =wvsinu,z = f(v), for example (b) x=wvcosu,y =vsinu,z = 1/v?

55. (z/a)?+ (y/b)? + (z/c)? = cos®v(cos? u + sin”® u) + sin? v = 1, ellipsoid
56. (x/a)?+ (y/b)?> — (z/c)? = cos? ucosh? v + sin® u cosh? v — sinh® v = 1, hyperboloid of one sheet

57. (x/a)? + (y/b)? — (z/c)? = sinh? v + cosh? v(sinh? u — cosh? u) = —1, hyperboloid of two sheets

EXERCISE SET 15.5
12 1 1,2 1
1. / / /(m2+y2+z2)dxdydz:/ /(1/3—|—y2—|—z2)dydz=/ (10/3 +22%)dz = 8
-1Jo Jo -1Jo -1
1/2 pr 1 1/2 ey /24 1 3—2
2. / / zmsinxydzdydx:/ / fmsinxydydx:/ f(l—cosmc)dx:——l—\[
173 Jo Jo 1/3 Jo 2 1/3 2 12 am
2 y2 z 2 y2 2 1 1 1 4
3. // / yzda;dzdy:// (yz2+yz)dzdy:/ <y7+y5—y> dy:—7
o J-1 /-1 o J-1 o \3 2 6 3
n/4 p1 pax? /4 pl w/4 1
4. / / / xcosydzdxdy:/ / :cgcosydxdy:/ —cosydy =V2/8
0 0o Jo 0 0 o 4
3 \/9—22 xz 3 \/9—Z2 1 3 1
5. // /xydydxdz:// fx?’dxdz:/ — (81— 1822 + z*)dz = 81/5
o Jo 0 o Jo 2 o 8
3 px? Inz 3 pax? 3 1 3
6. // / :ceydydzdxz// (xz—:c)dzdm:/ ($5—$3+$2) dxr =118/3
1 T 0 1 x 1 2 2
2 Vi—zZ 3—z2—y? 2 Vi—z2
7. // / xdzdydx:// [22(4 — 2°) — 2zy*]dy dx
0 0 —54x2+y2 0 0
24 f
:/ —x(4 — 22)*?dr = 128/15
0 3
2 2 3y 2 2 2
Y us 0
8. drdydz = —dydz = —(2—-2)dz=m7/6
JL L aeats= [ [ Ste= [ 50t
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9. /Oﬂ/ol/oﬂ/(ja:ysinyzdzdydxz/Ow/olx[l—cos(ﬂy/6)]dyda::/Oﬂ(1—3/7r)xda::77(7r—3)/2

1 pl—z? py 1 pl—z? 1
. / / / ydzdyd:v:/ / deydx:/ —(1 — 2?)3dx = 32/105
-1Jo 0 -1Jo 13

V2 x 2—z2 V2 x 1 V2 1
. / / / zyzdzdydr = / / —xy(2 — 2?)%dy dx = / 232 —2%)%dx =1/6
o Jo Jo o Jo 2 o 4

/2 /2 pay /2 pw/2 /2
12 / / cos(z/y)dz dx dy = / / ysinzdrdy = / ycosydy = (5 — 6v/3)/12
Y 0 T Y ™

' /6 /6 /6

1

o

1

=

3 2 1 P]
13. / / / VIR dyds ~ 9.425
o J1 J-2 Y
1 pV/I—2Z py/1—22—y2 s 2
14. 8/ / / e” " TV 7% dzdydr ~ 2.381
o Jo 0

4 p(4—z)/2 p(12—32—6y)/4 4 p(4—z)/2 1

15. Vz/ / dzdyda:z/ / —(12 — 3z — 6y)dy dx
o Jo 0 0o Jo 4
‘3

_ (A )2 —
7/0 16(4 x)dr =4
N el e - 12 e
16. V = dzdydx = Vydyde = (1 —2)*de =4/15
o Jo 0 o Jo 0o 3
2 4 pd—y 2 4 2 , 1,
17. V=2 dzdydxr =2 (4—y)dydz =2 8 — 4z + —x* | dv = 256/15
0 Jz2Jo 0 Jaz? 0 2

1 py pa/1—9y2 1 py 1
18. V:/ / / dzd:cdy:/ / \/1fy2dacdy:/ yvV1—y?dy=1/3
o Jo Jo o Jo 0

19. The projection of the curve of intersection onto the zy-plane is 2 + 32 =1,

1 pV/I—z? p4—3y°
V= 4/ / / dz dy dx
0 0 4x2+y2

20. The projection of the curve of intersection onto the zy-plane is 222 + y? = 4,

V2 AT 222 p8—az?—y?
V= 4/ / / dz dy dx
0 0 3x

2+y2

3 V9—22/3 pz+3 1 pv/1—22 p/1—22
21. V:2/ / / dz dy dx 22, V:8/ / / dz dy dx
-3.J0 0 o Jo 0
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23.

24.

25.

26.

27.

Chapter 15

(a) (b)

(3,9, 0) y
(c)
(a) : (b)

0,0,2)

(3,9,0)

1 1—x l-xz—y 1 1—x l1—z—y 3
V=/ / / dzdydz =1/6, fave:6/ / / (x+y+2)dzdyde = -
o Jo 0 o Jo 0 4

The integrand is an odd function of each of z,y, and z, so the answer is zero.

The volume V = 37 and thus

7
ave = 2 ///mdv—f

1/\// 1—222 p6—Tz2—y?

1/v2 J —/1=222 J 522 45y2

V12 +y2 + 22dzdydr ~

3.291
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28.

29.

30.

31.

32.

33.

34.

35.

1 1 1 1
V =1,daye = 7/ / / V(e —2)2 + (y — 2)? + 22 dedydz ~ 0.771
14 0 0 0

a pb(l—z/a) pc(l—x/a—y/b) b pra(l—y/b) pc(l—z/a—y/b)
(a) / / / dz dy dx, / / / dz dz dy,
0 0 0 0 JO 0
¢ pa(l—z/c) pb(l—z/a—2z/c) a pc(l—z/a) pb(l—z/a—z/c)
/ / / dydzxdz, / / / dy dz dx,
0 JO 0 0 0 0
¢ pb(l—z/c) pa(l—y/b—2z/c) b pce(l—y/b) pa(l—y/b—2z/c)
/ / / dxdydz, / / / dr dzdy
0 JO 0 0 Jo 0

(b) Use the first integral in Part (a) to get

a pb(l—z/a) aq 9 1
// c(lfffy)dydx:/ fbc<1f£> dx = —abc
0 0 a b 0 2 a 6
b\/l z2/a? c\/l —z2/a?—y? /b2
= 8/ / / dz dy dx

(a) / / v ﬁ/ flx,y, 2) dzdydx
(b) /0 /03 f/y?) ff(m,y,z) dzdydzx (c) /02 /04_12 /ys—y f(z,y, 2) dzdydx

(a) /03 /om/o e f(z,y, z)dz dy dx
(b) /04 /OI/Q /Ozf(a:,y,z)dzdyda: (©) /02 /0“2 /;yf(m,y,z)dzdyda:

(a) At any point outside the closed sphere {22 + y? + 22 < 1} the integrand is negative, so to
maximize the integral it suffices to include all points inside the sphere; hence the maximum
value is taken on the region G = {z% + y? + 22 < 1}.

(b) 4.934802202

(©) /02”/0”/01(1_p2)pdpd¢,d9: -~

[ sosmerae= [ [ s [ / eh(z)dz] dyds
[l [
o]

@ |f 11 vae | [ 1 ] [ / ”Zinzdz] — (0)(1/3)(1) =0

® | 1 = [ / eydy] [ / d] (- 1)/2(2)(1/2) = (&~ 1)/2
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EXERCISE SET 15.6

1. Let a be the unknown coordinate of the fulcrum; then the total moment about the fulcrum is
5(0 —a) + 10(5 — a) + 20(10 — a) = 0 for equilibrium, so 250 — 35a = 0, a = 50/7. The fulcrum
should be placed 50/7 units to the right of m;.

2. At equilibrium, 10(0 —4) +3(2 —4) +4(3—4) + m(6 —4) =0,m = 25

1,1 1 11 1
l,f:/ / a:dydx:f,yz/ / ydydr = -
0o Jo 2 0o Jo 2

1
2,T = 3 //J:dy dx, and the region of integration is symmetric with respect to the z-axes
G

3. A

4. A

and the integrand is an odd function of z, so T = 0. Likewise, 7 = 0.

1 T 1 T
5 A=1/2, //di:/ / xdydr =1/3, //ydA:/ / ydydx = 1/6;
0o Jo o Jo
R R

centroid (2/3,1/3)

1 22 1 z?
6. A:/ / dydx =1/3, //a:dA:/ / xdydr =1/4,
o Jo £ o Jo

1 z2

//ydA :/ / ydy dx = 1/10; centroid (3/4,3/10)
o Jo

R

12—z 1 p2—a?
7. A:/ / dydx =17/6, //:ch:/ / xdydr =5/12,
0 Jz 0 Jx
R

1 p2—a?
//ydA :/ / ydy dx = 19/15; centroid (5/14, 38/35)
0 T
R

T Lopvize? 1 4 4
8. A:Z’//di:/o /0 xdyda::§,§=3—7r,@z3—wbysymmetry
R

9. T =0 from the symmetry of the region,

1 ) ) B T b 5 . 72 3 34 . _ 4(1)3*0‘3)
§7r(b —a )7//ydA7/o /a r sm@drd@—g(b —a’); CGHtTOIdI*OJJ*m'
R

N
I

10. 3 = 0 from the symmetry of the region, A = ra?/2,

/2 a 4a
//di = / r? cos 0 dr df = 2a°/3; centroid (,O)
—n/2J0 3

R

1o
11. M://é(z,y)dA:/ / |z +y — 1| dzdy
£ 0o Jo
1 pl-a 1 1
:/ {/ (lfxfy)der/ (eryl)dy] dr = =
o LJo 1-a 3
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12.

13.

14.

15.

16.

17.

18.

19.

20.

11 1 pl-w 1 1
523/ /x&(x,y)dydsz/ [/ x(l—x—y)dy+/ z(x+y—1)dy| de ==
o Jo . o LJo -2 2

By symmetry, 7 = 588 well; center of gravity (1/2,1/2)

5]

1
= // x6(z,y) dA, and the integrand is an odd function of 2 while the region is symmetric
G
with respect to the y-axis, thus * = 0; likewise 5 = 0.
1 vz 1 VE
M:/ / (x 4+ y)dy dx = 13/20, MI:/ / (x +y)ydydr = 3/10,
0o Jo 0o Jo

U vE
My:/ / (x+y)xdyde =19/42, T = M, /M = 190/273, 5 = M, /M = 6/13;
o Jo

the mass is 13/20 and the center of gravity is at (190/273,6/13).
™ sinx
M= / / ydydx = w/4, T = w/2 from the symmetry of the density and the region,
o Jo

s sin x 16 16
M, = / / yidydr =4/9, 7 = M,/M = —; mass /4, center of gravity I, — .
0 0 9 2 91

/2 pa
M = / / r3sinfcosfdrdd = a*/8, T = 7 from the symmetry of the density and the
0 0

w/2 ra

region, M, = / / rtsinf cos? O dr df = a5/15, 7 = 8a/15; mass a*/8, center of gravity
0 0

(8a/15,8a/15).

™ 1
M = / / r3drdf = w/4, T = 0 from the symmetry of density and region,
o Jo

T 1
M, = / / risin@drdd =2/5, 7= i; mass 7/4, center of gravity (O, 8).
0 0 5T 5

1,1 pl
1 1 111

V:]‘i: ddd = — 1 .117:7:— t .d _, =, —
, T /O/O/Omzyx 2751mlaryy Z % centroi (2,272>

2 p2m 1
symmetry, ///zdz dydx = / / / rzdrdf dz = 27, centroid = (0,0,1)
o Jo Jo
G

=7 = Z from the symmetry of the region, V = 1/6,

5]

5]

1 1 pl—z pl-z—y -
- V/o /0 /0 xdzdy de = (6)(1/24) = 1/4; centroid (1/4,1/4,1/4)

The solid is described by —1 <y < 1,0§z§1—y2,0§x§ 1—z;

1 1—y2 1—z 4 1 1 1_y2 1—2 5
V:/ / / ddedy:*,f:—/ / / xdxdzdy:i’y:()bysymmetry’
—-1J0 0 5 ViJ_1iJo 0 14

1 1 17y2 1-z 2 2
E:V/A/o /0 zdxdzdy:?;the centroid is (154,0,7>.
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21. T=1/2 and y = 0 from the symmetry of the region,
1,1 41 1
V= / / / dedyde = 4/3,7 = o ///de — (3/4)(4/5) = 3/5; centroid (1/2,0,3/5)
0 J-1Jy2
G

22. 7 =7 from the symmetry of the region,

—/02/02/0$ydzdyd:v—4,m—é/G//de—(1/4)(16/3)—4/3,

1
Z= v ///de = (1/4)(32/9) = 8/9; centroid (4/3,4/3,8/9)
G
23. T =7 =7 from the symmetry of the region, V = ma?®/6,
1 N/ S -y N G
T:—/ / / xdzdydx:—/ / xy/a? —x2 —y2dydr
\%4 VJo Jo
1 71'/2
V/ / r2v/a2 — r2cosf dr df = (7ra4/16) = 3a/8; centroid (3a/8,3a/8,3a/8)
24. T =7 = 0 from the symmetry of the region, V = 27wa®/3

VaZz—z2? a27:627y VaZz—z2? 1
zZ= — / / / zdzdydr = — / / (a* — 2% —y)dy dx
Vv —a VaZ—z2 —a VaZ—z2 2

1 27 a1 ) ) 3
== —(a* — drdf =
V/O /0 2((1 i dr 2ma®

25. M= / / / a—z)dzdydr = a*/2, § = Z = a/2 from the symmetry of density and

(ma*/4) = 3a/8; centroid (0,0,3a/8)

region, T = — z(a — z)dz dy dx = (2/a*)(a®/6) = a/3;
wl L

mass a?/2, center of gravity (a/3,a/2,a/2)

a27w2 1
26. M = / / / —2)dzdydx = gmzth, T =7y = 0 from the symmetry of density

a27z2

L _ 213 /6 — 1 /3.
and region, zZ = i ///z(h —z)dV = 7ra2h2 (ma*h’/6) = h/3;
G

mass ma2h?/2, center of gravity (0,0, h/3)

1-y
27. M= / / / yzdzdydx = 1/6, T =0 by the symmetry of density and region,

7= M///y zdV = (6)(8/105) = 16/35, 7 = M///y,z?dv )(1/12) = 1/2;

mass 1/6, center of gravity (0,16/35,1/2)
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” M:/Og/:—mz /lezdzdydxz&/&x:AZ///xzde:(8/81)(81/5):8/5’
M///l’yde (8/81)(243/8) =3,z = —///zszv (8/81)(27/4) = 2/3;

mass 81/8, center of gravity (8/5,3,2/3)

11
29. (a) M= / / k(2?4 y?)dy dx = 2k/3, T = 7 from the symmetry of density and region,
0o Jo

1 3
7= // kx(z? 4 y?)dA = ﬂ(516/12) = 5/8; center of gravity (5/8,5/8)

(b) 7 =1/2 from the symmetry of density and region,

1

M= / / ke dyde = k/2, 7 = < // ka?dA = (2/k)(k/3) = 2/3,
o Jo

center of gravity (2/3,1/2) f

30. (a) T =7y =7z from the symmetry of density and region,

/// (22 + 9% + 2%)dz dy dx = F,

T = /// kx(x? 4+ y* +22)dV = (1/k)(Tk/12) = 7/12; center of gravity (7/12,7/12,7/12)
el
(b) T =7 =% from the symmetry of density and region,
1,1 1
M= / / / k(x +y+ z)dzdy dx = 3k/2,
T = i /// kx(x +y+ 2)dV = k(5k/6) = 5/9; center of gravity (5/9,5/9,5/9)

n psinz p1/(14224y?)
31. V:///dV:/ / / dz dy dz = 0.666633,
0 0 0
G
7—1///xdv—1177406 7—l/// dV = 0.353554 E—l///zdv—0231557
=7 =1 T=1 [ vav =0 E= 1 =0.
G G G

32. (b) Use polar coordinates for z and y to get

21 pa p1/(1472)
:///dV:/ // rdz dr df = wln(1 + a?),
0 0 0
G
_ 1 a?
Z‘V///Zdv_2(1+a2)1n(1+a2)
G

1
Thus lim Z=-; lim z=0.
a—0+ 2’ a—+oo

. 1.
lim Z=-; lim z=0
a—0+ 2’ a—+oo

(c) Solve z=1/4 for a to obtain a ~ 1.980291.
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33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

Chapter 15

Let x =rcosf, y = rsinf, and dA = rdrdf in formulas (11) and (12).

27 pa(l4sin@)
T = 0 from the symmetry of the region, A = / / rdrdf = 3ma®/2,
o Jo
1 27 a(1+sin0) 2
y= Z/o /0 r?sin 6 drdf = 3o (5ma®/4) = 5a/6; centroid (0, 5a/6)
w/2 psin 20
T =7 from the symmetry of the region, A = / / rdrdf = 7/8,
0 0
1 [7/2 sin20 128 128 128
T=— 0 drdf = 16/105) = ——; centroid | ——, ——
T /0 /0 rcos6drdf = (8/m)(16/105) = y50s centrol (1057r’ 1057r>

T =3/2 and § = 1 from the symmetry of the region,

/R/di—xA— (3/2)(6) =9, 4/ydA—yA— (1)(6) = 6

Z = 0 from the symmetry of the region, ma?/2 is the area of the semicircle, 277 is the distance
traveled by the centroid to generate the sphere so 4wa®/3 = (7a?/2)(27Y), ¥ = 4a/(37)

(a) V= [;mﬁ} {% (a + giﬂ = éw(&r +4)a®

2 4
(b) the distance between the centroid and the line is g < + a) SO

“Tar
V= [;m?} [%‘f (a + gi)] = %\/ﬁw(?m +4)a’

T =ksoV = (mab)(2rk) = 2m2abk
y = 4 from the symmetry of the region,
2 8—x
A= / / dydr =64/3 so V = (64/3)[27(4)] = 5127/3
-2 Z2
1
The region generates a cone of volume —7ab® when it is revolved about the z-axis, the area of the

3
1 1
region is revolved about the y-axis so §7ra2b = <2ab> (277), T = a/3. The centroid is (a/3,b/3).

a b a b
1 1
I, :/ / Y28 dyde = ~6ab®, I, :/ / 2?6 dy de = Z6a°b,
0 0 3 0 0 3

a b 1
I, = / / (x? +y*)odyde = g(Sab(a2 +b?)
o Jo

1 1 1 1
region is iab so —mab? = <2ab> (277), ¥ = b/3. A cone of volume §7rc12b is generated when the

27 a 27 a
I_T:/ / r3sin? 06 dr df = dmat/4; I :/ / r3cos? 06 drdf = bmat /4 = 1,;
0 0 0 0

I, =1,+1,=éra*/2
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EXERCISE SET 15.7

27 1 V1—r2 27 1 1 27 1
/ / / zrdzdrd@z/ / 7(1—r2)rd7“d9:/ —df = /4
o Jo Jo o Jo 2 o 8

w/2 pcos@ pr? w/2 pcos6 w/2 1

2. / / / rsin@dzdrd@z/ / rgsinﬁdrdﬁz/ ~cos*@sinfdd =1/20
0 0 0 0 0 o 4
/2 pw/2 pl w/2 pw/2 1 w/2 1

3. / / / p3s111¢cos¢dpd¢d9:/ / fsin¢cos¢d¢d9:/ —df =7/16
0 0 0 0 o 4 o 8
2 pmw/4  paseced 2r /4 1 2 1

4. / / / pZsinddpde df = / / —a’sec® psinpdop dh = / —a*df = na®/3
o Jo 0 o Jo 3 o 6

27 3 9 27 3 27 ]1
5. V:/ / / rdzdrd@:/ / r(9—r2)drd9:/ —df =817 /2
o Jo Jr2 o Jo o 4
27 2 V9—r2 27 2
6. V:2/ / / rdzdrd@z?/ / rv/9 — r2dr df
o Jo Jo o Jo

— %(27 —5v5) " df = 4(27 — 5v/5)n/3

7. r242% =20 intersects z = 2 in a circle of radius 2; the volume consists of two portions, one inside

the cylinder r = \/ 20 and one outside that cylinder:

21 2T V20—r2
V= / / / rdzdrd9—|—/ / / rdzdrdf
V20—12 V20—72

27 2
:/ / r(r2+ 20—7’2 drd0+/ / 2r/20 — r2 dr df
o Jo 0o J2

4 4 12 152
=7(10\/5—13)/ d0+—8/ go— 152,80 =
3 0 3 Jo 3 3

8. z = hr/a intersects z = h in a circle of radius a,

27 a h 27 ap 2 1
Vz/ / / rdzdrdﬁz/ / *(a’/‘—’I“Z)deHZ/ —a*hdf = Ta*h/3
o Jo Jar/a o Jo @ o 6
2n  pm/3  pd 2r pm/3 64 39 27
9. V:/ / / pzsinqﬁdpdqﬁdﬁz/ / —sinqﬁdqﬁd@:—/ df = 647 /3
o Jo 0 o Jo 3 3 Jo

27 pm/4 P2 2 pm/4 7 7 21
10. V:/ / / p2sin¢dpd¢d0:/ / gsin(bdqbdﬂzé(?—\/i)/ do =7(2-v2)1/3
o Jo 1 o Jo 0

11. In spherical coordinates the sphere and the plane z = a are p = 2a and p = asec ¢, respectively.
They intersect at ¢ = w/3,

2r /3 pasecd 2 /2 p2a
V= / / / P 51n¢dpd¢d9—|—/ / / p*sin ¢ dpdg d
2 27
/ / —a® sec ¢51nq§d¢d0+/ / fa 3sin ¢ de df

fa?’/ d9+4a/ do = 117a®/3
2 Jo 3 Jo
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12.

13.

14.

15.

16.

17.

18.

19.

20.

Chapter 15

2 /2 3 21 /2 9\/§ 27
V= / / /p2sin¢dpd¢de:/ / 9sin¢d¢d9:T/ do = 9v2r
w/ 0 0 /4 0

/2 ra  pa—r? w/2
/ / / r3 cos GdzdrdH—/ / ) cos 20drdo
0 o Jo

b 6
= 4
= 13¢ /0 cos® 0 df = ma® /48

T pr/2 pl R T pw/2
/ / / e P pQSinqﬁdpd(de:l(lfe*l)/ / singpdpdf = (1 —e ')m/3
0 0 0 3 0 0
/2 rw/4 /8
/ / / p*cos? ¢sinpdpdedd = 32(2v/2 — 1)1 /15
0 0 0
27 T 3
/ / / plsinddpdedh = 81w
0 0 0
/2 /3
(a) / / rtantt o aedo = / tan® 0 df (/ > (/ z>
/3 V1+22 /6 1+z2

:(4 Zln 3) 5( 21n(v/5 ) (=8 +3In3)In(V5 — 2)

3 2

x/2 2 3
ytan® z .. . . .
b / / dx dy dz; the region is a rectangular solid with sides 7 /6, 3, 4.
(b) s iy g g /

©/2 T4 V2 [T/? 4,294,967,296
37 37 ) ) 5
— cos’7 0 dpdf = 2= BST0do = —— 2 /2~ 0.008040
/ /0 1g o8 Ocosodo 36 J, 755,505,013,725\[
27 a Va2—r2
(a) V:2/ / / rdzdrdf = 4ma®/3
0 0 0

27 e a
(b) V :/ / / p*sinpdpdedf = 4na®/3
0 0 0

2 pVA—22  pyf4—22—y?
(a) / / / xyz dz dy dx
0o Jo

V- 2 1 1 2
/ / fxy — 2% -y dydr = §/ x(4 — 2*)?dr = 4/3
0

7/2 2 A2
(b) / / / 32 sin 6 cos 0 dz dr df
0 0o Jo

/2 p2 1 ] /2
:/ / 5(4r3—r5)sin90089drd9=§/ sinf cos6df = 4/3
0

/2 pm/2 p2
(c) / / / p° sin® ¢ cos ¢ sin 0 cos 6 dp de df
0 0

71'/2 7'!'/2 32 8 71'/2
/ / —51n3¢cos¢sin9cosﬁd¢d0:5/ sinfcosfdf =4/3
0
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21 3 3 2T 3 1 27 2m
21. M= / / / (3—2)rdzdrdf = / / —r(3 —7r)%drdf = = do = 27r /4
o Jo Jr o Jo 2 8 Jo

2m a h 2m a 2m
1 1
22. M :/ / / k zrdzdrdf :/ / —kh?rdrdf = ~ka®h* df = mka*h*/2
o Jo Jo o Jo 2 4 0

2m T a 27 T 1 1 2
23. M= / / / kp®sinpdpde df = / / —ka*singpdpdh = ~ka* df = tka®
0 0 0 0 0 4 2 0

2w T 2 2w ™ 2
24. M:/ / / psinqbdpdgbdé’:/ / §Singi)aqudG:S/ df = 6
o Jo J1 o Jo 2 0

25. Z =gy =0 from the symmetry of the region,

2w pl /212 2r ol
V= / / / rdzdrdf = / / (rv/2 —r2 —r®)dr df = (8v/2 — 7)w /6,
0 0 r2 0 0

’—l e 2r2zrzr :76 m = — ;
_V/o /0/ dzdr df (8\/5—7)7T(7 /12) = 7/(16V2 — 14);

centroid (0, 0, 7)
16v/2 — 14

26. T =gy =0 from the symmetry of the region, V = 87/3,

1 27 2 2 3
zZ= —/ / / zrdzdrdf = —(47) = 3/2; centroid (0,0,3/2)
Vv 0 0 r 8
27. * =y = z from the symmetry of the region, V = ma3/6,

/2 pw/2
:—/ / / 0 cosqbsmgbdpqude (7ra4/16)*3a/8
centroid (3a/8,3a/8,3a/8)

2n pm/3
28. T = j = 0 from the symmetry of the region, V = / / / p*singdpde df = 64 /3,
0

27 pm/3
—/ / / P> cos psin g dpdep df = (487r) = 9/4; centroid (0,0,9/4)

w/2 p2cosf
29. = 0 from the symmetry of the region, V = 2/ / / rdzdrdf = 3n/2,

9 w/2 p2cosf pr 4
V/ / / r2c059dzdrd9:—(7r):4/37

w/2 p2cosf 4
— 7/ / / rzdzdrdf = (577/6) = 10/9; centroid (4/3,0,10/9)

w/2 p2cosf pd—r? m/2 2c0§9
30. / / / zrdzdrd&-/ / —r%)2dr df

— (1 —sin® 0)df = (16/3)(117/32) = 117/6

8l
Il
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31.

32.

33.

34.

35.

36.

37.

38.

Chapter 15
/2 pm/3 p2 w/2 pm/3 ] 4 w/2
:/ / / pQSin¢dpd¢d0=/ / fsinqbd(ﬁdﬁzf(\/g—l)/ de
x/6 Jo 0 x/6 3 3 0
=2(v/3-1)71/3
2n  pm/4 pl 2 pm/4 1 1 27
z/ / / pgsinqﬁdpqudG:/ / —singdpdd = =(2—/2) do = (2—V2)r/4
o Jo 0 o Jo 4 8 0
T = 0 from the symmetry of density and region,
27 1—r2
/ / / (r? + 23)rdzdrdd = /4,
27 1—r2
z= Y / / / 2(r?+2%)rdz drdf = (4/7)(117/120) = 11/30; center of gravity (0,0, 11/30)
2m T
Z =y = 0 from the symmetry of density and region, M = / / / zrdzdrdf = 7/4,
1 27 1 T
z= M/ / / 2%rdzdrdf = (4/7)(27/15) = 8/15; center of gravity (0,0,8/15)
o Jo Jo
Z =y = 0 from the symmetry of density and region,

27 /2 pra
M = / / / kp?sin g dpdp df = wka/2,
27 /2
/ / / kp* sin ¢ cos ¢ dp dep df = (7rl<:a5/5) = 2a/5; center of gravity (0,0, 2a/5)
Z =z = 0 from the symmetry of the region, V = 547 /3 — 167 /3 = 387/3,
_ 1 ™ ™ 3 3 . 9 . 1 ™ ™ 65 .9 .
Y= — p°sin® ¢sinfdpde dd = — — sin” ¢ sin 0 d¢ df
Vo Jo J2 Vo Jo 4
1 (™65 3
=~ [ 2T Gingdo = -2 (657/4) = 195/152; centroid (0,195/152,0)
v/, 8 387

27 T R 27 T
M:/ / / 506—(0/3)3p2sin¢dpd¢d9=/ / 1(1—6—1)1%360sina;dqsde
0 0 0 0 0 3
4

= gﬂ'(l — 671)60R3

(a) The sphere and cone intersect in a circle of radius pg sin ¢y,

02 pposingo  py/pR—17 02 pposingo
/ / / szdrde—/ / ( —T2—r cot¢0)drd9
01 T cot o 01

1 1
= / gpo(l — cos® ¢y — sin® ¢ cot ¢)df = gpg(l — cos® ¢ — sin? ¢ cos ¢g) (02 — 61)
01

= %pg(l — cos ¢g) (b2 — 61).
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(b) From Part (a), the volume of the solid bounded by 6 = 61, 0 = 03, ¢ = ¢1, ¢ = ¢, and

(c)

.1 1 1
p = po is gpg(l —cos ) (b —601) — §p3(1 —cos¢y)(fa —61) = gpg(cos ¢1 — cos o) (02 — 67)

so the volume of the spherical wedge between p = p; and p = ps is

AV = %pg(coscbl —cos¢g) (b2 — 01) — 1p‘;’(cosqz’)l — cos ¢2) (b2 — 61)

3
L3 3
= g(ﬂz — p7)(cos 1 — cos ¢a) (02 — 61)
d . _
% cos ¢ = — sin ¢ so from the Mean-Value Theorem cos ¢ —cos ¢1 = — (g — ¢1) sin ¢* where

d

¢* is between ¢1 and ¢o. Similarly d—p3 =3p? s0 05— p3 = 3p*2(p2 — p1) where p* is between
»

p1 and pa. Thus cos ¢ —cos ¢pa = sin ¢* A¢p and p3—p3 = 3p*2Apso AV = p*2sin ¢* ApApAf.

27 ra rh 27 ra rh 1
39. I, :/ / / r28rdzdrdf = 6/ / / r3dzdr dd = =6ma*h
o Jo Jo o Jo Jo 2
2w ra rh 27 ra 1
40. Iy:/ / / (12 cos? 0 + 2%)6r dz dr df = 6/ / (hr3 cos? @ + —h3r)dr df
o Jo Jo o Jo 3
2
_ 1 4 2 1 2;3 _ (T 4 T 2,3
=5/ <4ahcos 0+ za’h® ) db = 5 (Ta'h+ Za’h?)
27 as h 27 as h 1
41. Q:/ / /7%MMWM:6/ / /1ﬁnmwzfmmﬁfﬁ)
0 al 0 0 ai 0 2
2m ™ a 2m ™ a 8
42. 1, :/ / / (p? sin? $)é p? sin ¢ dp dep df = (5/ / / ptsin® g dpdo df = —éma®
o Jo Jo o Jo Jo 15
EXERCISE SET 15.8
d(z,y) 1 4 A(z,y) 1 4o
1. - =1 2. =Y =-1-1
I(u,v) 3 =5 ! d(u,v) qu -1 buv
3. oz,y) _ oSt TN osucos v + sinusin v = cos(u — v)
O(u, v) sinu  cosv
2(v? — u?) duv
w2 +02)2 (42 4 02)2
" O(z,y) _ ( ) ( ) — 4/ (u? 1 0?)?
9(u,v) duv 2(v? — u?)
(uZ + v2)2 (u? + v2)2
2 5 1 2 Oy 2/9 5/9 | 1
5. T=u+ v, y=——ut-v; — = =z
TEQUTYN YT T Y By T —1/9 2/9 | T 9
6. z=Inu, y=uv; (Jc,y)_ 1/u 0 =1
d(u,v) vou
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1 1
0 2v2 + 24/2 + 1
7. @ = VuFo/VE, Y = VU —u/VE (z,y) _ V2Vutu 22Vuru | 1
9(u,v) _ 1 1 A4vV02 — 12
2V2v0 —u  2V2/v—u
3ul/? ud/?
8. x=ud2 W2,y = ol/2 jul/2 owy) | 2012 2092 | _ 1
u,v) p1/2 1 2v
T oud/2 oul/2pl/2
3 1 0
9. M: P
(wvw) 1o 1
o, Owyz) | v e 0
L 2P = v —ow u—uw —uv | = UtV
O(u, v, w)
vw uw uv
/v —u/v? 0
3}
11. y:v,x:u/yzu/v,ZZw—a::w—u/v;a(x’iz): 0 1 0|=1/v
(u, v,w) —1/v  wufv? 1
0 12 1/2
9 1
12. x=<U+w>/27y=(u—w>/2,z=(u—v>/2va(%ﬂ= 20 12 =
(wo.w) ey g
13. Y 14. \Y
0, 2) 4k 3,4)
3_
2_
1_
1 1 1 X
(0,0) 1 2 3 (4.0)
\
(-1,0)
15. 16. y

1

12 2 1 9=y 1 1 [fu 13 4y 3
17. 5 5 =7F 4 Yt 7dAu'u:* —dudv=-=1In3
T 5u+5v7y 5u+5v’8(u,v) 5’5//1} /1 o u dv 211
s
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11 1 1 9 11 1t 1
18. xzfu—kfv,y:fu—iv, (x,in_Q; 5//1)6“”6&4%:5/1 /0 ve“”dudvzi(e4—e—3)
s

2 2 2 O(u,v
_ _ Ozy) _ ., : :
19. x=u+v,y =u—0, B v) —2; the boundary curves of the region S in the uv-plane are
U, v

S

oz, y 1 . .

20. z = +/v/u, y = \/uv so, from Example 3, 3w, v) =55 the boundary curves of the region S in
U,V U
the uv-plane are u = l,u = 3,v =1, and v =4 so //uv2 <2> dAy, = 5/ / vidu dv = 21
U
g 1 J1
B B oz, y) o .. . : 2,2 _
21. = = 3u,y = 4v, D) 12; S is the region in the uv-plane enclosed by the circle u® + v* = 1.
U, v

27 1
Use polar coordinates to obtain // 12/ u? +v2(12) dAy, = 144/ / r2dr df = 967
o Jo
s

22, z=2u,y=wv, = 2; S is the region in the uv-plane enclosed by the circle u? + v? = 1. Use

27 1
polar coordinates to obtain // e_(4“2+4vz)(2) dAy, = 2/ / re= 4 dr df = (1- 6_4)7T/2
o Jo

23. Let S be the region in the uv-plane bounded by u? +v? =1, so u = 2z, v = 3y,

x=u/2,y =v/3,

o(x,y) ’ 1/2 0
o) | 0 13

1 1 [™/2 ! 71' 17
8 //sin(u2 +v?)dudv = 6/0 /0 rsinr? drdf = ﬂ(_ cosr2)}0 = ﬂ(l —cos1)
s

’ = 1/6, use polar coordinates to get

2 1
24. u=z/a,v=y/b,x = au,y = bv; M:ab; A:ab/ / rdrdf = Tab
u, 0 0

A(u,v)

Az, y,2)

25. = 3 = 2 =
x=u/3,y =v/2,z = w, w0, w)

= 1/6; S is the region in uvw-space enclosed by the sphere

u? +v% + w? = 36 so

/// u9 ‘;d 5 / / / ( Si ‘0)2 ? si d d da
S

192

1 2 ™ 6
=1 ; /0 /0 ptsin® ¢ cos® 0dp do do = =7



650 Chapter 15

0
26. Let G; be the region u? +v? + w? < 1, with = au,y = bv, 2z = cw, m = abc; then use
spherical coordinates in uvw-space: o
mf///y + 22 dxdydzfabc/// b2'02+6 w? ) du dv dw
27 ™
:/ / / abe(b? sin” ¢sin? § + ¢? cos? ¢)p* sin ¢ dp de df
o Jo Jo
27
b 4
= /0 (11—50(4b2 sin? @ + 2¢*)df = Bwabc(l)2 + %)
27. u=0=cot™(z/y),v=r= /2% +y?
28. u=r=+/22+y%v=(0+7/2)/m=(1/7)tan " (y/z) +1/2
29. u=Se—2yv=—toyd 30. w= -t oy
S US ST V= —ir oy S u=—TE U=y
1 1 0 1
31. Letu=y—4z,v =y + 4z, then z = g(v—u),y: §(v+u) S0 agz:z; =-g
1 [fu 1[5 [Pu 1.5
= —dAy, = < —du dv==1n-
8//v o 8/2/01;1‘” i)
s
1 1 1
32. Letu=y+z,v=y—z, then z = i(ufv),y: §(u+v) SO ggz:z; =35
2 1
—1//uvdAm,:—l/ / uvdudv:—1
2 2 /s Jo 2
s
1 1 1
33. Letu=x—y,v=x+y, thenz = g(v +u),y = E(v —u) S0 ggz:z; =35 the boundary curves of
the region S in the wv-plane are u = 0,v = u, and v = 7/4; thus
1// sinu /M/ Y o= Lin(v2 4 1) - n/4)
- B -
2 cosv o COSV 2
s
1 1 0 1
34. Let u = y—o,v = y + x, then z = 5(1} —u),y = §(u+v) SO agz:i; = -3 the boundary
curves of the region S in the uv-plane are v = —u,v = u,v = 1, and v = 4; thus
1 I 15
5//6“/”6@4% = 5/1 /ﬂ) e du dv = Z(e— e h)
s
Oz,y) 1

35. Let u=y/x,v=x2/y? then z = 1/(v?v),y = 1/(uv) so = —

// iy 5 dAuw = / / —zdu dv = 35/256
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I(z,y)

O(u,v)

27 1
SO //(Q—x—y)dA://6(9—3u—2v)dAw,:6/ /(9—3rcost9—2rsin0)rdrd9:547r
o Jo
R s

0 1
7. w=u,y=w/u,z=v+w/u=m ~ T

// —quvwf// —dudvdwf2ln3

38. u=zy,v=yz,w=x2,1<u<2,1<v<3,1< w4,

1
ww/v,y = Juvjw, z = \/vw/u O, g’w) = NI

V:///dV:/l/l/lwﬁdwdvdu:4(\@—l)(\/§—l)
G

39. (b) Ifx=2x(u,v),y =y(u,v) where u = u(x,y),v = v(x,y), then by the chain rule
Grou  deov _dr | Orou  9rdv_0r
dudr  Owdxr Or  ou oy Oovdy Oy
Oyou Oydv Oy Jydu Oydv 0Oy

- — = [ — = 2 =1
Ou Oz t o ovoxr O 0 Ou Oy o oy  dy

36. Let x = 3u,y = 2v, = 6; S is the region in the uv-plane enclosed by the circle u? + v? =1

40. (a) ggiz;:‘l;v —uu = u; u:x—i—y,v:%w,

a(u,v)_‘ 1 1 - T ¥ _ 1 _1
ow,y) | —y/(z+y)?® @/(z+y) (z+y)?  (e+y)? zt+y o
o) O.0) _|
d(z,y) d(u,v)

(b) ggz’z; = g 2“@ =20% u=2z/y,v=1/9,
A(u,v) | Yve —x/(2y3/?) ‘ 11 Au,v) (x,y) _1
o(z,y) 0 1/(2v/y) 2y 202 9(x,y) d(u,v)

(c) ggg; = Z _UU = —2uv; u=+\zr+yv=yr—y,
(u,v) _ 1/2vz+y) 1/2Vx+y) _ 1 _ 1 9wv)d(xy) )
(z,y) 1/2vr—y) -1/(2y/x—y) 2\/x2 — 2 2uv’ A(z,y) O(u,v)

0(u,v) 4 o(z,y) 1 1[/sinu 1/2/27r sinu 2
41. = 3wy’ =3 == dAuy = > dudv=—=1n2
I(x,y) w v so A(u,v) 3v’ 3 v 3hoJ. v wa 3"

S
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42.

43.

44.

45.

46.

Chapter 15
8(u,v) O(x,y) 1 A(x,y) 1 1
_8 _— = = _— = —
) oy 5o A(u,v) 8wzy’ oy A(u,v) Y 8y 8™
16
//dAm,: / / du dv =21/8
A(u,v) 9 9 O(z,y) 1
) - _
0Gy) oY) ) T g )
d(z,y) xt — gt 1 1
4 4\ zy ) — TY _ (2 2\ oTY U
(z® —y)e 3w, 0) 322 +y2)e 2(x y-)e 5 e 80
1 " I 7
= Auv =3 v = —(e® -
2//U6d 2/3/1vedudv 4(6 e)
s
O(u, v, w) e
Setu=x+y+2z,v=2—-2y+z,w=4rx+y+z2 then ———~=|1 —2 1 |=18,and
o(z,y,2) 4 1 1

o ff o [ [ B -1

(a) Let u =+ y,v =y, then the triangle R with vertices (0,0), (1,0) and (0,1) becomes the
triangle in the uv-plane with vertices (0,0), (1,0),(1,1), and

//f +y)dA = //f dd _/Oluf(u)du

(b) /Oue du = (u—1)e T:l

0

cos —rsinf 0
(a) Ow,y,2) _ sinf  rcosf 0 T, oz,9,7) =r
0 7’,9,2’) 0 0 1 8(7",0,2’)
singcosf pcos¢pcosf —psingsinb
(b) %: singsinf  pcospsind  psingcosh | = p?sin¢; ‘g(x’y’z) =p’sin¢g
(p, #,0) cos ¢ —psin ¢ 0 (ps,0)

CHAPTER 15 SUPPLEMENTARY EXERCISES

3.

4.

o [fo o [ff © 4/%43;)1(;;)2%

(a) x=asingcosl,y=asingsinf,z=acosp,0<0<2r,0<p <
(b) z=acosb,y=asinf,z=20<0<2r,0<z<h

A /?f () d dy s. [ [ sewaas [ g ayar
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9. (a) (1,2)=(b,d),(2,1) = (ac) soa=2b=1c=1,d=2
(b) /dA / / d dv / /3dudv—3

10. If 0 < z,y < 7 then 0 < sin \/zy < 1, with equality only on the hyperbola zy = 72/4, so

0:/ / 0dydx</ / Sin,/xydydx</ / 1dydx = 7
o Jo o Jo o Jo

1
1 1
11. / 2z cos(mx?) dx = = SiIl(WI’z)} = —1/(v2m)
12 1/2

™

2.2 r=2y 2
x° 3 3 3 1 .3 1
12. / —eY } dy = 7/ vV dy = —e¥ ] = (e -1)
0 2 r=—y 2 0 2 0 2
1 2 ™ T s
13. / / e”eY dx dy 14. / / Smxdydx
0o J2y o Jo T
15. Y 16. w/2
I y = sinx r=a(l + cos 6)
y = tan (x/2) r=a
l X
T \ /6
2 0

8 8 8
2 1 1
17. 2/ / 2 siny’dr dy = 7/ ysiny?dy = —= cosy?| = =(1 — cos64) ~ 0.20271
0 3 Jo 3 o 3

/2 2
18. / / (4 —rHrdrdd =27
0 0

2
19. sin26 =2sinfcosf = &, and r = 2asin @ is the circle 22 + (y — a)? = a2, so
2 + y?
a a++va?—x2 2 a
// 5 yzdyda::/x[ln(a+ a2—x2)—1n(a— aQ—xQH dz = a*

0 Ja—vaz—zz TTY 0

/2 w/2
20. / / 41r%(cos @ sin @) r dr df = —4 cos 29] =4

w/ w/4

2r 2 16 o 2
21. / / / TQCOSQQTdZdeGZ/ c0529d9/ r3(16 — r*)dr = 327
o Jo J 0 0
/2 pm/2 pl 1 ™ 7T /2
e _ T\ .
22. /0 /0 /0 s g dpdo do (1 4) 2/0 sin ¢ d¢b

(gl (0-9)3
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23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

2 /3 pa 2 pm/3  pa

(a) / / / (p? sin? @) p? sin p dp dop df = / / / ptsin® ¢ dp do db
2 fa/2 VaZz=r2 27 \[a/2 VaZ=r2

(b) / / / r dzrdrd@—/ / / 3 dz dr df

V3a/2 \/(3112/4) —x2 \/(J,Q—wQ—y2
/ / / (2% + y?) dz dy dx
\fa/2 3a2/4 \/a:2+y2/\[

Vidz—z?
(a) / / / dz dy dx
VAaz—z2 24y2

/2 4cosf pdrcos6
(b) / / rdzdrdf
2

—mw/2J0

2—y/2 2 1/3 2 3 43\ 12 3
Y Y Y Y
drdy = 2—=— (= dy=2y—L -2 (2 -2
//(y/z>1/3 o /0( 2~ (5) ) Y <y T3 () ”O 2
w/6 pcos36 w/6
A:G/ / rdrd9:3/ cos® 30 = /4
0 0 0
2 ra/V3  ra a/\V3 T
:/ / / rdzdrd9:27r/ r(a—\/gr)dr:—
o Jo 3r 0 9

The intersection of the two surfaces projects onto the yz-plane as 2y? + 22 =1, so

1/V2 V122
= / / / dx dz dy
2422

w

l/f 1/\/52 2
:4/ / (172y2722)dzdy:4/ 7(172y2)3/2dy:Q
0 0 0 3 4
lre X ry|| = V202 + 202 4 4,
27 2
8
S:// \/2u2—|—21)2+4dA=/ /\/5\/7“2+27“drd9:§(3\/§—1)
o Jo
u2+0v2<4

2 r3u 2
lry X ry]| = V14 u?, S:/ \/1+u2dvdu:/ 3un/1 4 u2du =532 — 1
o Jo 0

= (—2,-4,1), tangent plane 20 + 4y — 2z =5

(ry X rv)} s

v=2

u=-3,0v=0, (r, X rv)} __, = (=18,0,-3), tangent plane 6z + z = —9

v=0

4 244%/8 4 yz 9
A:/ / da:dyz/ (2—)dy=;y=
—aJy2/4 4 8 3

4 2407/8 4 1 3 256 3 256
de dy = 24 2 gty =22 g = 2
/_4/3,2/4 vy /_4( Ty 128y> YT 15 T T 3218

Chapter 15

8 8
=% : centroid (5 0)
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34.

35.

36.

37.

38.

39.

= 7ab/2,Z = 0 by symmetry,

1 '1"2/(12 4b
/ / ydydxr = f/ b (1 — 2% /a®)dx = 2ab*/3, centroid (0, )
—a _a 3

V= 37ra 2h,z = § = 0 by symmetry,

27 —rh/a 9
/ / / rzdzdrdf = 7r/ rh? (1 - 7) dr = ma*h?/12, centroid (0,0, h/4)

a

-y 2 1 256
/ / / dzdydw—/ / 4— ydydm—/ (8—4x2+x4> der = —,
22 22 9 2 15
4~y ) 2 L 32 1024
ydzdydr = (4y—y )dy dx = —2b -2zt + ) do = ——
—2Jz2J0 —2 Jz2 —2 3 3 35
2ottty 2 2 af 32 2048
dzdydr = —(4—y)’dyde = = +27* de = =2
O A B I e L G e VT

12 8
T = 0 by symmetry, centroid (O7 = 7)

The two quarter-circles with center at the origin and of radius A and v/2A4 lie inside and outside
of the square with corners (0,0), (4,0), (A4, A), (0, A), so the following inequalities hold:

/2 1 w/2 V2A 1
< -_ < _
/ / rdrd@ / / 01214702 sdrdy < / / TERSE rdr df

A2
The integral on the left can be evaluated as m and the integral on the right equals
274 Since both of th tities tend to — as A — 400, it follows by sandwiching that
———— . Since both of these quantities tend to — as A — +o0, it follows by sandwiching tha
A(1 + 242) d 4 ’ WS by sandwichig

+oo +oo 1 T
———dxdy = —.
/0 /0 (Tra 22Ty

The centroid of the circle which generates the tube travels a distance

4
s= / \/sin2t +cos?t 4+ 1/16dt = V17r, so V = w(1/2)2V/17r = V1772 /4.
0

(a) Let S; be the set of points (x,y, z) which satisfy the equation 2%/3 4+ 3?/% 4 22/3 = ¢2/3, and
let Sy be the set of points (x,y,2) where x = a(sin ¢ cos )3,y = a(sin ¢sin0), 2 = a cos® ¢,
0<¢<m0<0<2m
If (z,y,2) is a point of Sy then
22/3 4923 4 223 = a?/3((sin ¢ cos §)3 + (sin ¢psin B)3 + cos® @] = a?/3

o (z,y, z) belongs to Sj.
If (z,9, z) is a point of Sy then 2%/3 + y2/3 4 22/3 = ¢2/3, Let

xp =23y = y'/3, 21 = 23 ay = a'/3. Then 23 +y} + 27 = a?, so in spherical coordinates

x1 =aysingcosf,y; = aysin¢gsinf, z; = a1 cos ¢, with

1/3 1/3
6 =tan~! (yl) = tan ! (Q) = cos ! A g—— (E) . Then
T a

x1 a1

r =23 = aj(sin g cos 0)® = a(sin ¢ cos )3, similarly y = a(sin ¢sin )3,z = acos ¢ so (,y, 2)

belongs to S3. Thus S7 = So
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(b) Let a=1 and r = (cos fsin ¢)%i + (sin 0 sin ¢)3j + cos® ¢k, then

/2 pm/2
—8/ / o x x4l dé d

/2
=72 / / sin 6 cos 6 sin? ¢ cos gb\/cosQ ¢+ sin? ¢sin® 6 cos? 6 df dp ~ 4.4506
0 0

(z,y, 2) sin® ¢pcos® @  3psin® pcospcos®d  —3psin® ¢ cos? O sin b
(c) ﬁ = || sin®¢sin®0 3psin® pcosgpsin®f  3psin® psin? O cos
(p:0,9) cos® ¢ —3pcos? psin g 0

= 9p? cos? Asin? O cos? P sin® ¢,

27 ™ a
4
V= 9/ / / p? cos? 0sin” 0 cos? ¢ sin® odpdpdh = —ra®
0 o Jo 35

4 - 3 3 (" [P 3 a* 3
40. V= -7a’,d=— dV = — % sin ¢ dp df dep = 2m(2)— ==
3" 47ra3///p 47ra5/0/0 /Op singdpdf dp = -5 2m(2) 1

p<a

41. (a) (z/a)*+(y/b)>+

(z/c)? = sin? ¢ cos? O +sin® ¢ sin? O +cos? ¢ = sin? p4cos? ¢ = 1, an ellipsoid
(b) r(¢,0) =

(2sin ¢ cos 0, 3sin ¢psin 0,4 cos ¢); vy xry = 2(65in? ¢ cos 0, 4 sin? ¢ sin 6, 3 cos ¢ sin ¢)
lrgy x ro|| = 21/16sin? ¢ + 20sin” ¢ cos? 6 + 9sin® ¢ cos? ¢,

27
S:/ /2\/1651n4¢>+205in4¢cos29+9sin2¢cos2¢d¢d9z111.5457699
0 0



