CHAPTER 14
Partial Derivatives

EXERCISE SET 14.1

10.

11.

12.

13.

14.

15.

17.

(a)
(c)
(e)

(a)

(a)
(b)

(a)

D+1=5 (b) f(1,2)=(1)?
0)+1=1 (@) f(1,-3)=(1
3a)%(a) +1=19a+1 (f) f(ab,a—0) =
2t (b) 2z (c) 2y*+2y

fetyz—y)=@+y)(z-y) +3=2> -y +3
[ (zy,32%y®) = (zy) (32?y%) + 3 = 323y* + 3

(z/y) sin(z/y) (b) wysin(zy) (c) (x—y)sin(z —y)

F(g(x)’h(y)) F (Z‘ 3y + 1) = 3¢ @®(3y+1)

g(u(z,y),v(z,y)) = g (z°y*, mry) = mrysin [(»’021/3)2 (my)} = raysin (72°y")

(a)

Ve 3 (#+1) — vt

(a)
(b)

(a)
(b)

(a)
(b)
(c)

(a)
(b)
(c)

(a)
(d)

(a)
(b)

F (z2

(a)

£2 4 3¢10 (b) 0 (c) 3076

(t2+1)

At T = 25 there is a drop in temperature of 12 degrees when v changes from 5 to 10, thus
WCI =~ (2/5)(—12)4+22=22-24/5=17.2°F

At v = 5 there is an increase in temperature of 5 degrees as T changes from 25 to 30 degrees,
thus WCI ~ (3/5)5+22=25°F

T~ (4/5)(=7)+22 =22 —56 = 16.4° F
T~ (2/5)6+16 =16 +24=18.4° F

The depression is 20 — 16 = 4, so the relative humidity is 66%.
The relative humidity =~ 77 — (1/2)7 = 73.5%.
The relative humidity =~ 59 + (2/5)4 = 60.6%.

4° C
The relative humidity & 62 — (1/4)9 = 59.75%.
The relative humidity ~ 77+ (1/5)(79 — 77) = 77.4%.

19 (b) -9 (c) 3
a®+3 (e) —t®+3 (f) (a+b)(a—1b)%*+3
Bz +y)(e—y)+(@+y) =2 (2 —y’) +(@+y) =2 -2’ +a+y

(zz)(zy)(y/z) + zy = 2y®2 + 2y

vy +1, 22) =(y+ 1)6932(?”1)22 16. g (xQZS,nyz,xy/z) = (zy/z) sin (ﬂx3yz4)

F(v5.2,7,~87) = 807 (b) FL1. )= k=nln+ 1)/

k=1
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18.

19.

21.

23.

24.

25.

27.

(a) f(_27 27077T/4) =1
(b) f(1,2,...,n)=n(n+1)(2n+ 1)/6, see Theorem 2(b), Section 5.4

20.

22,

26.
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(a) all points above or on the line y = —2
(b) all points on or within the sphere z2 + y? + 22 = 25
(c) all points in 3-space
(a) all points on or between the vertical lines x = 2.
(b) all points above the line y = 2z
(c) all points not on the plane x +y+ 2 =0
Z
y
X
Z

28.
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29.

31.

33.

35.

36.

37.

30.

(2,0,0)

(b)
(c)

(a)
(b)

(c)
(d)

(a)
(d)

f(z,y) =1 — 22 —y? because f = c is a circle of radius /1 — ¢ (provided ¢ < 1), and the
radii in (a) decrease as ¢ increases.

f(z,y) = /22 + y? because f = c is a circle of radius ¢, and the radii increase uniformly.

f(x,y) = 22 + y? because f = c is a circle of radius /¢ and the radii in the plot grow like
the square root function.

ITI, because the surface has 9 peaks along the edges, three peaks to each edge

IV, because the center is relatively flat and the deep valley in the first quadrant points in the
direction of the positive x-axis

I, because the deep valley in the first quadrant points in the direction of the positive y-axis

II, because the surface has four peaks

A (b) B (c) increase

decrease (e) increase (f) decrease
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38. (a) Medicine Hat, since the contour lines are closer together near Medicine Hat than they are

near Chicago.

(b) The change in atmospheric pressure is about Ap a2 999 — 1010 = —11, so the average rate of

change is Ap/1400 ~ —0.0079.

39. 4y
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47. < 48. z
“.' (0,0, 1)
W (0, -5 ,0) 1
0.0,3) (7.0.0)
X y

49. concentric spheres, common center at (2,0,0)
50. parallel planes, common normal 3i — j + 2k
51. concentric cylinders, common axis the y-axis

52. circular paraboloids, common axis the z-axis, all the same shape but with different vertices along
z-axis.

53. (a) f(-1.1)=0;2° ~ 22"+ 3ay =0 (b) f(0,0) =0; 22 —22% + 32y =0
(c) f(2,-1)=—-18; 2* — 22° + 3y = —18

54. (a) f(In2,1)=2; ye* =2 (b) £(0,3)=3;ye* =3
(¢) f(1,-2) = —2e; ye* = —2¢

55. (a) f(1,-2,0)=5;224+y*—2=5 (b) f(1,0,3) = —2; 22 +¢y> — 2= -2
(¢) £(0,0,0)=0;2%+y*—2=0

56. (a) f(1,0,2)=3;2yz+3=3,2y2=0 (b) f(-2,4,1) = —5; xzyz+3 = -5, xyz = -8
(c) £(0,0,0)=3;2y2=0

57. (a) M (b) At (1,4) the temperature is
T(1,4) = 4 so the temperature
will remain constant along

the path zy = 4.

8 !
5. V=—n—w Yy
/16 + 22 + 32
20rv=20
64
2 2 _
22412 = — — 16 V=10
Y=y C V=05

the equipotential curves are circles. !

7N
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59. (a) 2 (b)

60. (a) 10 (b)

(b)

(b)

Chapter 14
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63. (a) The graph of g is the graph of f shifted one unit in the positive z-direction.

(b) The graph of g is the graph of f shifted one unit up the z-axis.

(¢) The graph of g is the graph of f shifted one unit down the y-axis and then inverted with

respect to the plane z = 0.

64. (a) :
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(b) If ais positive and increasing then the graph of g is more pointed, and in the limit as a — +00
the graph approaches a ’spike’ on the z-axis of height 1. As a decreases to zero the graph of
g gets flatter until it finally approaches the plane z = 1.

EXERCISE SET 14.2
1. 35 2. 7%/2 3. -8 4. e 7 5.0 6. 0
7. (a) Al 0 1 lim —>_ does not exist
. (a ong r = im ———— = lim — does not exist.
& (z,y)—(0,0) 2 + 2y2 y—0 2y2
1
(b) Along z =0, im = —|—y2 = lim — does not exist.
(z9)—(0,0) T+ Y y—0y
. 1 . 1 .
8. (a) Alongy=0: hr% — = hn%J — does not exist because ‘ — 400 as ¢ — 0 so the original
=0 z—0 T x
limit does not exist.
1
(b) Alongy=0: lin}) — does not exist, so the original limit does not exist.
x—0 I
: 2 2 .
s (r° +
9. Let z=2?+y?% then lim M — lim 2% 4
(z,9)—(0,0) 22+ y? z—0t 2
1 —cos (¢ + 1- i
10. Let z =22 472, then  lim cos (@8 +y") |y, Locosz_ o sinz
(z,y)—(0,0) x? +y? z—0+ z z—0+t 1
11. Let z =22 + 42 then lim e V() = lim e /7 =0
(z,y)—(0,0) z—0t
12. With z =22 + 42, lim L6_1/\/2' let w = 1 lim Bl 0
T z—too (/2 ’ 7z wstoo e
2 2\ (,.2 2
7+ r° —
13. ( y2) ( 3 4 ) = lim (1:2 —y2) =0
(z,y)—(0,0) ety (z,y)—(0,0)
2 2\ (,.2 2
=44 x© —4
14. lim ( y2 ) ( 5 i ) = lim (as2 — 4y2) =0
(2.9)—(0,0) 2 44y (,y)—(0.0)
O 2
15. alongy:O:i%@:i%O:O; alongy:xzilir%)@:ilir%)l/Szl/S
so the limit does not exist.
5 o . l—a2?—y* 1-2z . .
16. Let z=2"4y*,then lim ———>— = lim = +00 so the limit does not exist.
(@y)—(00) 2 +y? 50t 2
17. 8/3 18. In5
: 2 2 2 )
sin (x° +y~ + 2z sin (¢
19. Let t = /22 4 y? + 22, then lim ( i ) = lim L:0

(z,9,2)—(0,0,0) /12 + y2 + 22 t—0t t
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20.

21.

22,

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

Chapter 14

sint cost
With t = /22 + y2 + 22, lim+ = = lim —— = +00 so the limit does not exist.
t—0

t—0+ 2t

yIn(z? + y?) = rsinf@lnr? = 2r(lnr)sind, so ( %im(o 0 yln(z? +¢?) = lim+ 2r(Inr)sind =0
z,y)—(0, r—0

2,2 2 cos2 6 29 Y
2y _ (r®cos )(r? sin 0) — 13 cos2 Osin? 0. so lim ry

22 142 r T (@)= (00) /22 1 2
VB2 +22 P VTP +22

ep
SO lim ———— — lim — does not exist.

Va4 y? 4+ 22 T w)—(000) /22 + y2+ 22  p—0t p

=0

T
2

. 1 1 . 41
lim tan ————— | = lim tan™ " —
(z,y,2)—(0,0,0) 2+ y?+22] -0t P>

(a) No, since there seem to be points near (0,0) with z = 0 and other points near (0,0) with

z~1/2.
b) lim " g i o — lm /2= 1/2
() x%x4+m2x271%x2+m27 (C) z%ﬁiml—r»% / o /

(d) A limit must be unique if it exists, so f(z,y) cannot have a limit as (z,y) — (0,0).

(a) Along y=muz: ;ﬂwzimﬂz&
dong = sl = oy =

©) fm T =g = 40

() Jim 5 +abl1(§+ g i % =0

4
0) gy = A=

/2b i oo as (z,y) — (0,1)
™ ecause ——————— — 400 as (z,y) —
a?+ (y —1)? Y ’
/2 — (@.9) = (0.1)

-7 ecause ——— — —00 as (z,y) —

a2+ (y — 1)? Y ’
with z = 22 + 2, lim SE = £(0,0)

z—0t 2
22

No, because lim ——— does not exist.

(@)= (0,0) T2 +y?
L1 B K . . . 2 I B .
Alongx:O.?}lLr(l)(O/y)fl}li%()fo,alongyfo hm( /:z:)fili%lfl.

Using polar coordinates with r > 0, 2y = r?sinf cos  and 22 + y? = r? so
lzyln (22 4+ y?) | = [r?sinfcosInr?| < 272 In7|, but lim 2r®Inr = 0 thus
r—0+

( %im(O 0 zyln (z° +y?) = 0; f(z,y) will be continuous at (0,0) if we define f(0,0) = 0.
,y)—(0,
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33.

36. 38.

39. 40.

41. all of 3-space

42. all points inside the sphere with radius 2 and center at the origin

43. all points not on the cylinder 22 + 22 =1 44.  all of 3-space
EXERCISE SET 14.3
1. (a) 9z%y? (b) 623y (c) 92 (d) 927
(e) 6y (f) 623 (g) 36 (h) 12
2. (a) 2e*siny (b) e*cosy (c) 2siny (d) 0
(e) cosy (f) e* (g) 0 (h) 4
0z 3 3 0z 1 1
3. (a) % = m, Slope = g (b) a—y = \/TTQ'y, Slope = Z



578

10.

11.

12.

13.

14.

15.

17.

18.

19.

20.

21.

22.

Chapter 14

0z 0z

_— = -Y. ‘1 = 1 b _— = — -y N 1 = 2
(a) 5y = ¢ ) slope (b) a9 xe Y 4 b; slope

0z 9

_——= - y _ €T ; T 1 = —
(a) 3 4 cos( 4x); rate of change 4cos7

0z 9
(b) v 2y cos(y® — 4x); rate of change = 2cos7

Y

0z 1 1 0z 1 1

(a) o (m+y)2,raeo change 1 (b) oy (w+y)2,raeo change 1

0z/0x = slope of line parallel to zz-plane = —4; 9z/dy = slope of line parallel to yz-plane = 1/2
Moving to the right from (z,yo) decreases f(z,y), so f; < 0; moving up increases f, so f, > 0.

(a) The right-hand estimate is Or/dv =~ (222 — 197)/(85 — 80) = 5; the left-hand estimate is
Or/ov =~ (197 — 173) /(80 — 75) = 4.8; the average is dr/0v ~ 4.9.

(b) The right-hand estimate is 9r/00 ~ (200 — 197)/(45 — 40) = 0.6; the left-hand estimate is
Or/00 ~ (197 — 188) /(40 — 35) = 1.8; the average is Or/J00 ~ 1.2.

(a) The right-hand estimate is dr/0v ~ (253 — 226)/(90 — 85) = 5.4; the left-hand estimate is
(226 — 200)/(85 — 80) = 5.2; the average is r/dv ~ 5.3.

(b) The right-hand estimate is 0r/00 ~ (222 — 226)/(50 — 45) = —0.8; the left-hand estimate is
(226 — 222)/(45 — 40) = 0.8; the average is Or/dv = 0.

0z/0x = 8zyde’V’, 0z/0y = 1222y2e7"v"

0z/0x = —baty* sin(xdy*), 0z/0y = —4xy>®sin (x5y4)

020z = 23 (y*/° + x) + 322 In(1 4+ 2y =3/%), 0z/0y = —(3/5)x*/(y®/° + xy)

0z/0x = ye®¥ sin(4y?), 0z/0y = 8ye™ cos(4y?) + xe® sin(4y?)

9z y@?—y?) 9z a(2®—y?) 16. 2 _wy'Br+dy) 0z a?y’(6x + Sy)
ox (24922 9y (22 +y?)? Tox 20@+y)32 T 9y 2z +y)d?

folwy) = (3/2)a% (552 = 7) (3a5y — Tay) 2
fy(@,y) = (1/2)2 (322 — 7) (3z°y — 7:v3y)_1/2
fw(x7y) = —2y/(m - y)27 fu(may) = 21‘/(.1‘ - y)2

—1/2 py—3/2 3 B
folm,y) = 24—, fy(@,y) = ——2— — Sy tan" (a/y)

y? + 22’ Cyr a2
fo(z,y) = 3227V + (1/2)271/2y3 sec o tan \/z, f,(z,y) = —aPe Y + 3y?sec /z
folz,y) = —(4/3)y?sec? z (y% tanx _7/3, fu(z,y) = —(8/3)ytanz (y? tanx /3
y
1
fe(x,y) = 2y* cosh /z sinh (:L‘yQ) cosh (gcyz) + ix_l/Q sinh v/z sinh? (a:yQ)

fy(z,y) = 4zy cosh \/z sinh (zy?) cosh (zy?)
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23. fm(‘ray) = —2%, fI(37 1) = _6; fy(zr,y) = _21y27 fy(3a ]-) =-21
24. 9f/0x = x*y*e™ + 2wye™, Of /0x|1,1) = 3e; Of /Oy = xBye™ + a?e™V, Of /0y |(1,1) = 2e

25. 0z/0x = x(z>+4y>) Y2, 9z/0x l1,2) = 1/V1T; 02/0y = dy(a*+4y*) "2, 02/0y |(1,2) = 8/V1T

0 0
26. Ow/0x = —x’ysinxy + 2z cos 1y, 8—w(1/2,7r) = —7/4; Ow/dy = —x> sin xy, 8—w(1/2,7r) =-1/8
T Y
27. (a) 2xy*zd+y (b) 42%y*2 + (c) 32%y*2? 42z
(d) 2y*2% +y (e) 322°+1 (F) 438
28. (a) 2xycosz (b) 22%cosz (c) —a2ysinz
(d) 4ycosz (e) 4cosz ) o

29. f,=2z/x, f, =2/y, f. =In(z®ycosz) — ztan z

30. f. =y % %zsec(rz/y)tan(zz/y), f, = —xy~/2zsec(xz/y) tan(zz/y) — (3/2)y~>/? sec(x2/y),
fo = 2y~ % sec(xz/y) tan(zz/y)

31. f.=—y?23/ (1 + m2y4z6), fy = —2zy23/ (1 + a:2y426), f. = —3xy?22/ (1 + x2y4z6)

32. f, = 4wyzcosh \/zsinh (z%yz) cosh (z?yz), f, = 22?2 cosh \/z sinh (z%yz) cosh (z?yz),
f» = 22y cosh y/zsinh (22yz) cosh (z%yz) + (1/2)z~1/2 sinh /z sinh” (22y2)

33. Ow/0x = yze* cosxz, Ow/dy = e*sinxz, Ow/dz = ye*(sinxz + x cos x2)
34. Ow/0z =2z/ (y* + 2%), Ow/0y = =2y (2% + 2%) / (y* + 22)2, ow/0z =2z (y* —2?) [ (y* + z2)2

35. Ow/dx =x/\/x?+y?+ 22, Ow/Oy = y/\/2% + y? + 22, Qw/Iz = z/ /2% + y? + 22

36. Ow/0x = 2y3e** 32 w/dy = 3y?e?* 32 dw/0z = 3y3e?*+32

37. (a) e (b) 2e (c) e
38. (a) 2/V7 (b) 47
39. (a) -2 4 Ox

g 25
L H RS
i

Zy 1 0

L7
i
g0y
2

40.
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41. 0z/0x = 2z + 6y(0y/0x) = 2z, 0z/0x] 4

21)
42. 9z/dy = 6y, 02/y|(2.1) =6

43. 0z/0x = —x (29 — a® — y2)_1/27 0z/0x] 4 5y = —2

44. (a) 0z/0y =38y, 0z/0y]_,,) =38 (b) 0z/0x =2z, 0z/0x|_, ;) = —2
45. (a) OV/Or =2nmrh (b) 0V/Oh = mr?
(c) OV/Or|,_¢ py =487 (d) 9V/Oh|,_g p—1o = 64w
wsd? 7d(8s% — 3d?)
46. oV/)0s = ———— b) 0V/0d = ————
) /0s 6v/4s? — d? (b) / 24\/4s% — d?
(c) OV/Os] 10, 4=16 = 320m/9 (d) OV/d|,_yg, 416 = 167/9

47. (a) P =10T/V,dP/dT =10/V, dP/OT|_g v—50 = 1/5 Ib/(in’K)
(b) V=10T/P,0V/OP = —10T/P?, if V = 50 and T = 80 then
P =10(80)/(50) = 16, 8V/OP]_gy p_ys = —25/8(in’/1b)

48. (a) OT/0zx = 3z% +1, OT/0x](y o) =4 (b) 0T/0y =4y, OT/0y](; 5, =8

49. (a) V =Ilwh,dV/dl = wh =6
(b) V/ow =lh =15
(c) OV/Oh=1lw=10

50. (a) 0A/0a = (1/2)bsing = (1/2)(10) (v/3/2) = 5v/3/2
(b) 0A/060 = (1/2)abcos® = (1/2)(5)(10)(1/2) = 25/2
(c) b= (2A4csch)/a, Ob/da = —(2Acsch)/a® = —b/a = —2

2 2.1
51. OV/or = gﬂ‘Th = f(gwrzh) =2V/r
r

52. (a) 0z/0y =22, Bz/ay](m) =1, j+ k is parallel to the tangent lineso x =1, y = 3 + ¢,

z=3+t
(b) 90z/0x = 2y, Gz/ﬁx](m) =6, i + 6k is parallel to the tangent lineso x =1+1¢, y = 3,
z=3+6t

53. (a) 22 —22(0z/0x) =0, 02/0x = x/z = £3/(2V/6) = £1/6/4
(b) z=+\a2+y2 1, 02/0x = +a/\/22 + 42 — 1 = +6/4
54. (a) 2y —22(0z/0y) =0, 0z/0y =y/z = +4/(2V6) = £6/3

(b) z=4a22+y2 -1, 02/0y = +y//22 +y2 — 1 =+6/3

55. g (m2 +2+ 22)1/2 (23: + 2222) =0, 0z/0x = —x/z; similarly, 0z/0y = —y/z

56 4 — 32%(02/0x) 1 %_4$—2x2—y+z3' 1 —322(0z/0y) _0 0z 1
) 202 +y—23 7 Ox 322 2224y —23 9y 322
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57.

58.

59.

60.

61.

62.

63.

65.

66.

67.

68.

69.

70.

71.

72.

73.

74.

75.

76.

0z 0z . 0z 2z + yz2 cos xyz
20+ z | vy +yz | cosxyz + ——sinzyz =0, — = — - ;
ox ox ox TYZz Ccos xYz + sinxyz
0z 0z 0z x2? coszyz
z|xy— +z2 ) cosxyz + —sinzyz =0, — = — .
dy dy dy Tyz cos xyz + sinxyz
0z 0z 0z 22 —ye™sinhz
Ty - —_ TY o3 _ .2 —_ = e ————
€”Y(cosh 2) pe +ye™sinh z — 2% — 222 o 0, 5~ oV coshs — 2us’
0 0 0 Y sinh
e®¥(cosh z)—z + zesinh 2 — 20z = 0, gr__TC SmAE
Jy dy Jy e*¥ cosh z — 2xz

(3/2) (& +y* +2° + w2)1/2 (23; + Qw?;)) =0, Ow/dx = —x/w; similarly, dw/dy = —y/w
and Ow/0z = —z/w

Ow/0x = —4x /3, Ow/dy = —1/3, Ow/dz = (22% +y — 2° + 322 + 3w) /3

Ow  yzwcoswyz Ow  xzwcosryz Ow  TYwCosSTYZ

0r  2w4sinzyz’ 0y  2w4sinzyz’ 0z 2w+ sinayz

ow ye®sinhw  Ow  wze®™sinhw  Ow 2zw

Or 22 —ewcoshw’ Oy 22 —e®Wcoshw' 0z  e®¥coshw — 22

= ewz, S 64. f,.= e”2y2, = 2’V
y Y y

siny siny

() ey (B) —vicosy © 2% @

(a) 8+ 84x2y° (b) 140243 (c) 140x3y* (d) 140x3y*

fo =8z — 8y47 fy = _32$y3 + 35y47 fxy = fyx = _32y3

fz = 1’/\/ z? +y27 fy = y/ V x? +y27 fmy = fym = 71’.@/(12 +y2)73/2

Jz = e cosy, fy = —e’siny, fmy = fyz = —e’siny

f:c - emiyZa fy = _dexiya fa:y = fyac = _22/6307?;2

fo =4/(4x —5y), fy, = =5/(4x — 5Y), fry = fyz = 20/(4z — 5y)?

fm = 237/(-772 + y2)a fy = 2?//($2 + 112), Ty — —4xy/(m2 + y2)2

fz = 21//(33 =+ y)Qvfy = —2z/(x + 2./)2, foy = fya = 2(z —y)/(z + y)g

fo=4zy®/(@® +92)%, fy = —42?y/(@® + ¥*)%, foy = fye = S8ay(a® — )/ (2® +y?)°

III is a plane, and its partial derivatives are constants, so III cannot be f(z,y). If I is the graph
of z = f(x,y) then (by inspection) f, is constant as y varies, but neither II nor III is constant as
y varies. Hence z = f(x,y) has II as its graph, and as II seems to be an odd function of x and an
even function of y, f, has I as its graph and f, has III as its graph.

The slope at P in the positive z-direction is negative, the slope in the positive y-direction is

negative, thus 9z/0x < 0,0z/0y < 0; the curve through P which is parallel to the z-axis is
concave down, so 9?z/0x% < 0; the curve parallel to the y-axis is concave down, so 9%z/dy? < 0.
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78.

79.

80.

81.

82.

83.

84.

85.

86.

87.

88.
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f *f of of
s b) -7 _vJ 4 27
(2) ox3 (b) Oy20x (c) 0x20y? (d) Oy30x
(a) 30xy* —4 (b) 60x%y3 (c) 60x3y?
(a) 1202z —y)? (b) —240(2x — y)? (c) 480(2z —y)
(a)  fayy(0,1) = =30 (b)  frzz(0,1) = —125 (¢)  fyyaa(0,1) =150
Pw Pw
(@) 557 =-—¢Ysin z, -5 =—-1/V2
0y?0x 0y?0x (7/4,0)
Bw OBw
(b) 5 =—¢Ycos T, 5 =-1/V2
020y 020y (r/4,0)
(@) faoy = 1522227 + 2y (b)  fy. = 3523y*20 + 392
(C) frz = 21x2y526 (d) fzz = 42$3y5z5
(€)  fayy = 14023y325 + 6y (£)  fowy = 30zy*2"
g 2y = 7Yz rTYz — Yz
faya = 10522y* 20 h)  fowy. = 210zy*20
(a) 160(4x — 3y + 22)3 (b) —1440(4x — 3y + 22)? (c) —5760(4x — 3y + 22)
(a) fw:2x+2ya fzw:2a fy=—2y+2x, fyy:_Qy fzx+fyy:2_220
Zp = €¥siny — eVsinx, 2z, = e*siny —e¥ cosx, 2z, = € cosy + eY cos x,
(b) “siny Ysi “siny Y y ’ Y Y
Zyy = —€e¥siny + €Y cosT; zgy + 2yy = €¥siny —eYcosr — e¥siny +eY cosz =0
2x Y 1 2@ — 2y 2 —y? — 22y
(© 2= —3—75-273 3= 32 fee = T2 5 g
24y 21+ (y/x) 24y (x2 4+ y?)
2y 1 1 2y + 2x y? — 2% + 22y
By =5 5 T2 3T 22 w2 o oy
?+y? wl4(y/z)? 2Pty (=% +y?)
2?2 —y? — 2zy y? — 2%+ 2zy
Zow + 2yy = =2 @2 +y2)2 @242
(a) 2z = —etsin(z/c), z, = (1/c)e "t cos(z/c), zpaw = —(1/c?)e " sin(x/c);
2t — P2y = —e " tsin(x/c) — 2(—(1/c*)e " tsin(z/c)) =0
(b) 2z = —etcos(z/c), 2. = —(1/c)e~tsin(z/c), 2ze = —(1/c?)e~t cos(z/c);
2 — P2pp = —eteos(x/c) — 2(—(1/c*)e " cos(x/c)) =0
Uy = WSIN CWE COSWT, Uyy = —w? sin cwisinwe, u; = cw cos cwtsinwe, uy = —c2w? sin cwt sin wa;
1 2 : 1 2\ 2 . .
Uy — Ut = —W sin cwtsinwx — —2(—0 Jwsin cwtsinwz =0
c c
(a) Ou/dx = 0v/0y =2x, Ou/dy = —Ov/0x = —2y

(b)
(c)

Ou/0x = Ov/Oy = e cosy, Ou/dy = —0v/0xr = —e"siny
Ou/dx = Ov /0y = 2x/(2* + y?), Ou/dy = —0v )0z = 2y/(z* + y?)
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89. Ou/dx = Ov/dy and du/dy = —Ov/dx so O*u/dz* = 0*v/0zdy, and O?u/dy* = —0%v/Oydx,
0?u/0x? + 0*u/0y? = 0%*v/0xdy — 0%*v /YO, if 9*v/0xdy = 0?v/dydx then
0%u/0z? + 0%u/0y? = 0; thus u satisfies Laplace’s equation. The proof that v satisfies Laplace’s
equation is similar. Adding Laplace’s equations for u and v gives Laplaces’ equation for u + v.

90. 92R/OR? = —2R2/(Ry + R2)?, ?RJORE = —2R?/(Ry + Ro)?,
(0°R/OR2) (0P R/OR3) = AR/ (Ry + Ry)® = [4/ (Ry + Ry)"| [RuBa/ (B + Ry))?
=4R?/ (Ry + Ry)"
91. Jf/0v = Svw3zty®, Of /0w = 12v2w?xy®, Of 0z = 16v*w3a3y®, Of /Oy = 20v*w3xty?
92. Ow/Jr = cos st + ue™ cosur, dw/ds = —rtsin st,

Ow/0t = —rssin st, Ow/Ou = re* cos ur + e* sin ur

93. 9f/0vy =2vy/ (v +0}), 0f/0vs = —2va/ (v] 4+ v}), Of JOvs = —2v3 (v} — v3) / (v} +v2)2,
Of JOvs = —2v4 (v2 —3) / (v2 +03)°

94. g—‘; = 2pe? Y 4 277V, %—Z = —ze®* Y +w, %—Z = w?e*?, Z—Z =wze* +e*¥ +y
95. (a) 0 (b) 0 () 0 (d) o
(e) 2(1+ yw)e¥” sin zcosz (f) 2zw(2 + yw)e¥™ sin z cos z

96. 128, —512, 32, 64/3

L /o (1/n)—1
97. Ow/dx; = —isin(xy + 222 + ... + nxy,) 98. Ow/dx; = — <Z sck)

n

k=1

99. (a) wy-plane, f, = 1222y + 6y, f, = 42® + 322, foy = fya = 1227 + 62
(b) y#0,f.= 35U2/y, fy = _:C3/y2» fmy = fym = —3x2/y2

100. (a) 22+ y* > 1, (the exterior of the circle of radius 1 about the origin);
fa: :x/vx2—|—y2 -1, fy :y/\/x2+y2—1, fzy :fyz = —xy(x2+y2 - 1)73/2

(b) ay-plane, f, =2z cos(z® + ), f, = 3y*cos(z® + ), foy = fya = —6xy*sin (2% + ¢°)

flx,—1) — f(2,-1) 222 +3r+1-15

101. f33(2,—1):%iﬁm2 p— :iLmQ — :ii_>mz(2m+7):11 and
2,y) — f(2,—-1 8—6 215
£,(2,—-1) = lim f@y) ==l oy, 8Oty =1 7o s
y——1 y+1 y——1 y+1 y——1

4z
3@ g i @y 7 (00
RO0= G0 = Fut) = gte| <o

z=0 dx z=0 3

102. fo(z,y) = %(mQ +yH) V3 (22) =
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d
- aw| -
y=0 Y ly=o

1 _
(b) If (z,y) # (0,0), then fy(z,y) = 3 (2" + %) 72 (3y?) =
fy(x,y) does not exist when y # 0 and y = —z

103. (a) fy(o,O)zjy[f(O,y)]}

y2

(23 + y3)2/3’

EXERCISE SET 14.4

1. (a) Let f(z,y)=e®siny; f(0,0) =0, f2(0,0) =0, f,(0,0) =1, so e"siny ~ y

2v+1 - - . 2z 41
(b) Let f(x>y):maf(o,o)*17f:6(0,0)*27fy(0>0)* 1; S0 y+1

~1+2x—y
2. f(1,1) =1, fu(x,y) = ez 'yf, f,(1,1) = a, fy(x,y) = Bey®~ 1, f,(1,1) = 3, so
oyl ~1+alz—1)+6y—1)

3. (a) Let f(z,y,2) =ayz+2,then fyp=fy,=f.=latz=y=2z=1, and
L(z,y,2) = f(L,LL, )+ fole—1)+ fy(y— 1)+ f.(2—1) =3+z—-14+y—1+z—-1=c+y+=z

4
(b) Let f(m7y,z):Tx7then fa=2fy=-1f,=-latz=y=2=1, and
y+z

L(x,y,z)zf(l,l,l)—l—fm(a:—1)+fy(y—1)—|—fz(z—1)
=24+2z-1)—-(y—-1)—-(z—1)=20—y—2+2

4. Let f(x,y,2) = 2%y%27, then f, =o,fy=08f=yatz=y=2z=1,and
fley,z2) = fLLD+ fule =1+ fyly—-D+ oz -1 =1+al@-1)+B8y—-1) +v(z-1)

5. f(z,y) = f3,4)+ falz =3)+ fyly—4) =5+2(x—3) — (y — 4) and
£(3.01,3.98) ~ 5 + 2(0.01) — (~0.02) = 5.04

6. flr,y)~=f(-1,2)+ fale+1)+ fy(y—2)=2+(z+1)+3(y —2) and
£(=0.99,2.02) ~ 2+ 0.01 + 3(0.02) = 2.07

7. L(z,y) = f(L1)+ fo(L,1)(z = 1) + f,(1,1)(y — 1) and
L(1.1,0.9) = 3.15 = 3 + 2(0.1) + £, (1,1)(=0.1) so f,(1,1) = —0.05/(—0.1) = 0.5

8. L(z,y) =3+ fo(0,—1)az —2(y+1), 3.3 = 3+ £.(0, —1)(0.1) — 2(—0.1), s0 f»(0, —1) = 0.1/0.1 = 1

9. L(z,y,2) = f(1,2,3)+ (z — 1)+ 2(y — 2) + 3(z — 3),
£(1.01,2.02,3.03) ~ 4 + 0.01 + 2(0.02) + 3(0.03) = 4.14

10. L(z,y,2)=f(2,1,-2)—(x—2)+ (y— 1) — 2(2 + 2),
£(1.98,0.99, —1.97) ~ 0.02 — 0.01 — 2(0.03) = —0.05

11. x_y+2z_2 = L(x,y,z) = f(372u 1) +fm(3727 1)(x_3)+fy(3727 1)(y_2)+f2(3727 1)(2_ 1)7 S0
f2(3,2,1) =1, f,(3,2,1) = —1, £,(3,2,1) = 2 and f(3,2,1) = L(3,2,1) =1

12. L(z,y,2)=2+2y+32+4=(x—-0)+2(y+1)+3(z+2) — 4,
f(0,-1,-2) = —4, f,(0,-1,-2) =1, f,(0,—1,-2) = 2, f,(0,—1,—-2) = 3
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13.

14.

15.

16.

17.

18.

19.

20.

21.

22,

L(z,y) = f(xo,v0) + fo(T0,y0)(x — o) + fy(z0,Y0) (¥ — Yo),
2y — 2z — 2 =23 + Y2 + 2x0(x — x0) + 290(y — Yo), from which it follows that zo = —1,y0 = 1.

f(z,y) = 2%y, so fu(xo,y0) = 2x0Yo, fy(o,y0) = xF, and
L(z,y) = f(z0,90) + 270yo(x — 7o) + ¥3(y — yo). But L(z,y) = 8 — 4x + 4y, hence

—4 = 220y, 4 = 2% and 8 = f(z0,y0) — 223y0 — 23yo = —2x3yo. Thus either xg = —2,yo = 1
from which it follows that 8 = —8, a contradiction, or zg = 2,y9 = —1, which is a solution since
then 8 = —2z3yo = 8 is true.

L(z,y,2) = f(zo,v0,20) + fz (70, Yo, 20)(x — 20) + fy (%0, Y0, 20) (¥ — vo) + f=(T0, Y0, 20)(2 — 20),
Y+ 2z —1=u1x0yo + 25 + yo(x — o) + zo(y — yo) + 220(z — 20), so that zg = 1,yo = 0,20 = 1.

L(z,y,2) = f(x0,y0, 20) + fo(T0, Y0, 20)(x — 0) + fy(T0,Y0,20)(y — o) + f2(x0, Y0, 20) (2 — 20)-

Then x —y — 2z — 2 = zoyoz0 + Yozo(x — xg) + xo20(y — Yo) + Toyo(z — 20), hence
yozo = 1,x92z0 = —1,x9yo = —1, and —2 = zgy02z0 — 3ToYo20, Or ToYozo = 1. Since now

xg = —Yo = —2o, we must have |zg| = |yo| = |20| = 1 or else |zoyozo| # 1, impossible. Thus
2o =1,y0 = 2o = —1 (note that (—1,1,1) is not a solution).

@) F(P)=1/5 fo(P) = —a/(a® + y2>3/2] — 4125,
(z,y)=(4,3)
Fu(P) = /(& 4+ y2) 2 = ~3/195, () = 3 ~ e (v~ 4) ~ oz (4~ 3)
v Y 4 o) Y =T 195 125 Y
x,y)=(4,3)
1 4 3
(b) L(Q) ~ f(Q) = ¢ — 752 (~0.08) = 73=(0.01) — 0.2023342382 ~ —0.0000142382,

IPQ| = 1/0.08% + 0.012 ~ 0.0008062257748, |L(Q) — £(Q)|/|PQ| ~ 0.000176603

(@) f(P)=1fs(P) =05, fy(P) =03, L(z,y) = 1+ 0.5(z — 1) + 0.3(y — 1)
(b) L(Q) — f(Q) =1+ 0.5(0.05) + 0.3(—0.03) — 1.05-50.97°% ~ 0.00063,
|PQ| = /0.05% + 0.032 ~ 0.05831, | L(Q) — £(Q)|/|PQ| ~ 0.0107

(@) f(P)=0,fe(P)=0,f,(P)=0L(z,y) =0

(®) L(Q) — f(Q) = —0.0035in(0.004) ~ —0.000012, |PQ| = 1/0.0032 + 0.0042 = 0.005,
IL(Q) = f(Q)I/|PQ| =~ 0.0024

(a) f(P)=1n2,f.(P)=1,f,(P)=1/2,L(z,y) =In2+ (z — 1) + %(y —2)

(b) L(Q) — f(Q) =1In2+0.01 4 (1/2)(0.02) — In 2.0402 ~ 0.0000993383,

|PQ| = v/0.012 + 0.022 ~ 0.02236067978, |L(Q) — f(Q)|/|PQ| ~ 0.0044425

(@) f(P)=6,f.(P)=6,f,(P)=3,f.(P)=2,L(x,y) = 6+ 6(z — 1) +3(y — 2) +2(z - 3)
(b) L(Q) — £(Q) = 6+ 6(0.001) + 3(0.002) + 2(0.003) — 6.018018006 = —.000018006,
|PQ| = v/0.0012 + 0.0022 + 0.0032 ~ .0003741657387;  |L(Q) — £(Q)|/|PQ| ~ —0.000481

(@) F(P)=0,fu(P) = 1/2, f,(P) = 1/2, f.(P) = 0, L(,y) = 5+ 1)+ 5y~ 1)
(b) L(Q) - £(Q) = 0,|L(@) ~ /(Q)/IPQ| =0
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23.

24.

25.

28.

29.

30.

31.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

Chapter 14

(@) f(P)=e fo(P)=e [y(P)=—e¢ [.(P) = —¢, L(z,y) = e t+e(z—1) —e(y+1) —e(z+1)
(b) L(Q) - f(Q) = e —0.0le + 0.01le — 0.01e — 0.99¢%-999 = (.99 (e — €9-9999),
|PQ| = v0.012 + 0.012 + 0.012 ~ 0.01732, | L(Q) — f(Q)|/|PQ| ~ 0.01554

(@) f(P)=0,fo(P)=1f,(P)=—1f.(P)=1, L(z,y,2) = (z—2) = (y—1) + (2 + 1)
(b) L(Q) — £(Q) = 0.02 + 0.03 — 0.01 — In 1.0403 ~ 0.00049086691,
|PQ| = v/0.02% + 0.032 + 0.012 ~ 0.03742, |L(Q) — £(Q)|/|PQ| ~ 0.01312

dz = Tdx — 2dy 26. dz = ye™Vdr + xe®Vdy 27. dz = 3x%y%dx + 223ydy
dz = (10zy® — 2)dx + (252%y* + 4)dy

dz = [y/ (1 +2%y?)| dz + [z/ (1 + 2?y?)] dy

dz = 2sec?(z — 3y) tan(z — 3y)dz — 6sec?(z — 3y) tan(z — 3y)dy

dw = 8dx — 3dy + 4dz 32. dw = yze"¥*dx + xze"V*dy + xye™V*dz
dw = 3z2y?zdx + 223yzdy + x3y*dz

dw = (8xy3z7 — Sy) dx + (12x2y2z7 - 336) dy + (28x2y326 + 1) dz

Yz Tz Ty

dw = d d d

b Ry x+1+x2y2z2 y+1+x2y2z2 o
1 1 1

dw = d d d

Yy EY T e s T e

df = 2z + 2y — 4)dx + 22dy; x =1, y = 2, de = 0.01, dy = 0.04 so
df = 0.10 and Af = 0.1009

df = (1/3)x=2/3y2da 4 (1/2)x /3y~ 2dy; © = 8, y = 9, dx = —0.22, dy = 0.03 so df = —0.045
and Af =~ —0.045613

df = —x72dx —y2dy; x = -1, y = =2, de = —0.02, dy = —0.04 so
df =0.03 and Af =~ 0.029412

Yy x
df = ———doe + —/——
4 2(1+ zy) * 2(1 + zy)
df = —0.09 and Af ~ —0.098129

dy; x =0, y =2, de = —0.09, dy = —0.02 so

df = 2y%23dx + dwy23dy + 62y?2%dz,x = 1,y = —1,2 = 2,dx = —0.01,dy = —0.02,dz = 0.02 so
df =0.96 and Af = 0.97929

yz(y +2) zz(z + 2) zy(z +y)
df = z Y

(x +y+2)? (x +y+2)? (z+y+2)
dy = 0.02,dz = —0.03 so df = 0.58 and Af =~ 0.60529

sdz, o =—1l,y=-2,2=4,dr = —-0.04,

Label the four smaller rectangles A, B, C, D starting with the lower left and going clockwise. Then
the increase in the area of the rectangle is represented by B, C' and D; and the portions B and D
represent the approximation of the increase in area given by the total differential.
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44. V + AV = (7/3)4.052(19.95) ~ 109.07662507, V = 3207 /3, AV ~ 2.409967;
dV = (2/3)rrhdr + (1/3)7r?dh; r = 4, h = 20, dr = 0.05, dh = —0.05 so dV = 2.47, and
AV/dV ~ 1.00415.

45. A=y, dA = ydr + xdy, dAJ/A = dz/x + dy/y, |dx/x| < 0.03 and |dy/y| < 0.05,
|[dA/A| < |dz/x| + |dy/y| < 0.08 = 8%

46. V = (1/3)mr?h, dV = (2/3)wrhdr + (1/3)nr?dh, dV/V = 2(dr/r) + dh/h, |dr/r| < 0.01 and
|dh/h| < 0.04, |[dV/V] < 2|dr/r| + |dh/h| < 0.06 = 6%.

L Y
47. 2= /2?2 +y? dz = —(——dr + ——=dy,
/(E2+y2 /$2+y2

dz T Y z2 dr y? dy
S d dy = hied “d

2 12442 x+x2+y2y x2+y2(x)+z2+y2 A

d 2 d 2 d d

Elc T 18y L 25|22 < 1/100 and | 22| < /100 then

z| T e +y? z? +y? y

dz v (r/100) + v (r/100) = — so th t in 2 is at most about 1%
— < —=—(r r = — so the percentage error in z is at most about r%.
2 | T x? 42 2 100 P & 0

48. (a) z=+ /22 +y? dz=x(a? + y2)_1/2 dz +y (22 + yz)_l/2 dy,
|dz| <z (2% + y2)_1/2 |da| +y (z* + y2)_1/2 |dyl; if z = 3, y = 4, |dz| < 0.05, and
|dy| < 0.05 then |dz| < (3/5)(0.05) + (4/5)(0.05) = 0.07 cm
(b) A= (1/2)ey, dA = (1/2)ydz + (1/2)zdy,
|dA| < (1/2)y|dz| + (1/2)z|dy| < 2(0.05) + (3/2)(0.05) = 0.175 cm?.

dT 1dL 14
49. dT = — = _qI, - 2 299/ < 0.005 and |dg/g| < 0.001 so

9V'L/g gr 2L 29

dT/T| < (1/2)(0.005) + (1 /2)(0.001) = 0.003 = 0.3%

50. dP = (k/V)dT — (kT /V?)dV, dP/P = dT/T — dV/V; if dT/T = 0.03 and dV/V = 0.05 then
dP/P = —0.02 so there is about a 2% decrease in pressure.

d(zy) ydx + xdy dr dy dx
51. = = | — <
(@) Ty Ty z Ty Y| - 100 * 100 100’  (r+8)%
d dr —xd d d dz
(b) (@/y)| _ |yde—zdy| |dz dy| _|dz <L )%
x/y Ty T Yy 100 100’
d(z?y? 2zy3 do + 32%y? d d d d d,
o [0 [ ] e
2y xy x
2— 3—; (2 3
< 100+ 100 ; (2r +39)%
3,,1/2 2,,1/2 3,—1/2
(d) d(xgym) _ |3y dm+3(11//22)zy dy‘:‘gdz+1dy‘§3 dz 1‘@
oY T 2y 2|y

3100 + 2100 s (3r+ 5 L)%
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52.

53.

54.

55.

56.

57.

58.

59.

60.

61.

62.

63.

Chapter 14

_ _ 1 _ 2 2 o
R=1/(1/R1 +1/Ry+1/R3), OR/OR; = R/t 1R 1) R*/Ry, similarly
OR/OR, — R2/R2 and ORJORs — R2/R2 so & — (R/Ry) 24 4 (R/Ry) U2 4 (R Ry) 2

R R R, Ry’
dR1 ng dR3
B < | | ) | G+ (/e |

< (R/R1) (0.10) + (R/R2) (0.10) + (R/R3) (0.10)
= R(1/Ry +1/Ry +1/R3) (0.10) = (1)(0.10) = 0.10 = 10%

1 1 1
dA = §bsin Oda + Ea sin 6db + iabcos 0de,
1 . 1 . 1
|dA| < 5bs1n0|da| + asin 0|db| + §abc0s 0|de|

< $(60)(1/2)(1/2) + F(40)(1/2)(1/4) + 5 (40)(50) (V3/2) (x/90)
= 35/4 4 50mV/3/9 ~ 39 ft?
V = twh, dV = whdl + Chdw + bwdh, |dV/V| < |d¢/l| + |dw/w| + |dh/h| < 3(r/100) = 3r%

If f(z,y) = f(zo,y0) for all (z,y) then L(x,y) = f(xo,yo) since the first partial derivatives of f are
zero. Thus the error E is zero and f is differentiable. The proof for three variables is analogous.

Let f(z,y) = ax + by + ¢. Then L(z,y) = f(zo,0) + fa(x0,90)(x — x0) + fy(0,%0)(y — 50) =
axo+byo+ctalx—xz0)+ by —yo) = axr+by+ec, so L = f and thus E is zero. For three variables
the proof is analogous.

[z =2xsiny, f, = 2% cosy are both continuous everywhere, so f is differentiable everywhere.

fe =ysinz, f, = xsinz, f, = xycosz are all continuous everywhere, so f is differentiable every-
where.

fo=2x,f, =2y, f. =2zs0 L(z,y,2) =0, E=f — L=2%+y*+ 22, and

E
lim _ Bz VaZ+y?+ 22 =0, so f is differentiable at (0,0,0).
(z,y,2)—(0,0,0) /12 + y + 22 ( 7y,z)—)(O 0,0)

fo=2xr(@® 4+ y? 4+ 22)" 1 f, = 2yr(a® + y? + 22)" 7, f, = 22r(2? + y? + 22)" 1, so the partials
of f exist only if > 1. If so then L(x,y,2) =0, E(z,y,2) = f(z,y,2) and

E .
(z,9,2) = (22 +y? + 2%)""Y2, 50 [ is differentiable at (0,0,0) if and only if 7 > 1/2.

Va2 +y? 4 22
Let € > 0. Then lim @ = 0 if and only if there exists § > 0 such that M < € whenever
(z)
z—xzo g(T gl\xr
|z — zg| < 6. But this condition is equivalent to |f§$))| < ¢, and thus the two limits both exist or
g(z

neither exists.

f is continuous at (xg,yo) if and only if ( )lir(n )f(ac,y) = f(zo,¥0). Since the limit of M is
z,Y)—(Zo,Y0
clearly f(zo,%0), the limit of f will be f(xo,yo) if and only if ( lim E(xz,y) =0.

z,y)—(20,y0)

If f is differentiable at (xg,y0) then L(z,y) exists and is a linear function and thus differentiable,
and thus the difference F = f — L is also differentiable.
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Ey(z,y)

64. That f is differentiable means that lim = 0, where
(@)= (@o.y0) \/(x — 20)% + (y — yo)2
E¢(z,y) = f(x,y) — L¢(z,y); here Ly(x,y) is the linear approximation to f at (zo,yo)-
Let f; and f, denote f5(xo,¥0), fy(xo,yo) respectively. Then g(z,y,2) = z — f(z,y),
Ly(z,y) = f(zo,y0) + fulx — 0) + fy(y — yo),
Ly(z,y,2) = g(z0, Y0, 20) + gu(z — o) + 9y (y — y0) + 9:(2 — 20) ,
=0— fao(z —20) = fy(y — yo) + (2 — 20)
and
Ey(2,y,2)=g(@,y,2) — Lg(z,y,2) = (2 = f(z,y)) + fal® — 20) + fy(y — yo) — (2 — 20)
= f(@o,90) + fa(@o,y0)(x — x0) + fy(20,90)(y — yo) — f(z,y) = —Ey(z,y)
Thus \Eg(ac,y7z)| < ‘Ef(xvy)‘
V@ =202+ —90)?+(z-20)% " V(& —20)>+ (¥ — 1)
E
SO lim o(2.y,2) -0
(@,y,2)—=(@0.90,20) \/( — x0)% + (y — y0)2 + (2 — 20)2
and g is differentiable at (xq,yo, 20)-
65. Let x > 0. Then M{{(%O) can be —1/y or 0 depending on whether y > 0 or y < 0. Thus
y—
the partial derivative fy(z,0) cannot exist. A similar argument works for f;(0,y) if y > 0.
E
66. The condition lim (z,y) = 0 is equivalent to lim e(z,y) = 0
(@y)—(zo.w0) \/(x — 0)2 + (Y — ¥o)? (@.9)—(z0,y0)
which is equivalent to € being continuous at (zg,yo) with €(0,0) = 0. Since € is continuous, f is
differentiable.
EXERCISE SET 14.5
2(34t71/%)
1. 42¢13 2. ——=
3(2t + ¢2/3)
1—2t* — 8t*Int
3. 3t~2sin(1/t) 4. 1
2tv/1+1Int — 2t*Int
5. —?t”%btw3 6. (1+t)et cosh (te!/2)sinh (tet/2)
3—(4/3)t71/3 — 247
32 _ L (42
7. 165t 3 — 20273 1 41 9. —2tcos (t )
1 —512t° — 2560t5 In ¢
10. o1 = 11. 3264 12. 0
2tv/1+1Int —512t° Int
13. 9z/0u = 24u?v? — 16uv® — 2v + 3, 92/0v = 16uv — 24u?v? — 2u — 3
14. 9z/0u = 2u/v? — u?vsec?(u/v) — 2uv? tan(u/v)
0z/0v = —2u? Jv3 + ud sec?(u/v) — 2u?v tan(u/v)
2sinw 2 cosu cosv
15. 0z/0u=—-——, 0z/0v = ——————
3sinwv Jsin®wv
16. 0z/0u =3+ 3v/u—4u, 0z/0v =2+ 3lnu+2Inv
17. 0z/0u=¢€", 0z/0v=0
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18.

19.

20.

21.

22,

23.

24.

25.

26.

27.

29.

31.

32.

33.

34.

35.

37.

9z/0u = —sin(u — v)sin (u? + v?) + 2ucos(u — v) cos (u? + v?)
9z/0v = sin(u — v) sin (u® + v?) 4 2v cos(u — v) cos (u? + v?)

AT /Or = 3r?sin 6 cos? @ — 473 sin® § cos 0
AT /00 = —2rsin” A cos O + r* sin? 6 4 3 cos® 6 — 3r* sin?  cos? 0

dR/d¢ = 5%
ot)0x = (2 + y?) / (422y®), 0t/0y = (y* — 32?) / (4zy*)

20? [u?v? — (u — 2v)?] Ow/ow = u? [(u — 20)? — u?v?]

ow/ou = 3 5
[u?v? 4+ (u — 20)?] [u?v? + (u — 20)?]

0z/0r = (dz/dz)(dz/0r) = 2r cos® §/ (r? cos? § + 1),
02/00 = (dz/dx)(0x/00) = —2r?sinf cos 0/ (r? cos? 6 + 1)

Ou/0x = (Ou/dr)(dr/dx) + (Ou/0t)(0t/Ox)

= (s’Int) (2z) + (rs?/t) (v*) = z(dy + 1)* (1 + 2Inzy?)
(Ou/0s)(ds/dy) + (Du/0t)(0t/dy)
= (2rsint)(4) + (rs?/t) (3zy?) = 82%(4y + 1) Inzy® + 322 (4y + 1)%/y

ou/dy =

Ow/0p = 2p (4sin® ¢ + cos? ¢), dw/0¢ = 6p* sin ¢ cos ¢, Ow/If = 0

dw Ow  OJwdy  Owdz 9 3 2 9
dr  Ox 5ydm+8zd =3y + (6aye” )(61‘)+9myz2

9
=3(32° +2)%(z — )¥2 + 36232 +2)(z — )¥2 + Ja(32% + 2V — 1

r—1

3
= 5(33;2 +2)(392% — 302% 4 102 — 4)vVx — 1
—r 28. 351/2, —168

V3eV3, (2 - 4y/3)eV? 30. 1161

dy 213
F — 1293 A
(z,9) = 2%y" + cosy, dz 3x2y? —siny

dy 3x2 — 3y? x? —y?
F(z,y) =23 — 3z2 + 42 — 5, S — _ _
(@,y) == TRty dx —6xy + 3y2  2xy — y?

dy ye™y
F — %Y v 1, L=
(z,y) = e + ye dr 2o byl 1o

1—(1/2 —1/2 2.1y —
F(m,y)zm—(my)1/2+3y—4, @:_ (1/2)(zy) y Yy —y

dx —(1/2)(zy)~2x+3 =z —6,/zy

OF OF 0z 0z OF /0x OF OF 0z 0z

=080 — = — . 36. — + — =0s0o — = —

oz 0z 01 9z~ 0F/o» oy 920y ay

0z  2x+yz 0z zz — 322
or  6yz—axy Oy 6yz—xy

OF /0y

OF/dz"

Chapter 14
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0z v2(1+2) 0z 2zy(1 + 2)
. In(1 —1= g re) A A
38 (1+2)+ay? + 2 0; B = 512 oy e
) 0z ye’ ye’ 0z e’
39. T —b5sin3z—32=0;, — =— = y =
ve SHLoZ ™ 02 ox —15c0832—3 15c0s3z+3" Jdy  15cos3z+3
40 % L zeY% cosxz — ye*¥ cos yz % _ ze"sinyz —xe™ cosyz + ze¥Y* sinxz
T Ox yery sinyz + rev® cosxz + ye¥?sinxzz’ dy yery sinyz + xe¥? cosxz + yey* sinxz
41. D = (932 + yz)l/ ? Wwhere = and y are the distances of cars A and B, respectively, from the
intersection and D is the distance between them.
dD/dt = [x/ (a2 +y2)1/2} (da/dt) + [ 22+ y?) } (dy/dt), dz/dt = —25 and dy/dt = —30
when 2 = 0.3 and y = 0.4 so dD/dt = (0.3/0.5)(—25) + (0.4/0.5)(—30) = —39 mph.
42. = (1/10)PV, dT/dt = (V/10)(dP/dt) + (P/10)(dV/dt), dV/dt = 4 and dP/dt = —1 when
V =200 and P =5 so dT'/dt = (20)(—1) + (1/2)(4) = —18 K/s.
1 1 .
43. A= iabsme but § = 7/6 when a =4 and b=3s0o A = 5(4)(3) sin(m/6) = 3.
1. .1 (6
Solve §absm9:3f01‘9to get § = sin p ,0<60 <mw/2.
a
d)_00da o9db 1 ( 6\da 1L __( G\
Al dadt Obdi 36 a?b) dt 36 ab? ) dt
1= a?b? 1= a?b?
6 1 da 1db\ da db
- - -—— ], —=1and — =1
Va2b? —36 \a dt b dt )’ dt dt
db 6 1 1 7 7
h =4dandb=3s0 —=—————== |-+ | =——= = ——=V3 radi
when a an 50— 3% (4 + 3) 2v3 36\[ radians/s
44. From the law of cosines, ¢ = v/a2 + b2 — 2abcos @ where c is the length of the third side.
0 =m/3s0c=+a?+b>— ab,
de Odcda ~Odcdb 1, 5, 4 da 1 -1/2 db
e b2 —ab)"H%(2a — b)— + = (a® + % — ab 2 —a)—
i dadt Tabar 2@ TV )T Ra=h) s (@b —ab) T2 -0y
1 da db] da db
=— |(2a-b0)—+2b—a)—|,— = d——l h =5and b=10
N (2a )dt+( a)dt T when a an
o de ! [(0)(2) + (15)(1)] = V/3/2 cm/s. The third side is increasin
—=— = . ird side is i .
dt = 275 :
45. = (m/4)D?h where D is the diameter and h is the height, both measured in inches,
dV/dt = (r/2)Dh(dD/dt) + (n/4)D?*(dh/dt), dD/dt = 3 and dh/dt = 24 when D = 30 and
h = 240, so dV/dt = (7/2)(30)(240)(3) + (7/4)(30)2(24) = 16,2007 in3/year.
dI' _ 90T'de 0T dy _ 2 dx dy
46. = — 4+ 2ylnz— =1 —4 2
6 Wt s + 2y na— dx/dt and dy/dt = —4 at (3,2) so
dT/dt = (4/3)(1) + (41n3)(—4) =4/3 — 161In3° C/s.
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dV 3V dal 6V dw oV dh dﬁ dw dh

— (3)(6)(1) + (2)(6)(2) + (2)(3)(3) = 60 in* s

(b) D=/ +w?+h2 dD/dt= ({/D)dl/dt + (w/D)dw/dt + (h/D)dh/dt
=(2/7)(1) + (3/7)(2) + (6/7)(3) = 26/7 in/s

dsS 0Sdw 05Sdl 0Sdh

48 S =20wrwh ), =5t o a T

= 2(l+h)% +2(w+h)ﬂ +2(w+l)% =80 in?/s

dt

49. (a) f(tz,ty) = 3222 +2y? = 2 f(x,y); n =2

(tz, ty)
(b) fltw,ty) = /1222 + 12y = tf(x,y);n =1
(c) f(tw,ty) =32y — 263y =t f(x,y); n =3
(d) flte,ty) =5/ (Pa® +26%2)° = 74 f(z,y); n = —4
50. (a) IF f(u,0) = " f(a,y), then L0 OTAY gy ) O I it e,y
0 0
let t =1 to get xa—i —l—ya—Jyc =nf(z,y).

(b) If f =32 +y? then xf, + yfy = 62° + 2y* = 2f(x,y);

z,y)
z,y) = /22 +y2 then o f, + yf, = 22/ /22 + y2 +y?/ /22 + 32 = /22 + 4% = f(z,9);
z,y)

Y)

= 2%y — 2y° then xf, + yf, = 3y — 6y° = 3f(x,y):
5 5(—2)2z 5(—2)4y

= @y gy hen et uly =

ar oy V@ rapp T Y

s () 02 dz0u 0s_dzou
e or  dudzx’ Oy  dudy

0%z dz 0%u 9 [(dz\ Ou dzd*u d’z [Ou’
() OZod20u O (dE)Ou_diOu, OE(0u,
0z?2  dudzr? Oz \du) 0x dudx? du? \Ox

0%z _dz 9%u 0 (dz) ou dz 9*u d?z Ou Ou

Or  dudydx + du? Ox dy
Pr_ 0D 0 ()00 deu £ (00
0y?  dudy? Oy dy  dudy?  du? \ Oy
52. (a) z=f(u), u=2?—1y?% 02/0x = (dz/du)(0u/0x) = 2xdz/du
0z/0y = (dz/du)(0u/dy) = —2ydz/du, yOz/0x + x0z/0y = 2zxydz/du — 2xydz/du = 0
0z dzOdu dz 0z dz0u dz

b = = D e— = —— _— R — —_
(b) == flu) u=ay; dr  dudr Jdu Oy  dudy T’

62 0z dz  dz _
Tor yay Y Yau ~
(¢) vz + 22y = y(2x cos(z? — y?)) — z(2y cos(z? — y?)) = 0

Oydz  dudydz oy =

0.

d) zzp, —yzy, = zye”™ —yze™ =0
Y
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53.

54.

55.

56.

57.

58.

59.

Let z = f(u) where u = = + 2y; then 0z/0x = (dz/du)(0u/0x) = dz/du,
0z/0y = (dz/du)(0u/0y) = 2dz/du so 20z/0x — 0z/0y = 2dz/du — 2dz/du = 0

Let z = f(u) where u = 2% + 4?; then 9z/0z = (dz/du)(0u/0x) = 2z dz/du,
0z/0y = (dz/du)(0u/0y) = 2ydz/du so y 0z/0r — x0z/0y = 2zydz/du — 2zydz/du =0

ow _dw ou dw Ow dwou dw Ow  dwou dw ) ow Ow Ow dw

Or  dudzr du’ 0y dudy du’ 8z dudz @’boax+8y+az_%
Ow/0x = (dw/dp)(0p/0x) = (x/p)dw/dp, similarly Ow/dy = (y/p)dw/dp and
Ow/dz = (z/p)dw/dp so (Ow/0x)* + (Ow/dy)?* + (0w /Dz)? = (dw/dp)?

z = f(u,v) where u =2z —y and v =y — z,

0z 0z0u 0z0v 0Oz 0z 0z 0z0u 0z0dv 0z 0z dz 0z

B duds  Bvdr Bu 00 OBy oudy ' 0udy ou o Cor oy |
Let w = f(r,s,t) wherer=a —y, s=y—z,t =z —x;

Ow/0x = (OQw/dr)(0r/0zx) + (Qw/0t)(dt/0x) = dw/dr — Ow/Ot, similarly

Ow/0y = —0w/dr 4+ Ow/ds and dw/0z = —0w/ds + dw/dt so Ow/Ox + dw /Oy + Ow/Iz = 0

., 00 or a6 . Or
(a) 1=-r smﬁ% + cos 0% and 0 = 7 cos 9% + smH%, solve for Or/0x and 00/0x.

0
(b) 0=—r sin@a— + cos 9& and 1 = rcos 0% + sin 9&; solve for dr/dy and 960/dy.

dy dy dy dy
©) az_azar_i_%@@ 82 9_787 0.
) 9r " oror " e0or or° - o0
0: _0zor 0zon 0z 10z
dy Ordy 000y Or r 00

(d) Square and add the results of Parts (a) and (b).
(e) From Part (c),

Fo_ 0 (0s 10 NOr 0 (0: . 10s N9
522~ or \ar <9239 ) 5r Taa \ar 0 r et ) an
8%z 1 0z 1 0%z
= (87"200594_7‘289 9—8r6951n9> cos
0%z 0z . 19%z . 10z sin 6
+<898T0059—arblne—rambme—raacose> (— " )
0%z 2 0z 2 9%z 1 9% 22 10z . 4
ﬁcos 9+—2%sm90059— 200, sm@cos@—&—iws 9+f$sm 0.
Similarly, from Part (c),
2 2 2 2
0%z = a— 20—28—sm0c0$9—6—2 0"z sinfcosf + — 1 0% 29+18—00820.

a2 o2’ r2 9 r 900r 2002 ¢ r or

Add to get 02 4 P22 1022 10z
8 922 oy2  Or?2 12002  ror
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60.

61.

62.

63.

64.

65.

66.

67.

Chapter 14
=2y - dxy 2z -~ 4xy o
B T @ T B T @ e e =
272 cos O sin @
z =tan"! I cos8 Sl_n2 = tan~! tan 20 = 26 + kx for some fixed k; 2z, = 0, zgg = 0
r2(cos? 6 — sin” 0)
0] 0 0 0 0 0
(a) By the chain rule, 8;: = a—z cosf + 8—; sinf and a—z = fir sinf + G—ZT cos 6, use the
0 0 0 0 0
Cauchy-Riemann conditions a_ and 2 T the equation for au to get
dr Oy dy ox or
0 0 0 0 0 10 0 10
8—1; = a—z cosﬂfa—z sin 6 and compare to ETZ to see that a—z = ;8—2 The result a—:j = f;a—z
0 0
can be obtained by considering 2 and o
or 00
2z 1 1 2z
b T — "5 59 =2— = = Ug;
(b) S I (77 C T R
2y oY 1 2y
Uy = —5 5, Up = —2— = — = —U ;
a4y 2?1+ (y/x)? 2%+ Y
1 1
uw=Inr?v=20,u=2/r,v9 =2, 50 u, = —vg, ug =0,v, =0, 50 vV, = ——ug
r r

(@) ug = fl(x+ct), uge = f'(x+ct), ug = cf'(x + ct), uy = 2 f"(x + ct); upy = gy
(b) Substitute g for f and —c for ¢ in Part (a).

(c) Since the sum of derivatives equals the derivative of the sum, the result follows from Parts

(a) and (b).

(d) sintsinz = %(— cos(z 4+ t) + cos(x —t))

Ow/0p = (sin ¢ cos 0)Ow/Ox + (sin ¢ sin 0)Ow/Ay + (cos ¢) dw/0z
Ow/0¢p = (pcos ¢ cos)ow/dx + (pcos ¢psinf)ow/dy — (psin @)Ow/dz
Ow/00 = —(psin ¢ sin §)Ow/Ox + (psin ¢ cos §)Ow/dy

ow of Of 0z ow Of 0f0z

gw_ 97 , 91 9% b Rt i
(2) or  Ox + 0z Ox (b) dy Oy + 0z Oy
wy =€/ (e + e+ et +ev), wrs = —e"e®/ (" + e° + et + ev)?,
Wrsy = 2eTe%et/ (" +e° + et + e¥)?

4 .
Wyspy = —6eTeSele ] (€7 + e + et +e¥)” = —6e TITiTu el = _gertetitu—dw

Ow/dy; = a10w/0x1 + ax0w/dxe + azdw/Oxs,
Ow/0ys = b10w/dx1 + badw/dx + b30w/Ox3

4
(a) dw/dt = Z (Ow/0z;) (dx; /dt)
i=1
(b) Ow/dv; = Z(@w/@xl) (0z;/0vj) for j =1,2,3

i=1
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68. Let u =%+ 3+ ... +22; then w = u*, Ow/dr; = kuF~1(22;) = 2k z;ub~1,
O*w/0x? = 2k(k — V)a;ub=2 (2;) + 2kuF~1 = dk(k — 1)2?u* 2 4+ 2ku~! for i = 1,2,...,n

SO Z O*w/0x? = 4k (k — 1) u*~2 Z x? + 2knuf!
i=1 i=1

= 4k(k — D)uF~2u + 2knuf~1 = 2ku*~1[2(k — 1) + n]
whichis 0if k=0o0rif2(k—1)4+n=0,k=1—-n/2.

69. dF/dx= (0F/0u)(du/dx) + (OF/0v)(dv/dx)
= f(wyg'(z) = f(0)l'(x) = f(g(x))g'(x) = f(h(x)) (x)

70. Represent the line segment C that joins A and B by © = xo + (1 — z0)t, ¥ = yo + (y1 — yo)t
for 0 <t < 1. Let FI(t) = f(zo + (1 — x0)t,y0 + (y1 — yo)t) for 0 < ¢ < 1; then
f(z1,31) — f(zo,y0) = F(1) — F(0). Apply the Mean Value Theorem to F(¢) on the interval [0,1]
to get [F(1) — F(0)]/(1 —0) = F'(t*), F(1) — F(0) = F’ (¢t*) for some t* in (0,1) so
f(xi,9) — f(zo,y0) = F'(t*). By the chain rule, F'(t) = fo(z,y)(dz/dt) + fy(z,y)(dy/dt) =
fo(z, y) (@1 — xo) + fy(z,¥)(y1 — vo). Let (z*,y*) be the point on C for t = ¢* then
f(ziyn) = f(zo,y0) = F' (1) = fu (27,y") (21 — 2o) + fy (2", y") (¥1 — ¥o)-

71. Let (a,b) be any pomt in the region, if (x y) is in the reglon then by the result of Exercise 70
flz,y)— f(a,b) = fo(z*, y*)(x—a)+ fy(z*,y*)(y — b) where (z*,y*) is on the line segment joining
and (z,y). If fi(z,y) = fy(x,y) = 0 throughout the region then
y) -

fla,b) = (0)(x—a)+(0)(y—b) =0, f(z,y) = f(a,b) so f(x,y) is constant on the region.

(a,b)
(=,

EXERCISE SET 14.6
1. Vi(z,y) = (3y/2)(1 + xy)/2i+ (3z/2)(1 + 2y)'/%j, Vf(3,1) = 3i + 9j,
Duof =Vf-u=12/v2 =62
2. Vf(z,y) = 2ye®™¥i+ 2xe?Yj, V£(4,0) = 8j, Duf = Vf-u=32/5
3. Vf(z,y)=[22/(1+22+y)]i+[1/(1+22+y)]] Vf(0,0) =], Duf =—3/V10

4. Vf(z,y)=—[(c+dy/(x—y)?]i+ [(c+d)z/(z —y)*]]
Vfi(3,4) = —-4(c+ d)i+ 3(c+d)j, Duf =—(7/5)(c+ d)

5. Vf(z,y,z)=20x*y?231 + 82°y23j + 122°y%2%k, Vf(2, —1,1) = 320i — 256j + 384k, D, f = —320
6. Vf(z,y,2) =yze"i+ e**j+ (zye® + 22)k, Vf(0,2,3) = 6i + j + 6k, D, f = 45/7

2x 4y 62

7. = i j k
Vi(@.y,z2) 2 4 2y2 4 322 + 2 4+ 2y2 + 3,29 + 22 4+ 2y2 432277
VF(—1,2,4) = (~2/57)i+ (8/57)j + (24/57)k, Duf = —314/741

8. Vf(z,y,2) = yzcosxyzi+ xz cosxyzj + xy cos xyzk,

V£(1/2,1/3,7) = (7/3/6)i + (mv/3/4)j + (v/3/12)k, Dyuf = (1 — ) /12

9. Vf(z,y) = 120221 + 823yj, VF(2,1) = 48i + 64, u = (4/5)i — (3/5)j, Duf =VFf-u=0
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

Chapter 14
Vi(z,y) = (22 — 3y)i+ (=32 +12¢2) j, VF(~2,0) = —4i + 6§, u = (i +2j)/V5, Duf = 8/V5
Vi(z,y) = (y?/x)i+2ylnzj, VF(1,4) = 161, u = (=i +j)/V2, Duf = —8V2

Vf(x,y) = e” cosyi — e sinyj, VF(0,7/4) = (i—j)/V2, u= (51 — 2j)/V29, Duf = 7/V/58

Vi,y) =—[y/ (®+¢?)] i+ [z/ (2> + )]

Vf(=2,2) = —(i+j)/4, u=—(1+])/V2, Duf = v2/4

Vi(z,y) = (¥ —ye®)i+ (ve¥ —e®)j, V£(0,0) =i—j, u=(5i—2j)/v29, Duf = 7//29
Vf(z,y,2) = (3222 — 2zy) i — 2%j + (2 + 22) k, Vf(2,—1,1) = 161 — 4j + 10Kk,
u=(3i—j+2k)/V14, D,f = 72//14
Vi(z,y,2) =—z(2® + 22)71/2 i+j—z(a?+ 22)71/2
u=(2i—2j—k)/3, Duf =0

B 1 . z—z ., y+u _ . .

u = (—6i+3j—2k)/7, Duf = —8/63

Vf(z,y,z) = eV (i 4 j43k), Vf(-2,2,-1) = e 3(i + j+3k), u = (20i — 4j + 5k)/21,
Duf = (31/21)e3

Vi(z,y) = (y/2)(@y) i+ (2/2)(xy) V%), VF(1,4) = i+ (1/4)],
u = cosfi+sinbj=(1/2)i+ (v3/2)j, Duf =1/2+/3/8

Viz,y) = [2y/(z+y)*i - [22/(z +y)*)J, VI(=1,-2) = —(4/9)i + (2/9)j, u = j, Duf = 2/9
Vf(x,y) = 2sec?(2x + y)i +sec?(2z +y)j, VFf(n/6,7/3) = 81 +4j, u= (i—j)/V2, Duf =2V2

V f(z,y) = coshz coshyi + sinhzsinh yj, Vf(0,0) =i, u=—1i, Dyf = -1

Vf(x, y) = y(l‘ + y)72i - 1'(1' + y)72j7 Vf(l, O) = _j7 P—Cé: —2i _j7 u= (_2i _j)/\/gv
Dof =1/V5

Vf(x,y) = —e ®secyi+ e *secy tan yj,

VF(0.7/4) = V2(~i +]), PO= ~(w/4)j, u= —j, Duf = —V2

Vi(z,y) = Zy\/e:;yi—i- (@ey + ;\;;y)j, Vi,1)=(e/2)(i+3j), u=—j, Duf = —3e/2

Vi(z,y) = —ylx+y)2i+a(z+y)2, VI(2,3) = (—3i+2j)/25, if Dyf =0 then u and Vf are
orthogonal, by inspection 2i + 3j is orthogonal to V f(2,3) so u = +(2i + 3j)/v/13.
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27. V(2,1,-1)=—i+j—k PQ=-3i+j+k u=(-3i+j+k)/VIL, Duf = 3/VI1
28. Vf(—1,-2,1) =13i+5j — 20k, u = -k, Dy f =20

29. Solve the system (3/5)f»(1,2) — (4/5)f,(1,2) = =5, (4/5) f=(1,2) + (3/5) f,(1,2) = 10 for
(a) fm(172) =5 (b) fy(]-72) =10
(c) Vf(1,2) =5i+10j, u= (—i—2j)/V5, Duf = —5V5.

30. Vf(=5,1) = —3i+2j, PQ=i+2j, u=(i+2j)/V5, Duf = 1/V5
31. f increases the most in the direction of III.

32. The contour lines are closer at P, so the function is increasing more rapidly there, hence Vf is

larger at P.
33. Vz=4i-_8§j 34. Vz= —4e 3¥sindxi — 3e 3 cos 4xj
35. Vw= * L

x2+y2—|—z2i+ x2+y2+zzj+ £2_|_;2+Z2k

36. Vw = e ""sec(z’yz) [(2zyz tan(zyz) — 5) i + 2%z tan(z’yz) j + =’y tan(z?yz) k|
37. Vf(z,y) =32z +y) («* + xy)2i+ 3w (22 + xy)Qj, Vf(-1,-1) = —36i — 12j

38. Vi(r,y)=—x(2?+12) " Pi-y a2 +1?2) %) VF3,4) = —(3/125)i — (4/125);]

39. Vf(z,y,2)=ly/(x+y+2)i+y/(z+y+2)+In(z+y+2)j+y/(z+y+2)k,
VF(—3,4,0) = 4i + 4j + 4k

40. Vf(x,y,2) = 3y*ztan?zsec’ i+ 2yztan®xj+ y*tandxk, Vf(r/4,-3) =54i—6j+ 9k

41. f(1,2) =3, 42. f(-2,2) =1/,
level curve 4z — 2y + 3 = 3, level curve y/2% = 1/2,
2 —y = 0; y=a2%/2 for x # 0.
Vf(x,y) = 4i - 2] Vi(x,y) == (2y/2®) i+ (1/27) ]
Vf(1,2) =4i—2j Vf(=2,2)=(1/2)i+ (1/4)j
y 1.

1.
i+ g

3.2
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43. f(-2,0) =4, 44. f(2,-1) =23,
level curve 22 + 4y? = 4, level curve 22 — y? = 3.
22 /4+9y? =1 Vf(z,y) = 2zi — 2yj
Vi(z,y) = 2zi+ 8yj Vf(2,—-1)=4i+2j
V/(~2,0) = —4i y
y i
1 Lo N
Ll 11 ¢TIy L X&-b
4 ] 2 -

45. Vf(x,y) = S8xyi + 422§, Vf(1,—2) = —16i + 4j is normal to the level curve through P so
u = +(—4i+j)/V17.

46. Vf(z,y) = (bzy —y)i+ (3x2 — ac) j, Vf(2,—3) = —33i + 10j is normal to the level curve through
P sou==+(—33i+10j)/v/1189.

47. Vf(z,y) = 120%y% + 823yj, Vf(—1,1) = 12i — &), u = (3i — 2j)/V13, |[Vf(~1,1)|| = 4V/13
48. Vf(z,y) =31~ (1/y)j, VF(2.4) = 3i — (1/4)j, u = (12i - j)/V145, [V f(2,4)] = vV145/4
49. Vi(z,y) =z @ +¢2) ity @ +42) "%
V{4, =3) = (4i—=3j)/5 u= (4i—3j)/5, [[Vf(4,=-3)[ =1
50. Vf(z,y) =yle+y) i —a(z+y) %), VF(0,2) = (1/2)i, u =1, [[Vf(0,2)] = 1/2
51. Vf(1,1,-1)=3i—3j,u=(i—j)/V2 |[Vf(1,1,-1)] =3v2
52. V£(0,-3,0) = (i—3j+4k)/6, u = (i—3j+4k)/V/26, |V f(0,—3,0)| = v/26/6
53. Vf(1,2,-2) = (-i+))/2, u=(-i+Jj)/V2 [Vf(1,2,-2)| = 1/v2
54. Vf(4,2,2)=(i-j-k)/8,u=(i-j—k)/V3 [[Vf(422)=V3/8
55. Vf(z,y) = —2xi—2yj, Vf(—1,-3) = 2i +6j, u = —(i + 3j)/V10, —|Vf(~1,-3)|| = —2v/10
56. Vf(z,y) = ye™i+ zej; VF£(2,3) = e8(3i+ 2j), u = —(3i + 2j)/V13, —|VF(2,3)|| = —V/13¢°

57. Vf(z,y) = —3sin(3z — y)i + sin(3z — y)j,
Vi(r/6,m/4) = (=31 +§)/V2, u= (31 = J)/V10, —||Vf(r/6,7/4)| = —V/5

B Y T+y. x rT+y, _ {3
58. w(x,w_(ﬁy)z,/m_yl (Hy)Q,/x_yL V£(3,1) = (V2/16)(i - 3)),

u=—(i-3j)/V10, —[Vf(3,1)[| = —v/5/8

59. Vf(5,7,6) = —i+ 11j — 12k, u = (i — 11j + 12k)/v/266, —||V £(5,7,6)| = —v/266
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60.

61.

62.

63.

64.

65.

66.

67.

Vf(0,1,7/4) =2v2(i—k),u=—(i—k)/V2, —[|[Vf(0,1,7/4)| = —4
Vf4,-5)=2i—j,u=(5i+2j)/v29, Duf =8/+/29
Let u = uyi + ugj where u? +u2 = 1, but Dyf = Vf - u = u; — 2uy = —2 so u; = 2us — 2,
(2uy —2)° +u2 =1, 5u — 8us +3 =0, uy = 1 or uy = 3/5 thus ug = 0 or u; = —4/5; u = j or
4, n 3.
u=—-i+=j.
57 5
(a) At (1,2) the steepest ascent seems to be in the direction i+ j and the slope in that direction
1 1
seems to be 0.5/(v/2/2) = 1/v/2, so Vf =~ §i + ij’ which has the required direction and
magnitude.
y

(b) The direction of —V f(4,4) appears to be 5

—i — j and its magnitude appears to be

1/0.8 =5/4.

=Vf(4,4)
X
S

Depart from each contour line in a direction orthogonal to that contour line, as an approxi-

mation to the optimal path.
(b)

At the top there is no contour line, so head for the nearest contour line. From then on depart

from each contour line in a direction orthogonal to that contour line, as in Part (a).
Vz = 6zi—2yj, | Vz| = /3622 + 4y2 = 6 if 3622 +4y? = 36; all points on the ellipse 922+ = 9.

4 8
Vz =31+ 2yj, V2] = /9 + 492, so V||Vz|| = ——2—j, and V| V2] =7

V9 +4y? (@)=(62) °
r = ti —t2j, dr/dt = i — 2tj = i — 4j at the point (2, —4), u = (i — 4j)/V17;

Vz=2xi+2yj =4i— 8j at (2,—4), hence dz/ds = Dyz =Vz - u=36/V17.
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68.

69.

70.

71.

72.

73.

74.

75.

76.

Chapter 14

y(l—m2+y2)i (1+ac —y)
L+a2+y%)?  (1+a2+y2)?
DuT =1/ (9V5)

(b) u= —(i+3j)/V2, opposite to VT'(1,1)

(a) VT(z,y) = 3, VI(1,1) = (i+))/9, u= (21 - j)/V5,

(a) VV(z,y) = —2e 2% cos 2yi — 2 **sin2yj, E = —VV (1/4,0) = 2¢~"/%i
(b) V(x,y) decreases most rapidly in the direction of —VV (x,y) which is E.

Vz = —0.04zi — 0.08yj, if x = —20 and y = 5 then Vz = 0.8i — 0.4j.
(a) u = —i points due west, Dyz = —0.8, the climber will descend because z is decreasing.

(b) u= (i+j)/V2 points northeast, Dyz = 0.2y/2, the climber will ascend at the rate of 0.2y/2
m per m of travel in the xy—plane.

(¢) The climber will travel a level path in a direction perpendicular to Vz = 0.8i — 0.4j, by
inspection +(i + 2j)/v/5 are unit vectors in these directions; (i + 2j)/v/5 makes an angle of
an~!'(1/2) ~ 27° with the positive y-axis so —(i+2j)/v/5 makes the same angle with the
negative y-axis. The compass direction should be N 27° E or S 27° W.

Let u be the unit vector in the direction of a, then
Duf(3,-2,1) = Vf(3,-2,1) -u = |[Vf(3,-2,1)||cos@ = 5cosf = —5, cosf® = —1, § = 7 so
Vf(3,—2,1) is oppositely directed to u; Vf(3,—-2,1) = —5u = —10/3i + 5/3j + 10/3k.

(a) VI(1,1,1)=({i+j+k)/8, u=—(i+j+k)/V3, DuT =—3/8

(b) (i+j+k)/V3 (c) v3/8
(a) Vr= \/:172 vy \/:172y+ 2 j=r/r
) Vi) = i 05 piy i ) g = 19
(a) V (re_?’r) = @e_?’rr
(b) 3r’r= @r so f'(r) =3r%, f(r) = %r4—|—0, f2)=124C=1,C=—11; f(r) = %«4—11
u, = cos 6i+ sinfj, uy = — sin #i + cos 6j,
Vz= % +g—; (gi 9—1gesm9) (gism9+lggcose)
= %(COS 0i + sin 0j) + 1%(— sin 0i 4 cos 0j) = %ur + %%ue

(a) V(f Jrg) = (fx Jrgm) i+ (fy Jrgy).j = (fml + fy.]) + (gmi + gy.]) =Vf+Vg
(b) V(cf) = (cfa)i+ (cfy)j=c(fel+ fuj) =cVS
(c) V(f9)=(fg9z+gfe)i+ (fgy+9fy)i=[f(gz1+gyd) +9g(fai+ fid) = fVg+gVS
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Jy— 19y g(fzi+fyj)_f(gxi+gyj) _gi—ng
g 92 B g
(€) V(") =mf"""fo)i+ (nf M) i=nf"" (foi+ fd) =nfrTIVS

@ Vrg) = PSP S0y

d d
77 r'(t) =v(t) = k(z,y)VT = =8k(z, y)zi — 2k(z, y)yj; d—f = —8kz, d—:g = —2ky. Divide and solve

to get y* = 256x; one parametrization is z(t) = e~8, y(t) = e~ 2"

3
78. r'(t) =v(t) = kVT = —2k(z,y)zri—4k(z,y)yj. Divide and solve to get y = %xz; one parametriza-
tion is w(t) = 5e~2!, y(t) = 3e~ .

79. S pY 80.
C=-10
Cc=-5
C=0
I I A B X
3 K
5+

81.

(€) Vf=[2x—2x(a® +3y*)e” i+ [by — 2y(a® + 3y?)e” ")
(d) Vf=0ifz=y=0o0rz=0,y=+loraz==+1,y=0.

82. dz/dt= (9z/0z)(dz/dt) + (0z/0y)(dy/d¢t)
= (0z/0xi+ 0z/0yj) - (dz/dti + dy/dtj) = Vz - 1'(t)

83. Vf(z,y) = falz,v)i+ fy(z,y)j, if Vf(z,y) =0 throughout the region then
fo(z,y) = fy(z,y) = 0 throughout the region, the result follows from Exercise 71, Section 14.5.

84. Let u; and us be nonparallel unit vectors for which the directional derivative is zero. Let u be
any other unit vector, then u = cyu; + couy for some choice of scalars ¢; and ca,

Duf(x7y) = Vf(x,y) U= 01Vf($,y) s up + CZVf(xay) * U2
= c¢1 Dy, f(z,y) + caDy, f(x,y) = 0.
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85. Vf(u,v,w)=—i+—j+ =—k

86. (a)

(b)

(c)

87. (a)

(b)

(c)

(d)

(e)

Or dy 0z

~\oudx  Ovdr Owox Oudy Ovdy Ow dy
(afm+afm afaw)k_af of _  of

o: e Towas ) T T e T e v

The distance between (zg + su1, yo + suz) and (zo, yo) is |s|y/u? + u3 = |s|, so the condition
. E(s)
lim

s—0 ‘S

of f given by L(s) = f(xo, yo) + fu(z0,yo)su1 + fy(zo, yo)sua, which in turn says that

9'(0) = fa(xo,y0) + fy(zo,yo)-

The function E(s) of Part (a) has the same values as the function E(z,y) when © = xg +
su1,y = Yo + Sug, and the distance between (z,y) and (zg,yo) is |s|, so the limit in Part (a)
is equivalent to the limit (5) of Definition 14.4.2.

= 0 is exactly the condition of Definition 14.4.1, with the local linear approximation

Let f(x,y) be differentiable at (x0,yo) and let u = u1i+ usj be a unit vector. Then by Parts
d

(a) and (b) the directional derivative Dud—[f(xg + su1, Yo + Sua)]s=o exists and is given by
s

fx(2o,yo)u1r + fy(zo, yo)us.

d ) - )
d—f(xo—i-sul, Yo+suz) at s = 0is by definition equal to HH(I) F(@o + su1, 40 + su2) = f(zo yo)’
s s

and from Exercise 86(a) this value is equal to fz(xo,y0)u1 + fy(zo, yo)us.

For any number € > 0 a number ¢ > 0 exists such that whenever 0 < |s| < § then

‘f(l’o + sui, yo + suz) — f(xo,Y0) — fu(T0,y0)sur — fy($0>yo)8u2
S

E(x,
For any number ¢ > 0 there exists a number § > 0 such that B, y)l < €

V(@ —20)2+ (y — y0)?

whenever 0 < \/(z — z0)2 + (y — y0)2 < 6.
For any number € > 0 there exists a number 6 > 0 such that

‘f(l‘o + su1, Yo + su2) — f(x0,v0) — fo(T0,y0)su1 — f, (0, yo)suz|
S

< € when 0 < |s| < 6.

Since f is differentiable at (z¢,yo), by Part (c) the Equation (5) of Definition 14.2.1 holds.
By Part (d), for any € > 0 there exists ¢ > 0 such that

‘f(xo + suy, Yo + su2) — f(20,Y0) — f= (@0, Yo)sur — fy(x0,y0)suz

< € when 0 < |s| < 6.
s

By Part (a) it follows that the limit in Part (a) holds, and thus that

d
£f(350 + su1, Yo + suz)]szo = fa(20,yo)ur + fy(zo, yo)us,
which proves Equation (4) of Theorem 14.6.3.

EXERCISE SET 14.7

1. At P, 0z/0x = 48 and 0z/0y = —14, tangent plane 48z — 14y — z = 64, normal line z = 1 + 48,
y=-2-—14t, 2 =12 —t.
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10.

11.

12.

13.

At P, 9z/0x = 14 and 0z/0y = —2, tangent plane 14z — 2y — z = 16, normal line x = 2 + 14t
y=4—-2t, z=4—1t.

At P, 0z/0x = 1 and 0z/0y = —1, tangent plane x — y — z = 0, normal line x = 1+ ¢, y = —t,
z=1-—t.

At P, 9z/0x = —1 and 0z/dy = 0, tangent plane x + z = —1, normal line z = -1 — ¢, y = 0,
z = —t.

At P, 0z/0x = 0 and 9z/0y = 3, tangent plane 3y — z = —1, normal line z = 7/6, y = 3t,
z=1-1t.

At P, 0z/0x = 1/4 and 0z/0y = 1/6, tangent plane 3z 4 2y — 12z = —30, normal line z = 4+ t/4,
y=9+1t/6,2=5—1.

By implicit differentiation 0z/0x = —x/z, 0z/0y = —y/z so at P, 0z/0x = 3/4 and
0z/0y = 0, tangent plane 3z — 4z = —25, normal line x = -3+ 3t/4, y =0, z =4 — .

By implicit differentiation 0z/0x = (xy)/(42), 0z/0y = x?/(82) so at P, 9z/dx = 3/8 and
0z/0y = —9/16, tangent plane 6x — 9y — 16z = 5, normal line x = —3 + 3t/8, y = 1 — 9¢/16,
z=—-2-1.

The tangent plane is horizontal if the normal 9z/0xi + 0z/0yj — k is parallel to k which occurs
when 0z/0x = 0z/dy = 0.

(a) 0z/0z = 322y?, 02/0y = 223y; 32%y? = 0 and 223y = 0 for all (z,y) on the z-axis or y-axis,
and z = 0 for these points, the tangent plane is horizontal at all points on the z-axis or
y-axis.

(b) 0z/0x =2x—y—2, 0z/0y = —x + 2y + 4; solve the system 20 —y—2=0, —z+2y+4 =0,
to get x =0,y =—2. z = —4 at (0,—2), the tangent plane is horizontal at (0, —2,—4).

0z/0x = 6x, 0z/Jy = —2y, so 6xoi — 2ypj — k is normal to the surface at a point (zg, yo, 20) on
the surface. 6i+ 4j — k is normal to the given plane. The tangent plane and the given plane are
parallel if their normals are parallel so 6z¢ = 6, zo = 1 and —2yg =4, yo = —2. z = —1 at (1, -2),
the point on the surface is (1,—-2,—1).

0z/0x = —6x, 0z/0y = —4y so —6xoi — 4yoj — k is normal to the surface at a point (xg,yo, z0) on
the surface. This normal must be parallel to the given line and hence to the vector

—3i 4+ 8j — k which is parallel to the line so —6z9 = —3, xop = 1/2 and —4yg = 8, yg = —2.
z=—-3/4 at (1/2,—2). The point on the surface is (1/2, —2,—3/4).

(3,4,5) is a point of intersection because it satisfies both equations. Both surfaces have
(3/5)i+ (4/5)j — k as a normal so they have a common tangent plane at (3,4,5).

(a) 2t+7=(-1+t)2+(2+1t)? t* =1, t = £1 so the points of intersection are (—2,1,5) and

(0,3,9).
(b) 0z/0x =2z, 0z/0y = 2y so at (—2,1,5) the vector n = —4i+2j — k is normal to the surface.
v =i+ j+2k is parallel to the line; n - v. = —4 so the cosine of the acute angle is

m - (=v)]/(In] | = v|}) = 4/ (vV21V6) = 4/ (3v/14). Similarly, at (0,3,9) the vector
n = 6j — k is normal to the surface, n -+ v =4 so the cosine of the acute angle is

4/ (VBTVE) = 4/V23.
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14.

15.

16.

17.

18.

19.

20.

21.

22.

Chapter 14

z = xf(u) where u =z /y, 9z/0x = zf'(
9z/0y = xf'(u)ou/dy = —(2°/y*)f' (u)
up = Zo/Yo, [uof (uo) + f (uo)]i—udf’ (uo)j — k is normal to the surface so the tangent plane is
[uo f" (uo) + f (uo)] = — ug f'(uo)y — 2= [uof' (uo) + f(uo)lzo — ug [ (uo)yo — 20

2

— | 22" (o) + f (uo) | w0 — L " (ug) yo — 20
Yo Yo

w)Ou/0x + f(u) = (x/y)f'(u) + f(u) = uf'(u) + f(u),

= —u?f'(u). If (20,90,20) is on the surface then, with

=x0f (ug) —20 =0
so all tangent planes pass through the origin.

(@) f(z,y,2) =22 + 9% +422, Vf = 22i + 2yj + 82k, Vf(2,2,1) = 4i + 4j + 8k,
n=i+j+2k, x+y+22=56
(b) r(t)=2i+2j+k+t(i+j+2K),2(t) =2+t y(t) =2+1,2(t) =1+ 2t

(c) cosf = n-k Q 0 ~ 35.26°

o V3’

(@) flx,y,2) =22 —yz3+y2z%, n=Vf(2,—1,1) = i + 3k; tangent plane x + 3z =5
(b) mnormal linex =2+t y=-1,2=1+3t

n-k 3
(c) cosf=———=—=,0~18.43°
[ml| V10
Set f(z,y) =2+ — 2%y — 1), then f(z,y,2) =0,n=+Vf(3,51) = +(i—j— 19k),
1
unit vectors + i—j—19k
L )
1
x,y,2z) =sinxz —4cosyz, Vf(m,m, 1) = —1 — wk; unit vectors +———=(i + 7k

f(x,y,2) = 22 + y? + 22, if (20,0, 20) is on the sphere then Vf (xq,v0,20) = 2 (zoi + yoj + 20k)
is normal to the sphere at (zo, Yo, 20), the normal line is z = z¢ + zot, ¥y = yo + Yot, 2 = 20 + 2ot
which passes through the origin when ¢t = —1.

f(x,y,2) = 222 + 3y? + 422, if (x0, Yo, 20) is on the ellipsoid then

Vf(xo,y0,20) = 2 (2xoi + 3yoj + 420k) is normal there and hence so is n1 = 2xoi + 3yoj + 420k;
n; must be parallel to ny, = i — 2j + 3k which is normal to the given plane so n; = cny
for some constant ¢. Equate corresponding components to get xg = ¢/2, yo = —2¢/3, and
2o = 3c¢/4; substitute into the equation of the ellipsoid yields 2 (¢?/4) +3 (4¢%/9) +4 (9¢2/16) = 9,
¢® = 108/49, ¢ = +6v/3/7. The points on the ellipsoid are (3v/3/7,—4v/3/7,9v/3/14) and
(—3V3/7,4V/3/7,-9V3/14).

f(x,y,2) = 2% +y? — 22, if (20,90, 20) is on the surface then V f (zo, Yo, 20) = 2 (zoi + yoj — 20k)
is normal there and hence so is ny = zgi + yoj — zok; n; must be parallel to PQ = 3i + 2j — 2k so
n; = ¢ PQ for some constant ¢. Equate components to get o = 3¢, yo = 2¢ and zg = 2¢ which
when substituted into the equation of the surface yields 9¢? 4+ 4¢? —4c®? =1, 2 = 1/9, ¢ = £1/3
so the points are (1,2/3,2/3) and (—1,—2/3,—-2/3).

filx,y,2) =222 +3y? + 22, fa(w,y,2) = 22 + y? + 2% — 62 — 8y — 8z + 24,
n; = Vf1<1, 1,2) =4i+ 6J +4k, ny, = Vfg(l, 1,2) = —4i— 6J — 41{, n; = —1ns SO N and g are
parallel.
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23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

n; =2i—2j—k,n, =2i —8j+ 4k, n; x np = —16i — 10j — 12k is tangent to the line, so
x(t) =1+ 8t y(t) =—-145t2(t) =2+ 6t

4, 3
f(zyy,2) = /22 +y?2—2,n; =V f(4,3,5) = gi—i—gj—k,ng = i+2j+2k, ny xny = (16i—13j+5k)/5

is tangent to the line, z(t) = 4 + 16¢,y(t) = 3 — 13¢,2(¢t) = 5 + 5t

f(x,y,Z) = x2 +Z2 - 257 g($7y72) = y2 +22 _257111 = Vf(3,—374) = 6i+8ka
ny; = Vg(3,-3,4) = —6j + 8k, n; x ny = 48i — 48j — 36k is tangent to the line,
x(t) =3+4t,y(t) = -3 —4t,2(t) =4 — 3t

(@) flz.y.2)=2-8+2"+y’g(z,y.2) =4v+ 2 —zm =4j+kny =4i+2j - k,
n; X ng = —6i + 4j — 16k is tangent to the line, x(¢t) = 3t,y(¢t) =2 — 2¢,2(t) =4 + 8t

Use implicit differentiation to get 9z/0x = —cx/ (a’z), 0z/0y = —c*y/ (b*z). At (w0,¥0, 20),

zo # 0, a normal to the surface is — [c2mo/ (azzo)] i— [czyo/ (bQZo)}j — k so the tangent plane is

2 2 2,2 2,2 2 2 2
_¢7o —%y— :_ch_M_ZO Lot , Yoy 202 To Yo 20 _
a2z b2z a?zg b2z T a2 b2 c2 a2 b2 2

0z/0z = 2x/a®, 0z/dy = 2y/b?. At (z0,Yo,20) the vector (2z¢/a?)i+ (2yo/b*)j — k is normal
to the surface so the tangent plane is (2z0/a?) = + (2y0/b%) y — z = 223 /a* + 2y /b* — 2o, but
20 = x3/a® + y2/b? so (2960/(12) x+ (2y0/b2) y— 2z =2z — 20 = 20, 2w0x/a® + 2yoy/b* = 2 + 2o

ny = fy (2o, y0) i+ fy (%0, y0) j — k and ny = g, (z0, yo) i+gy (20, yo) j — k are normal, respectively,
to z = f(x,y) and z = g(z,y) at P; n; and ny are perpendicular if and only if n; - np = 0,
fz (20, 90) 92 (20, y0) + fy (%0, Y0) gy (T0,90) + 1 =0,

Jz (20, 90) 9= (20, %0) + [y (20, %0) gy (%0, y0) = —1.

. . Zo . Yo . .. Zo . Yo .
nm=fi+fij-k= i+ j —k; similarly ny = — i— j—k;
Vag+vs Vgt Vag+us Vgt
since a normal to the sphere is N = zoi + yoj + 20k, and n; - N = x% + y% —2p=0,

ny - N =—/23 + y2 — 20 = 0, the result follows.

Vf=fd+ fyj+ fzk and Vg = g,i+ g,j + ¢-k evaluated at (xg,yo, 20) are normal, respectively,
to the surfaces f(z,y,2) = 0 and g(z,y,2) = 0 at (zg, %0, 20). The surfaces are orthogonal at
(%0,Y0, z0) if and only if Vf - Vg =050 fr9, + fygy + f-9. = 0.

fyy,2) =2 +y2 + 22 —a®> =0,9(x,y,2) = 2% —2? —y? = 0,

fugs + fygy + f.9: = —4a? _43/2 +42% = 49($7y72) =0

k k
a2’ ab?’
normal to the surface so the tangent plane is bkx + aky + a?b?z = 3abk. The plane cuts the z,

k k
z = —; at a point (a,b,b> on the surface, <— —1> and hence <bk,ak,a2b2> is
Ty a

3k
y, and z-axes at the points 3a, 3b, and e respectively, so the volume of the tetrahedron that is
a

1/ 3k 1
formed is V = 3 (31)> |:2(3a)(3b):| = gk, which does not depend on a and b.
a
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EXERCISE SET 14.8
1. (a) minimum at (2, —1), no maxima (b) maximum at (0,0), no minima
(c) no maxima or minima

2. (a) maximum at (—1,5), no minima (b) no maxima or minima

(c¢) no maxima or minima
3. f(z,y) = (z —3)?+ (y +2)?, minimum at (3, —2), no maxima
4. f(z,y) = —(x+1)?2 = 2(y — 1) + 4, maximum at (—1,1), no minima

5. fo =6zx+2y =0, f, = 2z + 2y = 0; critical point (0,0); D = 8 > 0 and f,; = 6 > 0 at (0,0),
relative minimum.

6. f,=322-3y=0, f, = -3z — 3y? = 0; critical points (0,0) and (—1,1); D = —9 < 0 at (0,0),
saddle point; D =27 > 0 and f,, = —6 < 0 at (—1,1), relative maximum.

7. fo=2z—2z2y=0, f, =4y — 2® = 0; critical points (0,0) and (£2,1); D=8 >0and f,; =2 >0
at (0,0), relative minimum; D = —16 < 0 at (£2, 1), saddle points.

8. fy,=32?>-3=0, f, = 3y* — 3 = 0; critical points (—1,+1) and (1,+1); D = —36 < 0 at (—1,1)
and (1,—1), saddle points; D = 36 > 0 and f,, = 6 > 0 at (1,1), relative minimum; D = 36 > 0
and fyr = —36 <0 at (—1,—1), relative maximum.

9. fo=y+2=0, f, =2y +x+ 3 =0; critical point (1,—-2); D = —1 <0 at (1, —2), saddle point.

10. f,=2x+y—2=0, f, =x —2 = 0; critical point (2, —2); D = —1 < 0 at (2, —2), saddle point.

11. f, =22x+y—3=0, f, =+ 2y = 0; critical point (2,—1); D =3 > 0 and fz,; =2 > 0 at (2, 1),
relative minimum.

12. f, =y—322 =0, f, = — 2y = 0; critical points (0,0) and (1/6,1/12); D = —1 < 0 at (0,0),
saddle point; D =1 > 0 and f,, = —1 <0 at (1/6,1/12), relative maximum.

13. f, =2z —2/(2%y) =0, f, =2y — 2/ (zy?) = 0; critical points (—1,—1) and (1,1); D =32 > 0
and f;, =6 >0at (—1,—1) and (1, 1), relative minima.

14. f, =eY =0 is impossible, no critical points.
15. f,=2x=0, f, =1 —e¥ = 0; critical point (0,0); D = —2 < 0 at (0,0), saddle point.

16. f,=y—2/22 =0, f, = x — 4/y* = 0; critical point (1,2); D =3 >0 and f,, = 4 > 0 at (1,2),
relative minimum.

17. fy=¢€"siny =0, f, =e“cosy =0, siny = cosy = 0 is impossible, no critical points.
18. f, =ycosz =0, f, =sinz =0; sinz =0 if £ = nw for n = 0,%1,%2,... and cosx # 0 for these

values of x so y = 0; critical points (nm,0) for n = 0,£1,42,...; D = —1 < 0 at (nx,0), saddle
points.

19. f, = —-2(z+ l)e_(zz+y2+2z) =0, f, = —2ye_(z2+y2+2x) = 0; critical point (—1,0); D = 4e? > 0
and f,. = —2e < 0 at (—1,0), relative maximum.
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20.

21.

22,

23.

24.

25.

26.

fe=y—a®/2®> =0, f, =z —b3/y* = 0; critical point ((12/177 bz/a); if ab > 0 then D =3 > 0 and
fow =2b%/a® > 0 at (a?/b,b%/a), relative minimum; if ab < 0 then D = 3 > 0 and

fow =2b%/a® < 0 at (a®/b,b%/a), relative maximum.

l‘\)
|
—_
ok
—_
N B

(4 —4y)i— (42 —4y®)j =0 when 2 = y,z = 9%, s0x =y =0or v =y = +1. At
(0,0), D = —16, a saddle point; at (1,1) and (—1,—1),D =32 > 0, f,, = 4, a relative minimum.

Z% —
“

Vf = (2y? — 2xy + 4y)i + (4oy — 2% + 47)j = 0 when 2y? — 22y + 4y = 0,42y — 22 + 4o = 0, with
solutions (0, 0), (0,—2), (4,0),(4/3,—-2/3). At (0,0), D = —16, a saddle point. At (0, —2),

D = —16, a saddle point. At (4,0), D = —16, a saddle point. At (4/3,—2/3),D = 16/3,

fez =4/3 > 0, a relative minimum.

(a) critical point (0,0); D =0
(b) £(0,0) =0, 2* +y* > 0so0 f(z,y) > £(0,0), relative minimum.

(a) critical point (0,0); D =0

(b) The trace of the surface on the plane x = 0 has equation z = —y*, which has a maximum
at (0,0,0); the trace of the surface on the plane y = 0 has equation z = x*, which has a
minimum at (0,0, 0).

(a) fo=3e¥—3z*=3(e¥ —2?) =0, f, = 3we?¥ —3e% =3e¥ (x — e?¥) =0, e = 22 and

e =z, 2t =12 (x3 — 1) = 0sox =0, 1; critical point (1,0); D =27 > 0 and f,, = —6 <0
at (1,0), relative maximum.

(b) lim f(z,0)= lim (3z — 2* — 1) = +00 so no absolute maximum.

fo = 8xe¥ — 823 = 8x(e¥ — 22) =0, f, = 42%e¥ — 4e?¥ = 4e¥(2? — %) = 0, 2% = ¢¥ and
2?2 =e%, e =Y, e?Y = 1,50 y = 0 and x = £1; critical points (1,0) and (—=1,0). D = 128 > 0
and f,., = —16 < 0 at both points so a relative maximum occurs at each one.
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27.

28.

29.

30.

31.

Chapter 14

f:=y—1=0, f, =« — 3 =0; critical point (3,1).

Along y =0: wu(x) = —z; no critical points,
along x =0: wv(y) = —3y; no critical points,
4 4, 27 . .
along y = —5 +4: w(x)= —E% + i 12; critical point (27/8,13/10).
(z.y) | (3,1) ] (0,0) | (5,0) | (0,4) | (27/8,13/10)
Fxy) | -3 | 0 | —5 | —12 | —231/80

Absolute maximum value is 0, absolute minimum value is —12.

fa=y—2=0, f, = x = 0; critical point (0,2), but (0,2) is not in the interior of R.
Along y =0: wu(x) = —2z; no critical points,
along x =0: wv(y) = 0; no critical points,

alongy=4—z: w(x) =2z — 2%

(z,y) |(0,0) ](0,4) | (4,0) | (1
f(z,y) 0 0 -8

critical point (1, 3).

3)

fu—y

Absolute maximum value is 1, absolute minimum value is —8.

fz=22—-2=0, f, = —6y + 6 = 0; critical point (1,1).
Along y = 0: wuy(x) = 22 — 2x; critical point (1,0),
o(z) = % — 2x; critical point (1,2)
along x =0: wv(y —3y? + 6y; critical point (0, 1),
(

) =
along =2 : w(y) = —3y? + 6y; critical point (2, 1)
(1,

along y = 2:

<

(z,y) | ( 1) (1,0) | (1,2) | (0,1) | (2,1) | (0,0) | (0,2) | (2,0) | (2,2)
7z, y) 1| -1 ] 3 3 0 0 0 0
Absolute maximum value is 3, absolute minimum value is —1.
fo=¢€Y—=20=0, f, =ze¥ —e¥ = e¥Y(x — 1) = 0; critical point (1,In2).
Along y =0: wuy(z) =2 — 2% — 1; critical point (1/2,0),
along y =1: wug(x) = ex — 2% — ¢; critical point (e/2,1),
along x =0: wvy(y) = —e¥; no critical points,
along x = 2: wy(y) = e¥ — 4; no critical points.
(z,y) |(0,0)](0,1)](2,1)](2,0) | (1,In2) | (1/2,0) (¢/2,1)
flz,y) | —1 —e |e—4] -3 -1 —3/4 |e(e—4)/4~ —0.87

Absolute maximum value is —3/4, absolute minimum value is —3.

fe =2x—1=0, f, =4y = 0; critical point (1/2,0).
Along 22 +9? =4 :y?> =4—2% u(z) = 8 —x — 22 for —2 < x < 2; critical points (—1/2,4+1/15/2).

(z,y) | (1/2,0) | (=1/2,v15/2) | (=1/2,—v/15/2) | (—2,0) | (2,0)
flx,y)| —1/4 33/4 33/4 6 2

Absolute maximum value is 33/4, absolute minimum value is —1/4.
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32.

33.

34.

35.

36.

37.

38.

39.

fz =y*> =0, f, = 2xy = 0; no critical points in the interior of R.
Along y =0: wu(z) = 0; no critical points,
along x = 0: wv(y) = 0; no critical points

along 22 +y?> =1: w(z) = — 23 for 0 <z < 1; critical point (1/\/§, \/2/3) .

@y [ 0.0 0] 0] (1/v327)
flz,y) | 0 0 0 2v/3/9

2
Absolute maximum value is 6\/§, absolute minimum value is 0.

Maximize P = zyz subject to x +y+2 =48, 2 > 0,y >0, 2 > 0. z =48 -z —y so
P =xy(48 —x —y) = 48zy — 2%y — xy?, P, = 48y — 2zy — y?> =0, P, = 48z — 2® — 22y = 0. But
x#0and y#0s048 —2x —y =0 and 48 — x — 2y = 0; critical point (16,16). Py, Py — P2, >0
and P, < 0 at (16,16), relative maximum. z = 16 when x = y = 16, the product is maximum for
the numbers 16,16,16.

Minimize S = 22 + y? + 2% subject tox +y+2 =27, 2 >0,y >0, 2> 0. 2 =27 —x —y s0
S=z?+y*+ (21 —2—y)% S, =4z +2y—54 =0, S, = 2z + 4y — 54 = 0; critical point (9,9);
SuzSyy — Sgy =12> 0 and S;; =4 > 0 at (9,9), relative minimum. z = 9 when z =y = 9, the
sum of the squares is minimum for the numbers 9,9,9.

Maximize w = xy?z% subject to x +y +2 =5, 2 >0,y >0, 2 > 0. 2 =5—y — 2 so

w=(5—y—2)y*2? =5y?2? — y?22 — 223, w, = 10yz? — 3y?2? — 2yz3 = y22(10 — 3y — 22) = 0,
w, = 10y%2 — 232 — 3y%2% = y?2(10 — 2y — 32) = 0, 10 — 3y — 22 = 0 and 10 — 2y — 3z = 0; critical
point when y = 2z = 2; wy,w,, — wiz =320 > 0 and wyy = —24 < 0 when y = z = 2, relative
maximum. z = 1 when y = z = 2, ry?2? is maximum at (1,2,2).

Minimize w = D? = 22 + y? + 22 subject to #? —yz = 5. 22 =5+ yzso w = 5 +yz +y* + 22,
wy = 2+ 2y =0, w, = y+ 2z = 0; critical point when y = z = 0; wyyw,, — wzz =3 >0 and
Wyy = 2 > 0 when y = z = 0, relative minimum. 2?2 =5, x = /5 when y = z = 0. The points
(i\/g, 0, O) are closest to the origin.

The diagonal of the box must equal the diameter of the sphere, thus we maximize V = xyz or, for
convenience, w = V2 = x2y%22 subject to 22 +y%+22 = 4a?, 2 >0, y > 0, 2 > 0; 22 = da?—a?—y?
hence w = 4a?z%y* —xty? — 2%y, w, = 2zy*(4a® —22% —y?) = 0, w, = 22%y (4a2 —z2 - 2y2) =0,
4a? — 222 — y? = 0 and 4a? — 22 — 2y = 0; critical point (2a/\/§, 2a/\/§) ;

4096 128
W Wyy — wgy = 277a8 > 0 and wg, = —Ta‘L < 0 at (2a/\/§, 2a/\/§), relative maximum.
z = 2a/+/3 when x = y = 2a/+/3, the dimensions of the box of maximum volume are

2a/\/§, 2a/\/§, 2a/\/§.

Maximize V = xyz subject toz+y+2z=1,2 >0,y >0,2>0. z=1—-z—yso V = zy—2?y—zy?,
Ve=y(1-22—y)=0,V,=2(l—-2—-2y)=0,1-2z—y=0and 1 —z— 2y = 0; critical point
(1/3,1/3); VaaViyy — V2, = 1/3 > 0 and Vi, = —2/3 < 0 at (1/3,1/3), relative maximum. The

maximum volume is V' = (1/3)(1/3)(1/3) = 1/27.

Let z, y, and z be, respectively, the length, width, and height of the box. Minimize

C =10(2zy) + 5(2zz + 2yz) = 10(2zy + xz + yz) subject to xyz = 16. z = 16/(zy)

so C' =20(zy + 8/y + 8/x), C = 20(y — 8/x2) =0, Cy, = 20(z — 8/y?) = 0;

critical point (2,2); CprCyy — C2,, = 1200 > 0

and C,; = 40 > 0 at (2,2), relative minimum. z = 4 when x = y = 2. The cost of materials is
minimum if the length and width are 2 ft and the height is 4 ft.
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40.

41.

42,

43.

44.

45.
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Maximize the profit P = 500(y — x)(x — 40) + [45,000 + 500(x — 2y)](y — 60)
= 500(—22 — 2y + 22y — 20 + 170y — 5400).
P, = 1000(—z +y — 10) = 0, P, = 1000(—2y + = + 85) = 0; critical point (65,75);
PoPyy — P2, = 1,000,000 > 0 and P,, = —1000 < 0 at (65,75), relative maximum. The profit

zy
will be maximum when x = 65 and y = 75.

(a) =0:f(0,y) = —3y?, minimum —3, maximum 0;
0
r=1,f(1,y) =4 — 3y* + 2y, a—f(l,y) =—6y+2=0at y=1/3, minimum 3,
Y
maximum 13/3;

y =0, f(x,0) = 42, minimum 0, maximum 4;

y=1,f(z,1) = 42?422 3, g—f(x,l) =8x+4+2# 0 for 0 <z < 1, minimum —3, maximum 3
x

d
(b) f(x,z) = 322, minimum 0, maximum 3; f(x,1—z) = —22+8z—3, d—f(x7 1—z) = —2248 #0
x
for 0 < z < 1, maximum 4, minimum —3
(c¢) faolz,y) =8z +2y =0, fy(x,y) = —6y + 2z = 0, solution is (0,0), which is not an interior
point of the square, so check the sides: minimum —3, maximum 13/3.

Maximize A = absina subject to 2a +2b =¥¢, a > 0, b > 0,0 < a < 7. b= ({ —2a)/2 so
A= (1/2)(fa — 2a*)sina, A, = (1/2)(¢ — 4a)sina, A, = (a/2)(¢ — 2a) cos; sina # 0 so from
A, =0 we get a = £/4 and then from A, = 0 we get cosa = 0, a = 7/2. AggAaa—A2, =02/8>0
and Ag, = —2 < 0 when a = ¢/4 and a = 7/2, the area is maximum.

Minimize S = xy + 2xz + 2yz subject to xyz =V, x > 0, y > 0, z > 0 where z, y, and z are,
respectively, the length, width, and height of the box. z = V/(zy) so S = xy + 2V/y + 2V/z,
Sy =y—2V/2* =0, S, =z — 2V/y? = 0; critical point (V2V,V2V); SeaSyy — Szy =3>0and
Szz = 2 > 0 at this point so there is a relative minimum there. The length and width are each

V2V, the height is z = V2V /2.

The altitude of the trapezoid is z sin ¢ and the lengths of the lower and upper bases are, respectively,
27 — 2x and 27 — 2x + 2x cos ¢ so we want to maximize

A= (1/2)(zsin¢)[(27 — 2z) + (27 — 2z + 2w cos ¢)] = 27z sin ¢ — 222 sin ¢ + 22 sin ¢ cos ¢.

A, = sin ¢(27 — 4x + 22 cos @),

Ay = x(27cos ¢ — 2x cos ¢ — xsin® ¢ + x cos? ¢) = x(27 cos ¢ — 2z cos ¢ + 2z cos? ¢ — ).

sin ¢ # 0 so from A, = 0 we get cos ¢ = (4o —27)/(2z), x # 0 so from Ay = 0 we get

(27 — 2z + 2x cos ) cos ¢ — x = 0 which, for cos¢ = (4o — 27)/(2z), yields 4o — 27 — z = 0,
x=29. If x =9 then cos¢ = 1/2, $ = 7/3. The critical point occurs when = = 9 and ¢ = 7/3;
ApaAgy — A2, =T729/2 > 0 and A, = —3v/3/2 < 0 there, the area is maximum when z = 9 and
¢ =m/3.

(a) g—i = zn:Q(mxi +b—y)x; =2 (mim?—!—bixi - ix1y1> =0 if
i=1 i=1 i=1 i=1

(Zﬁ) m+ (Z%) b= Zziyiy

i=1 i=1 i=1

% :iQ(mxiqufyi) =2 (mixi+bniyi> =0if (i%) ernb:iyi
i=1 i=1 i=1 i=1 i=1
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46.

47.

48.

49.

50.

51.

M:

(b) Z ; (x?—Qfmi—kfz):zn:x?—Q;Ezn:mi—l—mEQ
i=1 i=1

R

n n 2
z2 — = <Zx1> >0 so nsz— <Zx1>
i=1 i=1

.
Il
-

Ms nmz

1

This is an equality if and only if Z(IZ —z)? = 0, which means x; = Z for each 1.
i=1

(c) The system of equations Am+ Bb = C, Dm+ Eb = F' in the unknowns m and b has a unique

. . . . CE — BF F—Dm )
solution provided AF # BD, and if so the solution is m = AE_BD’ b= R which
after the appropriate substitution yields the desired result.

n n
(a) Imm :221312’ Gob = 21, Gmb :221'1'7

i=1 i=1

2
n n

D:gmmgbb—gfnbzél an?—(Z:&) > 0 and gymm > 0
i=1 i=1

(b) g(m,Dd) is of the second-degree in m and b so the graph of z = g(m, b) is a quadric surface.

(¢) The function z = g(m,b), as a function of m and b, has only one critical point, found in
Exercise 47, and tends to +oco as either |m| or |b| tends to infinity, since g, and gy, are
both positive. Thus the only critical point must be a minimum.

3 3 3 3 3 19
n:3,in:3,Zyi:7,inyi:13,Zx§:11,y 43:—&—5
i=1 i=1 i=1 i=1

3 24 24 24 36 14
3 =1 =1 i=1

4 4 4

4
D ai=10,> 5 =82, a7 =30, wy; =23,n=4;m=05b=08, y=05r+08.
i=1 =1 =1 i=1

5 5 5 5
> wi=15> yi =151, a7 =553 wy; =39.8,n="5m = —0.55,b=4.67,y = 4.67—0.55z

i=1

8843 57
= ——+ —t~63.164 285t b
(a) vy 120 T 200 63.1643 + 0.285 (b)
0(1930) X
6
2909
(¢) y=—— ~83.1143

35
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52. (a) y~119.84 —1.13z (b) 9

35 /50
60

(c) about 52 units

2798 171
53. P=—+_—T~133.2381 488671 b 190
(a) ST+ 5ep ]~ 183.2381 + 0.4886 (b)
/120
139,900
(c) N ———— ~ —272.7096° C

513
54. (a) for example, z =y
yifo<az<l,0<y<l1

(b) For example,on 0 <z <1,0<y<1let z=
1/2 if x=0,10ry=0,1

55. f(zo,y0) > f(z,y) for all (z,y) inside a circle centered at (xg,yo) by virtue of Definition 14.8.1.
If r is the radius of the circle, then in particular f (zg,y0) > f (x,yo) for all z satisfying
|z — 29| < r so f(z,yp) has a relative maximum at xy. The proof is similar for the function

f(zo,9).

EXERCISE SET 14.9

1. (a) a2y =4 is tangent to the line, so the maximum value of f is 4.
(b) xy = 2 intersects the curve and so gives a smaller value of f.
(c) Maximize f(x,y) = xy subject to the constraint g(x,y) = +y—4=0,Vf = AVyg,
yi+xj = A(i+j), so solve the equations y = A\, = X\ with solution x =y = A\, but x +y = 4,
so z = y = 2, and the maximum value of f is f = zy = 4.

2. (a) 22+ y? =25 is tangent to the line at (3,4), so the minimum value of f is 25.

(b) A larger value of f yields a circle of a larger radius, and hence intersects the line.

(c) Minimize f(x,y) = 2 + y? subject to the constraint g(z,y) = 3z +4y — 25 =0, Vf = AVg,
2zi+2yj = 3Ai+4)]j, so solve 2z = 3\, 2y = 4\ and 3x+4y—25 = 0; solution is x = 3,y = 4,
minimum = 25.

3. (a) 15 (b) one extremum at (0,5) and one at
approximately (£5,0), so minimum
315 value —5, maximum value ~ 25

=315

=27
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(c) Find the minimum and maximum values of f(z,y) = 2% — y subject to the constraint
g(z,y) =22 +y?> —25=0,Vf = A\Vg, 2ri — j = 2\zi + 2)\yj, so solve
20 = 2\x, —1 = 2y, 22 + 32 — 25 = 0. If x = 0 then y = £5, f = F5, and if 2 # 0 then
A=1l,y=—-1/2,2> =25-1/4=99/4, f =99/4 +1/2 = 101 /4, so the maximum value of f
is 101/4 at (£3+v/11/2, —1/2) and the minimum value of f is —5 at (0, 5).

(b) f=15

S = N W R

|
0 1 2 3 4 5 6

(d) Set f(z,y) = 23 +y® — 3y, g(z,y) = (x — 4)? + (y — 4)? — 4; minimize f subject to the
constraint g =0: Vf = Ag, (322 —3y)i+ (3y? — 3z)j = 2\(z — 4)i+ 2\ (y — 4)j, so solve (use
a CAS) 322 — 3y = 2\ (v —4),3y*> — 32 = 2\(y —4) and (v —4)? + (y — 4)? — 4 = 0; minimum
value f = 14.52 at (2.5858, 2.5858)

5. y = 8x\, x = 16y\; y/(8z) = z/(16y), x> = 2y? so 4 (2y2) +8y2 =16, y2 =1, y = £1. Test
(£v2,—1) and (£v2,1). f(=v2,-1) = F(V2,1) = V2, f(=V2,1) = f(V2,-1) = V2.
Maximum /2 at (—\/i, —1) and (\/i7 1), minimum —+/2 at (—\@, 1) and (\@, —1).

6. 2x = 2x\ 2y =2y\, 22 +y? =25 Ifz #0then A\ =1and y = 0 so 22 + 0% = 25, z = +5.
If x = 0 then 02 + y? = 25, y = 5. Test (£5,0) and (0,45): f(£5,0) = 25, £(0,+5) = —25,
maximum 25 at (£5,0), minimum —25 at (0, £5).

7. 1222 = 4x), 2y = 2y\. If y # 0 then A = 1 and 1222 = 4z, 122(z —1/3) =0,z =0orz = 1/3
so from 222 + y? = 1 we find that y = £1 when z = 0, y = +v/7/3 when =z = 1/3. If y = 0
then 222 + (0)> = 1, = = £1/v2. Test (0,£1), (1/3,£V7/3), and (£1/v/2,0). f(0,£1) = 1,
f(1/3,£V7/3) = 25/27, f(1/v2,0) = V2, f(-1/V2,0) = —v2. Maximum 2 at (1/v/2,0),
minimum —v/2 at (—1/\/5, O).

8. 1=2z\ -3 =06y)\ 1/(22) = —1/(2y), y = —x so 22 + 3(—x)? = 16, z = +2. Test (—2,2) and
(2,-2). f(—2,2) = -9, f(2,—2) = 7. Maximum 7 at (2, —2), minimum —9 at (—2,2).

9. 2=2z\1=2y\ —2=22X; 1/ =1/(2y) = —1/z thus x = 2y, z = —2y so
(2y)2 +y? + (—2y)% =4, y?> = 4/9, y = £2/3. Test (—4/3,-2/3,4/3) and (4/3,2/3,—4/3).
f(—4/3,-2/3,4/3) = —6, f(4/3,2/3,—4/3) = 6. Maximum 6 at (4/3,2/3,—4/3), minimum —6
at (—4/3,-2/3,4/3).

10. 3 =4z) 6 =8y 2=2zX; 3/(4x) =3/(4y) = 1/z thus y = x, z = 42/3, so
222 + 422 + (42/3)? =70, 2% = 9, x = +3. Test (-3, -3, —4) and (3,3,4).
f(=3,-3,—4) = =35, f(3,3,4) = 35. Maximum 35 at (3, 3, 4), minimum —35 at (—3, -3, —4).

11. yz = 22\, 22 = 2y\, vy = 2z yz/(22) = 22/(2y) = zy/(2z) thus y? = 22, 22 = 22 so
2?2 + 224+ 2% =1, 2 = £1/v/3. Test the eight possibilities with z = +1/v/3, y = £1//3, and
z = £1/V/3 to find the maximum is 1/ (3v/3) at (1/v/3,1/v3,1/V3), (1/v3,-1/V3,-1/V3),
(-1/v3,1/v/3,-1/V/3), and (—1/v/3,-1/v/3,1/V/3); the minimum is —1/ (3v/3) at
(1/v3,1/v3,-1/V3), (1/v3,-1/v3,1/V3), (-1/V3,1/v/3,1/V3), and (—1/V3,-1/V3,-1/V3).
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12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

Chapter 14

4a3 = 201, 4y = 2y, 42% = 2)z; if & (or y or 2) # 0 then A\ = 222 (or 2y? or 222).
Assume for the moment that |z| < |y| < |z|. Then:
Case I: 9,2 #0s0 A =222 =2y =222 0 =4y = +2, 322 = 1,0 = +1//3,

flzy,2) =3/9=1/3
Case II: o =0,y,2 #0; then y = +2,2y> = 1,y = +2 = £1/V2, f(z,y,2) =2/4=1/2
Case IIl: z =y =0,2 #0; then 22 = 1,2 = +1, f(x,y,2) = 1
Thus f has a maximum value of 1 at (0,0, £1),(0,£1,0), and (£1,0,0) and a minimum value of

1/3 at (£1/v3,+1/V/3,£1/1/3).

flo,y) = 22 + 9% 20 = 2\, 2y = —4X\; y = —2x so 2z — 4(—2x) = 3, x = 3/10. The point is
(3/10,—3/5).

flxy)=(x—4°4+wy—-2% g(x,y) =y—20—-3;2@x—4) = —2X,2(y—-2) =\ o —4=-2(y—2),
r=-2y+8s0y=2(—2y+8)+3, y=19/5. The point is (2/5,19/5).

flr,y,z) =2+ + 2% 20 =\, 2y =2\, 22 =\;y=2x, z=xs0ox+202z)+x=1,2=1/6.
The point is (1/6,1/3,1/6).

flzy,2)=(2 -1 +@w+1)?+(z-1%2x 1) =4\, 2y +1) =3\, 2(z - 1) = \; x = 42 — 3,
y=3z—4s04(42—-3)+3(32—4)+2=2, z=1. The point is (1,-1,1).

flr,y) = (= 1%+ (y—2)% 2 —1) = 22X\, 2(y —2) = 2y\; (x — 1) /ox = (y — 2)Jy, y = 22
so 22 + (22)% = 45, x = £3. f(—3,—6) = 80 and f(3,6) = 20 so (3,6) is closest and (—3, —6) is
farthest.

flo,y,2) = 22 +y? + 2% 22 = y\, 2y = @)\, 22 = —22z)\. If 2 # 0 then A = —1 so 2z = —y and
2y = —x, x = y = 0; substitute into xy — 22 = 1 to get 22 = —1 which has no real solution. If
z =0 then 2y — (0)2 = 1, y = 1/z, and also (from 2z = y\ and 2y = x)\), 2z /y = 2y/x, y* = 2*
so (1/x)? = 22, 2* = 1, x = £1. Test (1,1,0) and (—1,—1,0) to see that they are both closest to
the origin.

flx,y,2) = x +y+ 2z, 2% +y> + 22 = 25 where x, y, and z are the components of the vector;
1 =22\ 1=2y\ 1 =22)\ 1/(22) = 1/(2y) = 1/(22); y = x, 2 = x so 2? + 22 + 2? = 25,
x==£5/V3. f(-5/V3,-5/v3,-5/V3) = —5v3 and f (5/V3,5/V3,5/V/3) = 53 so the vector
is 5(i+j+k)/V3.

2% 4+ 3% = 25 is the constraint; solve 8z — 4y = 2x\, —4x + 2y = 2y\. If x = 0 then y = 0 and
conversely; but 22 4+ y? = 25, so 2 and y are nonzero. Thus A = (4z — 2y)/x = (=2 + y)/y, so
0 =222 +3zy — 2y = (22 —y)(x +2y), hence y = 2z or x = —2y. If y = 2 then 2% + (22)% = 25,
z=+V5 If o = =2y then (—2y%) +y? =25, y = +V5. T (—V/5,-2V5) = T (V5,2V5) = 0 and
T (2\[, —\/5) =T (—2\/5, \/5) = 125. The highest temperature is 125 and the lowest is 0.

Minimize f = 22 + y? + 22 subject to g(z,y,2) =x+y+2—27=0. Vf = A\Vy,
221+ 2yj + 22k = Ai+ Aj + Ak, solution x = y = z = 9, minimum value 243

Maximize f(x,y,z) = xy?z? subject to g(x,y,2) =z +y+2—-5=0,Vf=AVg=Ai+j+k),
A =y?22 = 22y2% = 22y%2, A = 0 is impossible, hence z,y,z # 0, and z = y = 22,5z — 5 = 0,
x =1,y = z = 2, maximum value 16 at (1,2,2)

Minimize f = 22 + 3% + 22 subject to 22 — yz = 5, Vf = A\Vg,2x = 22),2y = —2\, 2z = —y\.
If \ # 42, then y = z = 0,2 = £V5,f = 5; if A\ = 42 then & = 0, and since —yz = 5,
y = —z = £/5, f = 10, thus the minimum value is 5 at (+v/5,0,0).
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24.

25.

26.

27.

28.

29.

The diagonal of the box must equal the diameter of the sphere so maximize V = xyz or, for
convenience, maximize f = V? = 224?22 subject to g(z,y, 2) = 2> +y> + 22 —4a®> = 0,Vf = \Vy,
2xy%2? = 2z, 222y2? = 2)y, 22%y%2 = 2Xz. Since V # 0 it follows that x, v, z # 0, hence

r = +y = +2,32% = 4a?, x = +2a/+/3, maximum volume 8a>/(3v/3).

Let z, y, and z be, respectively, the length, width, and height of the box. Minimize

flz,y,2z) = 10(2zy) + 5(2zz + 2yz) = 10(2zy + x2z + yz) subject to g(x,y, z) = xyz — 16 = 0,
Vf=AVg, 20y + 10z = A\yz,20x + 10z = Azz, 10z + 10y = Azy. Since V = xyz = 16, z,y,2z # 0,
thus Az = 20 + 10(z/y) = 20 + 10(z/z), so x = y. From this and 10z + 10y = Azy it follows that
20 = Az, s0 10z = 202, 2 = 20 =2y, V =223 = 16 and thus . = y = 2 ft, 2 = 4 ft, f(2,2,4) = 240
cents.

(a) Ig(x,y)=x=0then8x+2y=A—6y+2x=0;butx=0,s0y=A=0,
£(0,0) = 0 maximum, f(0,1) = —3, minimum.
If g(x,y) =2 —1=0then 8x + 2y =\, -6y + 22z =0; but x =1, so y = 1/3,
f(1,1/3) = 13/3 maximum, f(1,0) =4, f(1,1) = 3 minimum.
If g(z,y) =y =0then 8x +2y = 0,—6y + 2x = \; but y =0s0 x = X\ =0,
£(0,0) = 0 minimum, f(1,0) = 4, maximum.
If g(x,y) =y —1 =0 then 8¢ + 2y = 0, —6y + 22 = A; but y = 1 so x = —1/4, no solution,
£(0,1) = —3 minimum, f(1,1) = 3 maximum.
(b) If g(x,y) =z —y =0 then 8x + 2y = A, —6y + 22 = —\; but = = y so solution
x=y=A=0,f(0,0) =0 minimum, f(1,1) = 3 maximum. If g(z,y) =1 — 2 —y = 0 then

8x 42y = —1,—6y + 2z = —1; but  + y = 1 so solution is x = —2/13,y = 3/2 which is not
on diagonal, f(0,1) = —3 minimum, f(1,0) = 4 maximum.

Maximize A(a,b, o) = absin a subject to g(a,b,a) =2a 420 —£ =0,V (4 p.0)f = AV (05,019,
bsina = 2\, asina = 2\, abcosa = 0 with solution a = b (= ¢/4), & = 7/2 maximum value if
parallelogram is a square.

Minimize f(z,y,z) = 2y + 2zz + 2yz subject to g(x,y,2) =axyz —V =0,V f = A\Vg,
y+ 2z = Ayz,x + 2z = Axz,2x + 2y = Azy; A = 0 leads to x = y = z = 0, impossible, so solve for
AN=1/z+2/x=1/2z+2/y=2/y+2/z,s0 x =y = 2z,2> = 2V, minimum value 3(2V)?/?

(a) Maximize f(«,3,7) = cosacos(cosy subject to g(a, B,7) =a+ S +v—7 =0,
Vf=AVg,—sinacosfcosy =\, —cosasinfcosy = A, — cosacos Fsiny = A with solution
a = f =+ =m/3, maximum value 1/8

(b) for example, f(a, 3) = cosacos [ cos(m —a — f3)
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30.

Find maxima and minima z = 22 + 4y subject to the constraint g(z,y) = 2% + 3% — 1 =0,
Vz = AVg,2zi + 8yj = 2)\zi + 2\yj, solve 22 = 2Xz, 8y = 2\y. If y #0then A=4,2=0,3> =1
and z = 22 4+ 4y?2 = 4. If y = 0 then 2 = 1 and 2z = 1, so the maximum height is obtained for

(z,y) = (0,£1),2z = 4 and the minimum height is z = 1 at (£1,0).

CHAPTER 14 SUPPLEMENTARY EXERCISES

10.

(a) They approximate the profit per unit of any additional sales of the standard or high-resolution

monitors, respectively.

(b) The rates of change with respect to the two directions = and y, and with respect to time.

2z = /22 + 32 = c implies 22 + y? = ¢2, which is the equation of a circle; 22 4+ 32 = c is also the

equation of a circle (for ¢ > 0).
3L
7 N

G

i@

Z=x2+y2

(b)  flay,2) =z—a?—y
(a) f(lny,e®) =eYIne® = xy (b) e"t*In(rs)

(a) y (b) ;
\
\

1
wy = 2z sec (22 + y2) + /Y, Way = Szysec?(z? + y?) tan(a? + y2) + §y_1/2,
1/2 1/2

1 1
wy, = 2ysec®(x? +y?) + 5:103/_ , Wyy = 8wy sec? (z® + y?) tan(z® + y?) + iy_

ﬁ —cos(z +y),

w0y = —fiy —sin(z + ), /Oy = -

ow/0x = %—y —sin(z +y), 0*w/dx* = —

ﬁ — cos(x + y) = 0*w/0z?
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11. F, = —bxz, Fpy = —62,F), = —6yz, Fyy = —62,F, = 622 — 322 — 332,
F.,=122,Fp + Fyy + F,, = =62 — 62+ 122 =0

12. f, =yz+ 2z, fmy z fzyz = 1afzyzm =0; f. =2y — (1/2)7fzz =Y, frax = Oafzz:cy =0

10T
13. P=—
(a) V ?
dP oOPdT 0PdV 10 10T 30 30
— = 4 T =_—-.3—-"—.0="—=-"—=12 N/(m?min) = 12 Pa/mi
& oTd Tava vV ST Ve V25 /(m*min) a/min
dP 0OPdT 0PdV 10 10T 30T 30-50
T g (—3) =2 = — 240 P
®) G =ara Tawva v vz (=37 = aae a/min
0 0
14. (a) z=1-—19? slope = a—;:—Zyzél (b) z:1—4x2,a—i = —8r = —8
15. 2t -2 +y— 23y = (2® —1)(z —y), limit = —1, not defined on the line y = = so not continuous at
(0,0)
16. L_?f =2? —y? limit = lim (2% —y?) = 0, continuous
2 + 92 (z,5)—(0,0)
1 1 2 V2 1
17. Use the unit vectors u={(—,—),v=(0,—-1),w=(——,——) = ——=u+ —=v, so that
(\/5 \/5> (0,-1) ( 7 \/5> Ay
V2 1 V2 1 7
Dyf=—=Duf+ —Dvf=—"22V24+ —(-3) = ———
f 7 f NG f NG \/5( ) NG

18. (a) n = zi+z,j—k=_8i+8j—k, tangent plane 8z + 8y — z = 4+ 81In2, normal line
x(t) =148t y(t) =In2+8t,2(t) =4 —t

(b) n = 3i+ 10j — 14k, tangent plane 3z + 10y — 14z = 30, normal line
z(t) =2+ 3t,y(t) = 1 + 10t, 2(t) = —1 — 14¢

19. The origin is not such a point, so assume that the normal line at (xo,yo,20) # (0,0,0) passes
through the origin, then n = z;i+ z,j — k = —yoi — zoj — k; the line passes through the origin and
is normal to the surface if it has the form r(t) = —yoti—zotj—tk and (2o, Yo, 2z0) = (%0, Yo, 2— ZoYo)
lies on the line if —ygt = xg, —xot = Yo, —t = 2 — xoyo, with solutions zg = yy = —1,

2o =yo = 1,9 = yo = 0; thus the points are (0,0,2),(1,1,1),(—-1,—-1,1).

2 _ 2 2 _ _ _ _
20. n= 370 1/31—|—3 Yo /Bj—i—gzo 13k, tangent plane x, 1/3x+y0 1/3?4"‘20 13, = x2/3+y /3 +22/3 =1,
intercepts are x = xé/?), Yy = yé/B, z = 23/3 sum of squares of intercepts is xo/ + 4 2/3 2/3 =1

21. A tangent to the line is 6i 4+ 4j + k, a normal to the surface is n = 18zi 4 8yj — k, so solve
18x = 6k,8y = 4k, -1 =k; k=—-1, 2 =—-1/3,y=—-1/2,2=2

22. Aw = (1.1)%(—0.1) — 2(1.1)(—0.1) + (—0.1)%(1.1) — 0 = 0.11,
dw = (2zy — 2y + y*)dz + (2% — 22 + 2yx)dy = —(—0.1) = 0.1

2 1 2 1
23. dV = Jwhdr + ga*dh = $2(-0.1) + 5(0.2) = ~0.06667 m*; AV = —0.07267 m®

24. Vf=02z4+3y—6)i+Bx+6y+3)j=0if2x+3y=6,2+2y=-1,z=15,y=-8,D=3>0,
fex =2 >0, so f has a relative minimum at (15, —8).
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25.

26.

27.

28.

29.

30.

31.

Chapter 14

Vf = (2zy — 62)i + (2% — 12y)j = 0 if 22y — 62 = 0,22 — 12y = 0; if * = 0 then y = 0, and
if x # 0 then y = 3,2 = £6, thus the gradient vanishes at (0,0), (—6,3),(6,3); fzz = 0 at all
three points, f,, = —12 < 0, D = —42?, so (£6,3) are saddle points, and near the origin we write
f(x,y) = (y — 3)z? — 6y?%; since y — 3 < 0 when |y| < 3, f has a local maximum by inspection.

2 ,s0x =y =0o0rax =3,y =9; at

Vf = (832" = 3y)i— 3z —y)j = Y
,uy=9,D=9, f,., =18 > 0, relative minimum

x=y=0,D = -9, saddle point; at

8 O
=
L
Il
8]
)
Il

(a)

(a) OP/OL = cal* K8 0P/OK = cBLOKP~!
(b) the rates of change of output with respect to labor and capital equipment, respectively

(¢) K(0P/OK)+ L(OP/OL) = cBL*KP + cal®*K” = (a + B)P = P

(a) Maximize P = 1000L°5(200,000 — L)% subject to 50L + 100K = 200,000 or L = 2K = 4000.

K
= 2400, K = 800, P(2400, 800) = 1000 - 24006 - 800%4 = 1000 - 3%-6 - 800 = 800,000 - 306 ~
$1,546,545.64

(b) The value of labor is 50L = 120,000 and the value of capital is 100K = 80,000.

KO\ 04 1\ 06 9 /L
600 <L> = A, 400 (K) = 2\, L+ 2K = 4000; so 3 <> = 2, thus L = 3K,

(a) y?=8—42? find extrema of f(x) = 22(8 — 42?) = —4x* + 822 defined for V2 <z <V
Then f'(z) = —162% + 162 = 0 when o = 0,41, f”(x) = —482% + 16, so f has a relative
maximum at z = +1,y = 2 and a relative minimum at z = 0,y = +2/2. At the endpoints
r = ++/2,y = 0 we obtain the minimum f = 0 again.

(d) flx,y) = 22y2,g(x,y) = 422 + y?> — 8 = 0, Vf = 2zy%i + 22%yj = A\Vg = 8\xi + 2)\yj, so
solve 2zy? = \8xz,2z%y = A2y. If = 0 then y = +2v/2, and if y = 0 then z = +v/2. In
either case f has a relative and absolute minimum. Assume z,y # 0, then y? = 4\, 22 = ),
use g = 0 to obtain 22 = 1,z = +1,y = +2, and f = 4 is a relative and absolute maximum
at (£1,£2).

Let the first octant corner of the box be (z,y, 2), so that (z/a)? + (y/b)? + (z/c)? = 1. Maximize
V = 8zyz subject to g(z,y,2) = (x/a)? + (y/b)* + (z/c)? =1, solve VV = Vg, or
8(yzi + zzj + zyk) = (2Az/a?)i+ (2Ay/b?)j + (2Xz/c?)k, 8a’yz = 2)z, 8b2xz = 2\y, 8cxy = 2)\2.
For the maximum volume, x, 3, z # 0; divide the first equation by the second to obtain a?y? = b?z?;
the first by the third to obtain a22? = 222, and finally %22 = ¢?y?. From g = 1 get

3(xz/a)? = 1,2 = +a/V/3, and then y = +b/V/3,2 = +¢/v/3. The dimensions of the box are
2a

20
V3 VBB

and the maximum volume is 8abc/(3v/3).
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32.

33.

34.

35.

36.

37.

38.

dy 6x — by + ysec? xy dy  Iny+cos(z—y)

YW __ . b) ¥ _
(2) dx —5z 4 x sec? zy (b) dx x/y — cos(x — y)

dy _ fo &Py fy(d/dz)fs — [o(d/d)fy _ fy(fae + foy(dy/dx)) = fo(foy + fyy(dy/dz))

dv —  f, da? 12 fy

12 Iy

Denote the currents I, Iz, I3 by x, y, z respectively. Then minimize F(z,vy,2) = 2> R +y*Ra+2°R3
subject to g(z,y,2) = x+y+z—I1 =0, s0solve VF = A\Vg,2zR1i+2yRoj+2zRsk = AMi+j+ k),
1 1

A =2xR; = 2yRs = 2zR3, so the minimum value of F' occurs when Iy : [ : I3 = — : — : —.
Ri Ry R3
Solve (t—1)2/4+16e72t +(2—+/t)? = 1 for t to get t = 1.833223, 2.839844; the particle strikes the

surface at the points P; (0.83322,0.639589, 0.646034), P»(1.83984,0.233739, 0.314816). The velocity

d d d
vectors are given by v = %1 + ditl + d—jk i—4e7'j—1/(2Vt)k, and a normal to the surface is

n=V(2?/4+y?+ 2%) = x/2i + 2yj + 2zk. At the points P; these are

vy =1—0.639589j — 0.369286k, vo =i — 0.233739j + 0.296704k;

n; = 0.41661i 4+ 1.27918j + 1.29207k and ny = 0.91992i + 0.46748j + 0.62963k so
cos (v - my) /(|| vill Imi]])] = 112.3°,61.1°; the acute angles are 67.7°,61.1°.

sin(ex) — sinx
x

(a) F’(ff):/o e¥ cos(ze)dy =

(b) Use a CAS to get x = so the maximum value of F'(z) is

e+

1
P2 = / sin [ ——e¥ ) dy ~ 0.909026.
e+1 0 e+1

Let x,y, z be the lengths of the sides opposite angles «, 3,7, located at A, B, C respectively. Then
2?2 = y? + 22 — 2yzcosa and 22 = 100 + 400 — 2(10)(20)/2 = 300,z = 10+/3 and

dx_ dy dz dz dy da
235% 25—&—25 2(dtcosoz+zdtcosa yz(mna)dt)
1 1 V3w 107
=2(10)(4) +2(20)(2) — 2| 10(2)= 4+ 20(4)- — 10(20 =60+ —
(10)(4) +2(20)(2) <<>2+<>2 <>260> e

—f =3+ %, the length of BC' is increasing.

2
L] (82) = 9 (82’) dz + — g (82') @ 0z dr + 0 dy by the Chain Rule, and

(@) dt \ Oz Ox \ Ox oy \dx ) dt ~ 922 dt = Oydx dt

d % _g 0z +6 0z dy 0%z dﬁ_F@iQZ@

dt \oy) 0z \oy oy \dy ) dt ~ dzdy dt ' dy? dt
dz Ozdx  Ozdy

(b) @t owdt T Ay dt’

Po_do (Prde | 0 dy) | 0xfa dy (0% de | Pedy) | 05y
dt2  dt \oxz2dt = Oyox dt Ox dt? Oxdy dt ~ Oy? dt dy dt?

Sy

Sy




