CHAPTER 13
Vector-Valued Functions

EXERCISE SET 13.1
1. (—o00,400); r(m) = —i— 37j 2. [-1/3,4+00); r(1) = (2,1)
3. [2,+00);r(3)=-i—In3j+k 4. [-1,1); r(0) = (2,0,0)
5. r=3costi+ (t+sint)j 6. r=(2+1)i+e?j
7. r = 2ti+ 2sin 3tj + 5cos 3tk 8. r =tsinti+ Intj+ cos?tk
9. =32, y=-2 10. z =sin’t, y=1—cos2t
11. 2=2t—1,y= -3V, 2 =sin3t 12. z=te !, y=0, 2= —5¢t2

13. the line in 2-space through the point (2,0) and parallel to the vector —3i — 4j
14. the circle of radius 3 in the xy-plane, with center at the origin

15. the line in 3-space through the point (0, —3,1) and parallel to the vector 2i + 3k
16. the circle of radius 2 in the plane x = 3, with center at (3,0, 0)

17. an ellipse in the plane z = —1, center at (0,0, —1), major axis of length 6 parallel to z-axis, minor
axis of length 4 parallel to y-axis

18. a parabola in the plane z = —2, vertex at (—2,0, —1), opening upward

19. (a) The line is parallel to the vector —2i 4 3j; the slope is —3/2.

(b) y=0in the zz-planeso 1 —2t =0,t =1/2 thus x =2+ 1/2 =5/2 and z = 3(1/2) = 3/2;
the coordinates are (5/2,0,3/2).

20. (a) z=3+2t=0,1=—3/2s0y="5(—3/2) =—15/2

(b) z=t,y=1+42t, 2= —3tso 3(t) — (1+2¢t) — (—3t) = 2, t = 3/4; the point of intersection is
(3/4,5/2,-9/4).

21. y b y
(a) o (b) ah

1,0)

1,-D
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22. (a) h 2 (b) 42
(0,0, 1)
11,1
h y y
1,1,0) 1,1,0)
X X
23. r=(1-1)(3i+4j,0<t<1 24. r=(1-t)4dk+t(2i+3j),0<t<1
25. r=2 26. y=2x+10
y AY
i 10/
B A
L i )
2 -5
27. (z—-1)2%+(@y—-3)2=1 28. 2?/4+y?/25=1
y y
3,
- 1 1 1 1 1 1 X
) X
! >
20. 22—y?=1,2>1 30. y=222+4,2>0
Ay y
2+ u
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39.

40.

41.

42.

43.

44.

45.

46.

47.

49.

50.

22 +y? = (tsint)? + (tcost)? = t*(sin®t + cos?t) = t2 = 2
r—y+tz+l=t—(1+t)/t+Q-)/t+1=[t> -1 +t)+(1—t2)+t]/t=0

x =sint, y = 2cost, z = /3sint so 22 + y> + 22 = sin’t + 4cos®t + 3sin®t = 4 and z = /3x; it
is the curve of intersection of the sphere 22 + 4% + 22 = 4 and the plane z = v/3z, which is a circle
with center at (0,0,0) and radius 2.

x = 3cost, y = 3sint, z = 3sint so 22 4+ y? = 9cos®t + 9sin’¢t = 9 and z = y; it is the curve
of intersection of the circular cylinder z? + y? = 9 and the plane z = y, which is an ellipse with
major axis of length 61/2 and minor axis of length 6.

The helix makes one turn as t varies from 0 to 27 so z = ¢(27) = 3, ¢ = 3/(27).

0.2t = 10, t = 50; the helix has made one revolution when ¢ = 27 so when ¢ = 50 it has made
50/(2m) = 25/m = 7.96 revolutions.

22 +y? =t2cos?t + t2sin’t = t2, \/22 + y2 =t = z; a conical helix.
The curve wraps around an elliptic cylinder with axis along the z-axis; an elliptical helix.

(a) 1III, since the curve is a subset of the plane y = —x
(b) 1V, since only z is periodic in ¢, and y, z increase without bound
(c) T1I, since all three components are periodic in ¢

(d) 1, since the projection onto the yz-plane is a circle and the curve increases without bound in
the z-direction

(a) Let x =3cost and y = 3sint, then z = 9cos?t. (b) Z

/

X
y

The plane is parallel to a line on the surface of z

the cone and does not go through the vertex so

the curve of intersection is a parabola. Eliminate

ztoget y+2=+/22+y? (y+2)?=22+19y?%

y=a%2/4—1;let x = ¢, then y =t2/4 — 1

and z = t2/4 + 1. B
X
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51. (b) In Part (a) set x = 2t;
then y = 2/(1 + (z/2)?) = 8/(4 + 2?)
EXERCISE SET 13.2
1. 9i+6j 2. (vV2/2,V/2/2) 3. (1/3,0)
4. j 5. 2i—3j+4k 6. (3,1/2,sin2)
7. (a) continuous, }in(l) r(t) =0=r(0) (b) not continuous, 71111(1) r(t) does not exist
8. (a) not continuous, PII(I) r(t) does not exist. (b) continuous, }iné r(t) =5i—j+k =r(0)
y
- o 10. " r2m @)
! /\ L5 e 4
-2 \\/ 2
2 r'(m/4)
1
11. r'(t) =5i+ (1 —2t)j 12. r'(t) = sintj 13. r(t) = —5i+ sec? tj + 2e%'k
14. r'(t) = Li + (cost — tsint)j — Lk
’ 142 ) 2V/t
15. r'(t)= (1,2t), 16. r'(t) = 3t%i + 2tj,
r'(2)=(1,4), r'(1) = 3i+2j
r(2) = (2,4) r(1) =i+ ]
y y
(1.4) il
2 —
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17. r'(t) = secttanti + sec? tj, 18. r'(t) = 2costi — 3sintj,
PPN
r'(0)=] r’(z>=\/§i—§j
r(0)=1i 6 2
™ . 3V3.
y SHRIEE

.
N

19. r'(t) = 2 costi — 2sin tk, 20. r'(t) = —sinti + costj + k,
r'(7/2) = —2k / 1. 1.
’ P/l = — i+ ik
r(n/2)=2i+] V2 V2
1 1
(/)= J5i+ i+ %k
Z
@.1.0 Y
(%)=-2«
21. IS5 22,
0o\ 1.5
0

1
23. r'(t):2ti—¥j, r(H=2i—-j,r(1)=i+2j;z=14+2t,y=2—1t

24. r'(t) =2e?'i+6sin3tj, r'(0) =2i, vr(0) =i—2j; 2 =1+2t, y = -2

25. r/(t) = —2msin7t + 27 coswtj + 3k, v/(1/3) = —/3 i + 7j + 3k,
r(1/3) =i+ V3j+kie=1—3nt,y=+3+mrt, z=1+3t
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1 1
26. 1'(t) = Ei — e+ 3%k, 1/ (2) = 5i —e % + 12k,

1
r(2)=In2i+e?j+8k; z=1In2+ §t, y=e2—e% z=8+12t

j,t=0at Pysor'(0)=2i+ §j,

27. r'(t) =2i+ 1

3
2¢/3t +4

3
r(0)=—-i+2jr=(—i+2j) +¢ <2i+ 4j>

28. r/(t) = —4sinti — 3j, t = 7/3 at Py so r'(7/3) = —21/3i — 3j,
r(7/3) = 2i — 7j; r = (2i — 7j) + t(—2/3i — 3j)

29. r'(t) =2+ j—2tk, t = —2 at Py so r/(—2) = —4i +j + 4k,

o
(t+1)2
r(—=2)=4i+j;r=(4di+j) +¢t(—4i+j+4k)

30. r'(t) = costi+ sinhtj+ k,t=0at Pysor'(0)=i+k, r(0)=jr=ti+j+tk

b
1+41¢2
81 (a) lm(r() —r'(1) =i-j+k

(b) lim(r(t) x r'(t)) = }iH(lJ(* costi —sintj +k) = —i+k

t—0
(© lim(x(t) - ¥'(1) = 0
t 2t
32. r(t)-(r'(t)xr"(t)=| 1 2t 3t* |=2t3 s0 lim r(t)- (2'(t) x"(t)) =2
0 2 6t -

. d
33. (a) 1) =2i+6tj+3t%k, vy =4t3k, 11 -T2 =17; ﬁ(rl 1) =Tt0 =1 erh )Ty

d :
(b) ry x ro = 3t5i — 255, %(rl X 19) = 18t%1 — 10t*j = r; x rh + 1] x 1o

d
34. (a) r} = —sintitcostj+k, rh =k, ri-ry = cost+t; %(rl -T9) = —sint+2t =1y - rH+1] Ty

(b) ry Xry=tsinti+t(1 — cost)j — sintk,

d
—(r1 X r2) = (sint + tcost)i+ (1 +tsint —cost)j — costk =ry X rh+ 1] X T2

dt
35. 3ti+2t%j+C 36. (sint)i— (cost)j+ C
37. (—tcost+sint)i+tj+ C 38. ((t—1e',t(lnt—1))+C
39. (3/3)i—t?j+In|tlk +C 40. (—e7t el t3) +C
w/3 1
1 1 1 1 1, 1
41. <3 sin 3¢, = cos 3t>L =(0,-2/3) 42. (3t3i + 4t4j)]0 =i+l
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43.

44.

45.

<)

47.

48.

49.

50.

51.

/2 N = / t(1+tH)Y2dt = < (1 +t2)3/2 ’ =(5v5—1)/3
0

2 1
0 3 0

2 2 3
<5(3 —1)%/2, =B+ t)5/2,t>} N (727/6/5,72/6/5,6)

9
2 52 1 1
S22 )| = i 4 46. (2 —1)i+(1—eY)j+ =k
3 . 3 2 2

y(t) = / y'(t)dt = 33+ 2§+ C,y(0) = C=i+j,y(t) = (383 + )i+ (* + 1)

y(t) = /y’(t)dt = (sint)i — (cost)j + C,
y(0)==-j+C=i—jso C=1iand y(t) = (1 +sint)i— (cost)j.
y'(t) = /y”(t)dt =ti+e'j+ Cr,y'(0)=j+C;=jsoCy=0and y'(t) =t + €j.

1
y(t) = /y'(t)dt = §t2i+ e'j+ Cy, y(0) =j+ Cy =2iso Cy = 2i —j and

y(t) = <;t2 + 2) it (ef —1)j

y'(t) = /y”(t)dt =431 — 2+ C1, y'(0) = C; = 0, y'(t) = 4131 — 1?j

1 1
y(t) = [[¥/ (010t = 11— 555+ Co, ¥(0) = Ca = 20— 4, ¥(0) = (¢ +2)i - (36 + )

r'(t) = —4sinti + 3costj, r(t) -r'(t) = —Tcostsint, so r and r’ are perpendicular for

t=0,7/2,7,37/2,27. Since

[r@®)]| = V16 cos? t + 9sin® ¢, ||’ (t)|| = V/16sin® ¢ + 9 cos? ¢,

—T7sint t
[zl || = \/144 +337sin® tcos2t, # = cos™! Smreos , with the graph
\/144 + 337sin’ t cos?t
3
0N Vor
0

From the graph it appears that 6 is bounded away from 0 and 7, meaning that r and r’ are never
parallel. We can check this by considering them as vectors in 3-space, and then
r x ' = 12k # 0, so they are never parallel.
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52. 1'(t) = 2ti + 3t%j, r(t) - r'(t) = 2t + 3t° = 0 only for ¢ = 0 since 2 + 3t? > 0.

- 2 + 3t .
le(@)]| = 2V/1+ 2, ||v'(t)|| = tvV/4 + 92, 6 =cos™! A rvitor with the graph
0.3
0 !
0

# appears to be bounded away from 7 and is zero only for ¢ = 0, at which point r =’ = 0.

53. (a) 2t—t2—-3t=-2,t24+t—-2=0, (t+2)(t—1)=0sot=—2,1. The points of intersection
are (—2,4,6) and (1,1, -3).
(b) r=i+4+2tj—3k;r'(-2) =i—4j—3k, (1) =i+ 2j — 3k, and n = 2i — j + k is normal to
the plane. Let 6 be the acute angle, then
for t = —2: cosf = [n - v'|/(|n]| |t|]) = 3/V/156, 0 ~ 76°;
for t = 1: cos® = [n - v'|/(|n]| ||*'|]) = 3/v/84, 6 ~ 71°.

54. 1’ = —2e¢ 2'i—sintj+3costk, t = 0 at the point (1,1,0) so r'(0) = —2i+ 3k and hence the tangent
lineisx =1-2t,y =1, 2= 3t. But x = 0 in the yz-plane so 1 — 2t = 0, t = 1/2. The point of
intersection is (0, 1,3/2).

55. r1(1) =ra(2) =i+ j+ 3k so the graphs intersect at P; r}(¢) = 2ti + j + 9t’k and
1
rh(t) =i+ itj —ksor|(l) =2i+j+ 9k and r4(2) =i+ j — k are tangent to the graphs at P,

thus cos 6 = ry(1) - r5(2) =

I @)1 V86v3

cos™1(6/1/258) ~ 68°.

56. r1(0) = ra(—1) = 2i + j + 3k so the graphs intersect at P; r}(t) = —2e~'i — (sint)j + 2tk and
rh(t) = —i + 2tj + 3t%k so v (0) = —2i and rh(—1) = —i — 2j + 3k are tangent to the graphs at P,
r;(0) - ry(=1) 1

B O] N A TRV, T
57. %[r(t) x 1/ (t)] =r(t) x v (t) + r'(t) x r'(t) = x(t) x v (t) + 0 =r(t) x 1" (t)
58. %[u-(vxw)}:u°%[vxw]+i%l-[VXW]ZU' <VX(ZV+Z><W>+C$ [v x w]

— Xdiw_’_ divx_’_diu[x]
SV Y e Y T v

59. In Exercise 58, write each scalar triple product as a determinant.
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60. Let ¢ = c1i+ coj, r(t) = xz(t)i+ y(t)j, r1(t) = x1(O)i 4+ y1(t)j, r2(t) = x2(t)i + y2(¢)j and use
properties of derivatives.

61. Let ri(t) = 21(t)i+ y1(t)j+ z1(t)k and ra(t) = z2(t)i+ y2(t)j + 22(¢)k, in both (6) and (7); show
that the left and right members of the equalities are the same.

62. (a) /kr(t) it = /k(x(t)ier(t)j (k) dt
:k/x(t)dtiJrk/y(t)dtj+k/z(t)dtk:k/r(t)dt

(b) Similar to Part (a) (c) Use Part (a) on Part (b) with k = —1

EXERCISE SET 13.3

1. (a) The tangent vector reverses direction at the four cusps.

(b) r'(t) = —3cos?tsinti+ 3sin®tcostj = 0 when t = 0,7/2, 7, 37/2, 2.

2. 1/(t) = costi+ 2sintcostj = 0 when t = 7/2,37/2. The tangent vector reverses direction at (1, 1)
and (—1,1).

3. r'(t) = 3t%i + (6t — 2)j + 2tk; smooth

4. 1/(t) = —2tsin(t?)i + 2t cos(t?)j — e~ 'k; smooth

5. r'(t)=(1—t)eti+ (2t — 2)j — wsin(nt)k; not smooth, r'(1) = 0

6. 1'(t) =mcos(mt)i+ (2 —1/t)j+ (2t — 1)k; not smooth, r'(1/2) =0

7. (dx/dt)? + (dy/dt)? + (dz/dt)? = (=3 cos? tsint)? + (3sin®tcost)? + 02 = 9sin? t cos? t,

/2
L:/ 3sintcostdt = 3/2
0

8. (dx/dt)® + (dy/dt)? + (dz/dt)? = (=3sint)? + (3cost)? + 16 = 25, L = / 5dt = b
0

1

9. r'(t) = (et,—e t,V2), ') =t +et, L= / (' +e Ndt =e—e?
0

10. (dz/dt)? + (dy/dt)? + (dz/dt)2 =1/4+ (1 —t)/4+ (1 +t)/4=3/4, L = / (V3/2)dt = /3

1
1
3
11. r/(t) =3t%i +j+ 61tk ||r'(t)]| =32 +1, L = / (3t +1)dt = 28
1
4
12. v(t) = 3i— 2+ k&, ['(8)] = VI4, L = / Jiddt = V11
3

2m
13. r/(t) = —3sinti+ 3costj + k, ||v'(¢)|| = V10, L = V10dt = 27v10
0
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14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

r/(t) = 2ti + tcostj + tsintk, |r'(t)|| = v/5t, L = / Vot dt = 12\/5/2
0

(dr/dt)(dt/dr) = (i + 2t§)(4) = 4i + 8tj = 4i + 8(47 + 1)j;
r(7) = (47 + 1)i+ (47 + 1)%j, r'(r) = 4i + 2(4) (47 + 1)

(dr/dt)(dt/dr) = (—3sint,3cost)(w) = (=3wsinwr, 37 coswT);

r(r) = (3cosnr,3sinnr), v'(1) = (—3wsinnT, 37 cos wT)

(dr/dt)(dt/dr) = (e'i — 4e='§)(27) = 2re™ i — 8¢~ j;

r(r) = e+ 4e*T2j, r'(r) = 2rem i — 4(2)Te ™

9 1/9. 9 . 1
e fdr) = (3077 +X) (-1/7%) = = S - o
1 9 1
=i -3/2: . ) = 2 -=5/25 _ —
r(r)=i+3r7>%j+ 7_k, r'(7) 57 7_2k
(@) v =2 s= /tﬁdt: Vatir = it =y =
0 V2 V2 V2 V2
(b) Similar to Part (a), x =y =2 = %
s s s s s
= ——, = —_—— b = ——, = ——, — —
@) e=-5v="73 (b) w=-"my=-m2="7

(a) r(t)=(1,3,4) whent =0,

t
sos=/ V1+4+4du=3t,x=1+5s/3,y=3—25/3,z=4+2s/3
0

(b) r] L (28/3,—41/3,62/3)

¢
(a) r(t):<—5,0,1>Whent:0,sos:/ VI + 4+ 1du=14t,
0
x=—-5+3s/V1d,y =2s/V14,2 =5+ s//14

(b) r(s)} = (=5 +30/v/14,20/\/14,5 + 10/+/14)

r =3+ cost, y =2+ sint, (dv/dt)? + (dy/dt)? =1,

t
s:/ du=tsot=s,x=3+coss,y=2+sins for 0 <s < 27.
0

x=cos®t, y =sin®t, (dz/dt)? + (dy/dt)?> = 9sin® t cos? t,
¢
5= / 3sinucosudu = gsingt so sint = (2s/3)Y/2, cost = (1 — 2s/3)'/2,
0

x=(1-2s/3)%2, y=(25/3)32 for 0 < s < 3/2

Chapter 13
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25. z=13/3,y=1t2/2, (dz/dt)* + (dy/dt)* = 2(t* + 1),
t
1
5= / w(u? + 1) 2du = Z[(2 +1)%2 = 1] so t = [(35 + 1)%/3 — 1]1/2,
0 3
T = é[(&s +1)23 132y = %[(35 +1)%3 —1]for s > 0
26. x= (1412 y=(1+1)>, (dz/dt)> + (dy/dt)* = (1 +)*[4 + 9(1 + t)?],
t
1
5= / (1 4+ )[4+ 901+ u)?]2du = o (144 9(1 -+ 1)7%/% ~ 13V/T3) s0
0
14+t= %[(275 +13V13)%/3 — 42 2 = %[(275 +13v13)%/3 — 4],

1
y= 51275 + 13v/13)%/% — 4]3/2 for 0 < s < (80v/10 — 131/13) /27

¢
27. x =elcost, y = e'sint, (dr/dt)? + (dy/dt)? = 2%, s = / V2ehdu = v2(e! — 1) so
0

t=1In(s/v2+1), z=(5/v/24 1) cosIn(s/v/2 +1)], y = (s/v/2 + 1) sin[In(s/v/2 + 1)]
for 0 < s <v2(e™? - 1)

28. 1z =sin(e?), y = cos(e?), z = V/3et,
t
(da/dt)? + (dy/dt)? + (dz/dt)? = 4¢*, 5 — / 26" du = 2(e* — 1) s0
0
et =1+5/2; v =sin(1+5/2), y = cos(1+5/2), z = v/3(1 + 5/2) for s >0

29. dzx/dt = —asint, dy/dt = acost, dz/dt = ¢,

to tO
s(to):L:/ \/@281n2t+a20052t+62dt:/ Va2 + c2dt =ty a? + 2
0 0

30. From Exercise 29, s(tg) = tovVa? + ¢ = wty, so s(t) = wt and

s, . s, S
r =acos —i+sin—j+ —k.
w w w

31. z=at—asint, y =a —acost, (dz/dt)> + (dy/dt)? = 4a®sin*(t/2),
s = /Ot 2asin(u/2)du = 4a[l — cos(t/2)] so cos(t/2) =1 — s/(4a), t = 2cos 1 — s/(4a)],
cost = 2cos?(t/2) — 1 =2[1 — s/(4a)]® — 1,

sint = 2sin(t/2) cos(t/2) = 2(1 — [1 — s/(4a)]>)*/2(2[1 — s/(4a)]? — 1),
x = 2acos 1 — s/(4a)] — 2a(1 — [1 — s/(4a)]?)/?(2[1 — s/(4a)]? — 1),

y:78<8a_8) for 0 < s <8a
8a
dx dr . df dy . dr do
2. — =cosf— — = = = sing— =
3 7 cos@dt rsm@dt, 7 sm@dt —|—rcos€dt,

d7x2+ @24_ %2_ @2+2d792+ %2
dt dt dt ) \ dt "\ dt
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33.

34.

35.

36.

37.

39.

40.

41.

42.

43.

Chapter 13

In2 In2
(a) (dr/dt)? +r2(d6/dt)? + (dz/dt)? = 9¢™, I = / 3e2tdt — ge% —9/2
0 0
(b) (dr/dt)? + r2(df/dt)? + (dz/dt)? = 5t2 +t* = t2(5 + 12),
2
L= / t(5+t2)2dt =9 — 26
1
dr . dp d¢ . . .do
I —smgbcosﬂdt +pcos¢cos€dt psmgbsmﬁdt,
dy do df dz dp . do
— = smgbsm@— —|—pcos<bsm9— + psm¢cos€— pri s¢$ psmgba7

dt
() (i) () = () e oo () 4 (3)
(a) (dp/dt)? + p?sin® ¢(d6/dt)? + p?(de/dt)? = 3e™2, [ = /0 i V3e~tdt = V3(1 —e7?)

(b) (dp/dt)? + p?sin® ¢(df/dt)? + p?(do/dt)? =5, L = /15 V5dt = 4v/5

d d d
a) —r(t) =i+ 2tj is never zero, but —r(73) = — (7% + 7%j) = 3721 + 67°j is zero at 7 = 0.
dt d d
T T
dr  drdt dt
b =73 — = h =0.
(b) el , and since t = 7 S 0 when 7 =0
a T)=mnT b T)=n(l—7 38. t=1-—71
(a) g(7) (b) g

Represent the helix by x = acost, y = asint, z = ¢t with a« = 6.25 and ¢ = 10/7, so that the
radius of the helix is the distance from the axis of the cylinder to the center of the copper cable,
and the helix makes one turn in a distance of 20 in. (¢ = 27). From Exercise 29 the length of the

helix is 27m1/6.25%2 + (10/7)? =~ 44 in.

3
r(t) = costi +sintj + t3/%k, r'(t) = —sinti + costj + §t1/2k

1
() () = y/sin® ¢ +cos? ¢ +9¢/4 = VAT

(b) %:% 4+ 9t (c) /2;\/4+9tdt227(11\/ﬁ4)
0
v'(t) = (1/t)i + 2j + 2tk

@) IO =1/2+4+42= /2t +1/t)2=2t+1/t

(b) %:2t+1/t (©) /3(2t+1/t)dt=8+ln3

If r(t) = z(t)i + y(¢)j + 2(t)k is smooth, then ||r’(¢)|| is continuous and nonzero. Thus the angle
between r'(t) and i, given by cos™1(2/(t)/||r'(t)||), is a continuous function of t. Similarly, the
angles between r’(¢t) and the vectors j and k are continuous functions of ¢.

Let r(t) = z(t)i + y(t)j and use the chain rule.
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EXERCISE SET 13.4
1. (a) y (b) 4
2. y

3. r/(t) =2ti+j, ||r' ()] = VAZ 1, T(t) = (42 + 1) 1/2(2ti +j),

T/(t) = (42 + 1)~ 1/2(21) — 4¢(4t2 + 1)~3/2(2ti +j);

2. 0oy 2 o _
T(1) = N T'(1) = 5¢S( 2j), N(1) =
4. v/(t) =ti+t2, T(t) = (2 + 1)~ V2 (ti + 7)),

T/(t) = (82 + t4) 712+ 265) — (¢ + 2¢3) (82 + ¢*) 732 (i + £2));

1 1 1 1 1
T(1) = —i+ —j, T'(1) = —=(—i+j), N(1) = ——i+ —j
(1) NG (1) 2\/5( J), N(1) NCRMNGL
5. r'(t) = —5sinti+ 5costj, |[r' ()] =5, T(t) = —sinti + costj, T'(¢t) = — costi — sin tj;
V3, 1 1, V3 1, V3
_ V9. T T/ e S N S
T(m/3) 5 it o) T'(r/3) = —5i— =), N(7/3) = —51 = =]
1, V1412 C
6. r'(t) = i+ Ir'(8)]| = . T =0 +17)7 2 (i 1),
1 e
T/(t) = (1+3)7Y2() — t(1 + 2)3/2(i + tj); T(e) = i+ j,
(t) = ( )720G) — )72+ tj); Te) N
Te) = —(—ei+j), N(€) = ———it —
T (1 +e2)32 I T it e i

1
7. r/(t) = —4sinti+4costj + k, T(t) = ——=(—4sinti+ 4costj+ k),

V17
! *Lfcosif sin tj T :fii 1
T(t) = = (~eosti — dsint), T(n/2) = it
T/(r/2) = ——j, N(r/2) = -

V17

8. r/(t)=i+tj+t?k, T(t) = (1 4+ 2 +tH)"V2(i + tj + t°k),
T/(t) = (1 + 12 + 1) V2(§ + 2tk) — (t +2t3) (1 + 2 + ) 73/2(i + tj + t2k),
T(0) =i, T'(0) = j = N(0)
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10.

11.

12.

13.

14.

15.

16.

17.

18.

Chapter 13
r'(t) = e'[(cost — sint)i+ (cost + sint)j + k], T(t) = %[(cost —sint)i+ (cost +sint)j + k|,
T'(t) = %[(— sint — cost)i+ (—sint + cost)j],
T(0) = %i 4 %j + %k, T/(0) = %(—i +5), N(0) = —%i + %j
r'(t) = sinhti + coshtj + k, [|r/(t)]| = V/sinh? ¢ + cosh®t + 1 = /2 cosh t,
T(t) = %(tanh ti+j + sechtk), T/(t) = %(sech%i —sechttanh tk), at ¢t = In 2,
tanh(In2) = g and sech(In2) = % so T(In2) = %ﬂi + %j + %k,

’ 4 . 4. 3
=——(4i— In2)=-i— -k
T'(In2) 25\/5(41 3k), N(In2) A

From the remark, the line is parametrized by normalizing v, but T(¢o) = v/||v||, so r = r(tg) + tv
becomes r = r(tg) + sT (o).

1 2
r’(t)L:1 = (1, 2t>L:1 =(1,2), and T(1) = <ﬁ, %% so the tangent line can be parametrized as
1 2 5 2s
r=(1,1)+s{(—=,—&= ),s0x=14+—,y=1+ —.
(L) <\/5 5> V5! V5

r'(t) = costi—sintj+tk, r'(0) =1, r(0) =j, T(0) = i, so the tangent line has the parametrization
r=s,y=1.

t 1 17
r()=i+j+V8k, r'(t) =i+j— ——k, r'(1) =i+j— —=k, [r/(1)|| = —=, so the tangent
(1) =i+ (0 =143 gk () =i ok ) = :

1 svV/8 1
line has parametrizations r = i + j+ 8k +1 <i+ j — k) =it j+/8k+ = (iJr j— k>.
p J J /8 J JI7 J /8
3 3 4 4 4 3
T = _—costi——sintj+ -k, N=—sinti—costj, B=TxN = —costi— —sintj— — k. Check:
5 5 5 5 ) 5
r' =3costi—3sintj+4k, v’ = —3sinti—3costj, r' xr’ =12costi— 12sintj— 9k,
[r' x| =15, (' x £")/|[¢' x v"|| = % costi— £sintj— 2k =B.
T'(t) = L[(cost + sint)i + (—sint + cost)j],N = L[(—sint + cost)i — (cost + sint) j],
V2 V2
B =T x N = —k. Check: r' = e’(cost +sint)i+ e’(cost — sint) j,
r’ =2efcosti— 2elsintj, r' x v’ = —2e2k, ||r’ x v”|| =22, (v x¢")/|¢' x ¢"|| = ~k = B.

r'(t) = tsinti+ tcostj, ||| = ¢, T = sinti + costj, N = costi — sintj, B =T x N = —k. Check:
v/ =tsinti+tcostj, r’ = (sint +tcost)i+ (cost —tsint)j, r' x v’ = —2e? k,

[/ % v = 2¢2, (r' x v")/||t’ x v = —k = B.

T = (—asinti+acostj+ ck)/va?+ ¢, N = —costi—sintj,
B=TxN = (csinti—ccostj+ ak)/vVa?+ 2. Check:
r = —asinti+acostj+ck, v = —acosti—asintj, r' x v’ = casinti—cacostj+ a’k,

I x v = ava? T &, (¢ x r")/|r x "] = B.
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2 2 2
19. r(r/4) = gw gj 4k, T = —sinti+costj = g(—iJrj),N — _(costitsintj) = —Y2(i + ),
B = k; the rectifying, osculating, and normal planes are given (respectively) by = +y = v/2,
z=1,—z+y=0.

|

1 1 1
20. r(0)=i+jT=—@10+j+k),N=—(—j+k),B=—(2i —j— k); the rectifying, osculating,
(0) J \/g( i+k) ﬂ(.] ) \/6( i—k) ying g

and normal planes are given (respectively) by —y+z=—-1,20 —y—z=1L,z+y+2=2.

21. (a) By formulae (1) and (11), N(t) = B(¢) x T(t) = ;Eg - ig;” x ”ig

(b) Since r’ is perpendicular to r’ x r” it follows from Lagrange’s Identity (Exercise 32 of Section
12.4) that ||(r'(¢) x r”(t)) x v/ (t)|| = ||r’(¢) x " (¢)||||r’(¢)||, and the result follows.

(c¢) From Exercise 39 of Section 12.4,

(x/(t) x x”(2)) x x'(t) = || (£)|IPx" (£) — (x'(t) - v (£))x' (t) = u(t), so N(t) = u(t)/|[u(t)]|
22. (a) r'(t)=2ti+j,r(1)=2i+j,r"(t) =2i,u=2i—4j,N = Li - —j

(b) r'(t) = —4sinti+4costj+k, r’(g) = —di+k, r’(t) = —4costi — 4sin tj,

Y(5) = —4j,u = 17(—4)), N = —j

23. r'(t) = costi—sintj+k,r”(t) = —sinti—costj,u = —2(sinti+costj), |ul| = 2,N = — sin ti—cos tj

24. r/(t) =i+ 2tj + 32k, r"(t) = 2j + 6tk,u(t) = — (4t + 18¢3)i + (2 — 18t%)j + (6t + 12t3)k,
1
N =
2v/81t8 + 1176 + 54¢1 + 13t2 + 1

(—(4t + 18t%)i + (2 — 18t")j + (6t + 12t7)k)

EXERCISE SET 13.5
1 1 3
1. 5%75:2 2. Hz4/73:1
6
B X1) = 20+ 3%, (1) = 24605 5= ) <O/ O = f g

4

4. r'(t) = —4sinti+costj, r"(t) = —4costi—sintj, k = ||v’'(¢)xr" (¢ ()P =
(v 5o x(0) o= IO OO = o

12¢2t

/ — 2.3ty _ o=ty — Qp3t; —t3 — |y " / 3 _
5. r'(t) =3e”i—e b, v (t) = 9ei+ e, k= ||/ (t) x " ()||/ |l (¢)]] 9o +€72t)3/2

6[t% — t|

. 2 . o . . o 3 _
6. r'(t) = -3t*i+ (1 —2t)j, v’ (t) = —6ti — 2j, k = ||/ (t) x " (D] /|’ @®)|]° = (O T 412 — 41+ 1)52

7. r/(t) = —4sinti+4costj + k, r”(t) = —4costi — 4sintj,
ko=l (t) < e (@) /Il (@) = 4/17

VI 4+ 1

__ 3 : 2 s _ 3 _
8. r'(t)=i+tj+t2k, r"(t) =j+ 2k, k= |r'(t) x 2" (O)||/ ||’ (B)||* = (CETEES
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

21.

23.

24.

Chapter 13
1
r/(t) = sinh ti + cosh tj + k, r”/(t) = coshti + sinh tj, k = ||v/(¢) x " (¢)|| /||t (¢)[|® = ———
2cosh™ ¢
2
— _ _ 3 _
r'(t) =+ 2tk, r"(t) = 2k, k = [[v'() x 2" @)[|/ ' (D) ]]° = U
r'(t) = —3sinti+ 4 costj+ k, r”/(t) = —3 costi — 4sintj,
v(/2) = —3i+ k, v/(1/2) = —4j; k = ||4i + 12k]|| /|| — 3i + K| = 2/5, p = 5/2
r'(t)=ei—e'j+k, r'(t) =ei+e ],
P(0) = -k 1(0) = i+ Js m = || — i+ 2Kl — § + K] = VE/3, 0 = 3/V/3
r'(t) = e'(cost — sint)i + e’ (cost + sint)j + e'k,
r’(t) = —2e'sinti + 2¢’ costj + ek, r'(0) =i+ j+k,
r"(0) =2 +k; k= —i—j+2k||/[i+j+k|>=Vv2/3,p=3v2/2
r'(t) = costi — sintj + tk, r”(¢t) = —sinti — costj + k,
r'(0) =1,1"(0) = —j+k; v = || = j = k|/[i|* = v2,p = v2/2
1 1
r'(s) = 5 cos (1 + g) i— B sin (1 + i)j + ﬁk, I’ (s)|| =1, so
ar ——lsin<1+f>i—1cos (1
ds 4 2 4
3—2 2
./ 3 it ”?S.’ Ix’(s)] =1, so
dT 1, N 1, H
— =it —j,k =
ds  V9—06s  vGs ~Vo 9 65)
/ 1 !0
s . / ' / Xy -y ‘
(a) r'=2"i+yjr" =a"i+y", | x| = 2"y 2"y, k= W
dy d*y |d?y/da?
b St :t — = t I:l ”:0 127 //:7 —
( ) et r 7y f(‘r) f()?x ,.'L' 7y dx7y dIQ,K (]_—’—(dy/df]})Q)S/z
dy _ tan ¢, (14 tan? ¢)3/2 = (sec? ¢)3/2 = |sec |*, K(x) = T = |y cos® ¢|
dx ’ | sec ¢|3
n(z) = — L ey g 20. n(z) = —2 L) =0
(1 + cos?x)3/2’ B ) (14 a3/’ B
2|z|3 e e !
K(z) = @ 1) k(1) =1/V2 22. k(z) = TET=nE k(1) = (122
2sec? x| tan
(o) = 22 ZUEL (/1) = 4/(55)

(1 + sect z)3/2’

36/|yl°

By implicit differentiation, dy/dx = 4z /y, d*y/dz? = 36/y> so k = 5 1622/ )3/2,

36/125 36
if (@,y) = (2,5) then « (1464/25)3/2  89,/89
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25. a/(t) =2t y/'(t) = 3t2, 2" (t) = 2, ' (t) = 6t,
2/(1/2) =1, y/(1/2) = 3/4, 2"(1/2) = 2, 3" (1/2) = 3; k = 96/125

26. 2/(t) = —4sint, y'(t) = cost, 2" (t) = —4cost, y"(t) = —sint,
2/ (n)2) = —4, y(7)2) = 0, 2"(x/2) = 0, y/(/2) = —1; & = 1/16

27. 2'(t) =33, Y/ (t) = —e7t, 2" (t) = 9e3, Y (t) = e,
2'(0) =3, y'(0) = —1, 2"(0) = 9, y"(0) = 1; k = 6/(5V/10)

28. 2/(t) = —=3t%, ¢/ (t) =1—2t, 2" (t) = —6t, y"'(t) = -2,
2'(1) = =3, y'(1) = -1, 2"(1) = =6, y"(1) = 2 Kk = 0
29. 2/(t) =1,y (t) = —1/t2,2"(t) = 0,9 (t) = 2/t3
?'(1) = 1,y/(1) = ~1,2"(1) = 0,y"(1) = %k = 1/v3

30. z'(t) =4cos2t,y (t) = 3cost,z”(t) = —8sin2¢,y" (t) = —3sint,
2(1/2) = A,y (/2) = 0,2 (x/2) = 0,4/ (x/2) = 3, 5 = 12/4/2 = 3/2

| cos x| 2
31. (a) K(IE) = (1 + Sin2 1’)3/2’ (b) /{(t) = (4Sin2t + COS2 t)3/27
p(z) = W p(t) = %(4 sin? ¢ + cos? t)%/2,
p(0) = p(r) = 1. p(0) =1/2, p(r/2) = 4

Y

A N\ s :p(%):4

- \H(Ml TN, x
2

=1

/\_

32.

2'(t) = —e~t(cost + sint),
y'(t) = e t(cost — sint),
2" (t) = 2e"tsint,

y"(t) = —2e "t cost;

using the formula of Exercise 17(a),

1
K= —e.

V2

33. (a) Atz =0 the curvature of I has a large value, yet the value of II there is zero, so II is not the
curvature of I; hence I is the curvature of II.

(b) T has points of inflection where the curvature is zero, but II is not zero there, and hence is
not the curvature of I; so I is the curvature of II.
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34. (a) II takes the value zero at = 0, yet the curvature of I is large there; hence I is the curvature

of II.
(b) I has constant zero curvature; II has constant, positive curvature; hence I is the curvature
of II.
35. (b) 1
0 75
0
36. (b) .

|1222 — 4]

A
8

3T ) v = e (2) i T

() fl(z)=42®—4x=0at x =041, f"(z) = 122% — 4, so extrema at x = 0,+1, and p = 1/4
for x =0 and p=1/8 when z = £1.

38. (a) ye (©) ﬁ(t)zﬁ (@) Jim_s(f) =0
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39.

40.

41.

43.

45.

46.

47.

48.

49.

50.

51.

dr dr
/ _ _ . . . - ..
r(G)—( rsm9+cos€d0>1+<T0059+Sln9d9>3,

d°r

d 2 d d
v’ (0) = <—r cos 0 — 2sin O + cos 9) i+ <—r sin 6 + 2 cos 0 + sin

Y.
Js

do do? do

ar\ d’r
2 ) e
r2 <d¢9> " 02

3/2
dr ¥
2 PR
e+ (d@)]

Let 7 = a be the circle, so that dr/df = 0, and x(0) = t.1
roa
3 3 1
Kk(0) = , kK(m/2) = ——= 42. k() = ———, k(1
(©) 2v/2(1 + cos §)1/2 (m/2) 2v/2 (©) V/5e20 W)
10 + 8 cos? 30 2 92 1 9

)= ———r == 44. )= ——
w(6) (1 +8cos?26)3/2’ ~(0) 3 w(6) (62 +1)3/2°

The radius of curvature is zero when 6 = 7, so there is a cusp there.

@ = —sinf ﬁ = —cosf /4;(5) = #

pri AR P T 982 T+ cos B
B P _ Vizpl

Lety =t then = 7 and vt) = g o= Ty’

t =0 when (z,y) = (0,0) so x(0) = 1/|2p|, p = 2|p|.

_ e* g em(1—2e?T)
k(x) = (F=OEE K'(x) = EHEE

1 1
derivative test, m(—i In 2) is maximum so the point is (—5 In2,1/v2).

6

Let © = 3cost, y = 2sint for 0 <t < 2w, k(t) =

1

1
p(t) = 6(9 sin?t 4 4 cos? t)3/2 = 5 (5sin®¢ + 4)*/ which, by inspection, is minimum when

t =0 or 7. The radius of curvature is minimum at (3,0) and (—3,0).
B 6 ;o 6(1—45zt)
H(./L') = W for x > 0, K (m) == W’

first derivative test, yields the maximum.

r'(t) = —sinti 4 costj — sintk, r”(t) = — costi — sintj — costk,
[[x’

p(t

2

db?

1

= \/562

SO
(9sin®t + 4 cos? t)3/2

t) xr’(t)| = || —i+k| = v2, ()| = (1+sin®)"/2 (t) = V2/(1 +sin® £)/2,
= (1 + sin®t)?/2/4/2. The minimum value of p is 1/4/2; the maximum value is 2.

553

k'(z) = 0 when e?** = 1/2, x = —(In2)/2. By the first

&'(x) = 0 when 2 = 45-/4 which, by the
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52.

53.

54.

55.

56.

57.

58.

59.

60.

Chapter 13

r'(t) = eti— et +V2k, v (t) = eti + e7j;

K(0) = Lo olt) =

t -2 _ 2 . ;
T T (¢! + e7%)? = 2v/2 cosh? t. The minimum value of p is 2v/2.

1
V2
From Exercise 39: dr/df = ae® = ar, d?r/df? = a?e®’ = a®r; k = 1/[\/1 + a2 7).

2

dr dr
Use implicit differentiation on r? = a?cos26 to get 27”@ = —2a%sin20, r— = —a?sin26, and

do
. d*r ar\ 9 d*r ar\ 9 ar\ 9
again to get rgE + (d&) = —2a” cos 26 so T = (d@) — 2a“ cos20 = — (d@) — 2r°, thus
Y .0 W3 Y SO o | R SRS
do doz| do)|”"  [r2+(dr/d0)2)1/2" do r
2 dr v 2 a*sin®20  r'+a*sin®20  a*cos?20 + a*sin®20 ot hence x — 3"
o) 72 B r2 B r2 o2’ a?’
(a) d*y/dz® =2, k(¢) = [2cos’ ¢
(b) dy/dz =tand = 1,6 = n/4, k(x/4) = Peos®(x/D)] = 1/V3, p= 2
(b) clockwise (c) it is a point, namely the center of the circle
k=0 along y = 0; along y = 22, r(x) = 2/(1 + 42?)3/2, K(0) = 2. Along y = 2°,
r(x) = 6|z|/(1+ 92*)3/2, k(0) = 0.
(a) Y (b) Fory=2?% k(z)= 2z
' (1 + 422)3/2
4 -
i so k(0) = 2; for y = x4,
L 1222
I K}(.’E) = m SO K/(O) =0.
‘ X K is not continuous at x = 0.
-2 2

k = 1/r along the circle; along y = az?, x(z) = 2a/(1 + 4a%2?)3/2, k(0) = 2a so 2a = 1/r,
a=1/(2r).
1
k(z) = L so the transition will be smooth if the values of y are equal, the values of 3/
(1 _|_y/2)3/2
are equal, and the values of y” are equal at x = 0. If y = €, then ¢y =y = €®; if y = az? + bz +c,
then y' = 2az + b and ¢y’ = 2a. Equate y, ¥, and y’ at t =0to get c=1,b=1, and a = 1/2.
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61.

62.

63.

64.

65.

66.

67.

T/
The result follows from the definitions N = () and k = || T'(s)|.

1T ()l
B B
(a) B- CclTs = 0 because |B(s)|| =1 so CclTs is perpendicular to B(s).
dT'  dB dT dB
(b) B(s) - T(s) =0, B(s) - T + s T(s) = 0, but e = kN(s) so kB(s) - N(s) + g

aB

dB
- T(s) = 0 because B(s) - N(s) = 0; thus T is perpendicular to T(s).
s

dB dB
(c) = is perpendicular to both B(s) and T(s) but so is N(s), thus = is parallel to N(s) and
hence a scalar multiple of N(s).

(d) If C lies in a plane, then T(s) and N(s) also lie in the plane; B(s) = T(s) x N(s) so B(s) is
always perpendicular to the plane and hence dB/ds = 0, thus 7 = 0.

N T B
C;—:B><%—&—CCZTxT:Bx(HN)—l—(—TN)xT:/@BxN—TNxT,buthN:—Tand
s s s

NXT:—BSO?:—HT+TB
S

r”(s) =dT/ds = kN so r"’(s) = kdN/ds + (dk/ds)N but dN/ds = —kT 4+ 7B so
v’ (s) = —k?T + (dk/ds)N + k7B, r'(s) x r"(s) = T x (kN) = kT x N = xB,
[t/(s) x r"'(s)] - ©"(s) = —K*B + T + k(dr/ds)B « N + k?7B - B = k27,

T =[r'(s) xx"(s)] - v"(s)/K* = [r'(s) x x"(5)] - v (s)/|[x"(s)||* and

B = Tx N = [r'(s) xr"(s)]/[["(s)|

r = acos(s/w)i+ asin(s/w)j + (es/w)k, ' = —(a/w)sin(s/w)i+ (a/w)cos(s/w)j+ (c/w)k,
v’ = —(a/w?) cos(s/w)i — (a/w?)sin(s/w)j, " = (a/w?)sin(s/w)i — (a/w?) cos(s/w)j,
v’ x 1" = (ac/w?) sin(s/w)i — (ac/w?) cos(s/w)j + (a?/w)k, (v' x r") - """ = ac/w",

It (s)]| = a/w?, so T = ¢/w? and B = (c/w)sin(s/w)i — (c/w) cos(s/w)j + (a/w)k

, _dT _dTds

(a) == = (kN)s' = rks'N,
dN  dNds
r_ W . I ’
N' = il = (—kT+7B)s ks'T + 75'B.

) ') =5 sor'(t)=sT and v"(t) = s"T + s'T' = s"T + s'(ks'N) = s"T + r(s')?N.
(C) I‘”/(t) = "7’ + s"'T + E(S/)QNI + [2%8’8” + HI(S/)2]N
= 5" (ks'N) + 8T + k(s')2(—ks'T + 78'B) + [2K5's” + K'(s")?]N
= [8"" — K2(8')3|T + [3ks's"” + K'(s')?2]N + k7(s')°B.
(d) r'(t) xr"(t) =5's"T x T+ k(s')3T x N = s(s')°B, [r'(t) x " (t)] - v (t) = k27(s")® s0
_ M@ xx"®)] - " @) _ () x " (@) - (1)

- K2(s")° @) <@l

v = 20+ 2tj + 2k, v’ = 2§+ 2tk, v’ = 2k, v’ x v = 2t%i — 4tj + 4k, v’ x v”| = 2(t> + 2),
T=8/2(* +2)]* =2/(t* +2)?
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68. 1’ = —asinti+acostj+ ck, v = —acosti — asintj, r'’ = asinti — a costj,
v’ x " = acsinti — accostj + a’k, ||r' x v”|| = \/a%(a? + c2),
7 =a%c/la?(a® + c*)] = ¢/(a® + %)
69. r'=cli—etj+ 2k, " =etitetj r" =eli—etj v xr’ = —\2e "t + 2e'j + 2k,
It 2] = V3(e! + ), 7 = (=2V3)/[2(e! + e )] = —v/3/(e! + )2
70. v’ =(1—cost)i+sintj+k, v’ =sinti+ costj, v’/ = costi — sintj,
r' xr” = —costi+sintj+ (cost — 1)k,
lr" x| = \/cos2 t+sin®t + (cost —1)2 = \/1 + 4sin*(t/2), 7 = —1/[1 + 4sin*(t/2)]
EXERCISE SET 13.6
1. v(t) = —3sinti+ 3costj 2. v(t) =1i+2tj
a(t) = —3costi — 3sintj a(t) = 2j
V()| = V/9sin?t + 9cos?t = 3 V@)l = V1 + 422
r(7/3) = (3/2)i + (3v/3/2)j r(2) = 2i+4j
v(r/3) = —(3v/3/2)i + (3/2)j v(2) =i+4j
a(m/3) = —(3/2)i — (3v/3/2)j a(2) =2j
y V:_Tl+%j
W (3,33
i 22
1 1 / \\1 1 1 X
B " 3. 343
S L
3. —tj
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10.

11.

12.

13.

v(t) = 4i—j y

a(t) =0 I

vl = V17 =t

r(1) = 6i 60 s
v(l) = 4i—j i v=di-j
a(l)=0 - a=?

v=it+tj+t’k,a=j+2k;att=1,v=i+j+k |v]|=v3 a=j+2k

r=(1+3t)i+2-4)j+(7T+t)k, v=3i—-4j+k,
a=0;att=2,v=3i—4j+k, |v]|=v26,a=0

v = —2sinti+ 2costj+ k, a = —2costi — 2sintj;
at t =/, v = —V2i+ V3 +k [v| = V5, a = —v3i - V2

v = e'(cost + sint)i+ e (cost —sint)j + k, a = 2¢ costi — 2¢t sintj; at t = 7/2,

v=e"2i—e"?j 1k, ||v]| = (142e7)/2, a=—2e"/%j

(a) v =—awsinwti+ bwcoswtj, a = —aw? coswti — bw? sin wtj = —w?r
(b) Trom Part (a), [lal = w?|r]
(a) v =167 cosmti — 8wsin27tj, a = —1672 sinwti — 1672 cos 2ntj;

at t =1, v = —167i, ||v| = 167, a = —167%j
(b) x = 16sin7t,y = 4cos2rt = 4cos® it — 4sin wt = 4 — 8sin® 7t, y = 4 — 22/32
(¢) Both x(t) and y(¢) are periodic and have period 2, so after 2 s the particle retraces its path.
v = (6/VDi + (3/2)tV/2), |v|| = \/36/t 1 9¢/4,d|[v|/dt = (—36/2 + 9/4)/(2+/36/E + 9¢/4) = 0

if t = 4 which yields a minimum by the first derivative test. The minimum speed is 3v/2 when
r = 24i + §j.

v=(1-20)i-2t, ||v|] = /(1 —20)2 + 42 = V82 — 4t + 1,

d 8t —2 1
—||v|]| = ——=—==—=—=—== = 0 if t = — which yields a minimum by the first derivative test. The
dt 82 — 4t + 1 4
1
minimum speed is 1/1/2 when the particle is at r = T6i - TGJ

(a)

6
{ \J2r
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(b) v =3cos3ti + 6sin3tj, ||v|]| = V9 cos? 3t + 36sin® 3¢t = 3y/1 + 3sin? 3¢; by inspection, maxi-
mum speed is 6 and minimum speed is 3

27 sin 6t

d
@) —lvll=—F——
dt 2v/1 + 3sin? 3t

occurs first when sin3t = 1,t = 7 /6.

=0 when t =0,7/6,7/3,7/2,27/3; the maximum speed is 6 which

14. (a)

T

STy T T \*®
\_ >

(d) v =—6sin2ti+2cos2tj + 4k, ||[v|| = v/36sin® 2t + 4 cos? 2t + 16 = 2/8sin’ t + 5;
by inspection the maximum speed is 2v/13 when ¢ = 7/2, the minimum speed is 2v/5 when
t=0or .

15. v(t) = —sinti+costj+ Cy, v(0) =j+ C1 =1, C; =i—j, v(t) = (1 —sint)i+ (cost — 1)j;
r(t) = (t +cost)i+ (sint —t)j + Cq, r(0) =i+ Cqo = j,
Cy=—-i+jsor(t)=(t+cost—1)i+ (sint—t+1)j

16. v(t)=ti—e tj+Cyq, v(0)=—j+Cy; =2i+j; C; =2i+ 2jso0
v(t) = (t+2)i+(2—eDj;r(t) = (t2/2 +20)i+ (2t + e )j+ Co
r(0)=j+Co=i—j, Co=i—-2jsor(t)=(t?/2+2t+1)i+ (2t + et — 2)j

17. v(t) = —costi+sintj+ e’k + Cp, v(0) = i+ k+ C; =k so
Ci =i, v(t) = (1 — cost)i+sintj + e'k; r(t) = (t —sint)i — costj + ek + C,,
r(0)=—-j+k+Co=—-i+ksoCo=—i+j,r(t)=(t—sint—1)i+ (1 —cost)j+e'k.
1

1 1
18. V(t):_m-+§€_2tk+cl7V(O):_j+§k+cl:3i_jSO

1 1 1 1
Cy=3i—-k v(t)=3i— —j+ (2?2 )k
1= 8ok vt) = 8- <26 2> ’

r(t) =3ti—In(t+1)j — <i

1
e 2+ 2t) k + Co,

1 9 9 1 1
I'(O) = _Zk + CQ = 2k so CQ = Zk, I'(t) = 3ti — ln(t + l)j + (4 — ZE_Qt — 2t> k.

19. If a =0 then 2"(¢t) = ¢y’ (t) = 2"(t) = 0, so z(t) = z1t + z0,y(t) = y1t + yo, 2(¢) = 21t + 20, the
motion is along a straight line and has constant speed.

20. (a) If ||r| is constant then so is |r||?, but then 22 + y* = ¢? (2-space) or 22 + y* + 22 = ¢?
(3-space), so the motion is along a circle or a sphere of radius ¢ centered at the origin, and
the velocity vector is always perpendicular to the position vector.

(b) If ||v]| is constant then by the Theorem, v(t) - a(t) = 0, so the velocity is always perpendicular
to the acceleration.
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21.

22,

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

v = 3t%i + 2tj, a = 6ti + 2j; v = 3i + 2j and a = 6i + 2j when ¢t = 1 so
cos = (v-a)/(||v] [lal|) = 11/v130, 6 =~ 15°.

v = et(cost —sint)i + ef(cost + sint)j, a = —2et sinti + 2¢’ costj, v - a = 2e%, ||v| = V2¢,
laf| = 2¢", cos & = (v - a)/(Iv]| lal}) = 1/v2, 6 = 45°.

(a) displacement =r; —ro = 0.7i + 2.7j — 3.4k
(b) Ar=r; —rp,sorg=r; — Ar = —0.7i — 2.9 + 4.8k.

(a) hy (b) one revolution, or 107

Ar =r(3) —r(1) = 8i + (26/3)j; v = 2ti + t3j, s = /3 t\V/4 + t2dt = (13v/13 — 5v/5) /3.

1
37/2
Ar =r(37/2) —r(0) = 3i — 3j; v = —3costi — 3sintj, s = / 3dt = 9m/2.
0

In3
Ar =r(In3) — r(0) = 2i — (2/3)j + V2(In3)k; v = efi — e 'j + 2k, s = / (e +e h)dt = 8/3.
0

Ar =r(m) —r(0) = 0; v = —25sin 2ti 4 2sin 2¢j — sin 2tk,

g /2
|[v]] = 3|sin2t], s = / 3|sin2t|dt:6/ sin 2t dt = 6.
0 0

In both cases, the equation of the path in rectangular coordinates is z? + y? = 4, the particles
move counterclockwise around this circle; vi = —6sin 3ti + 6 cos 3tj and
vy = —4tsin(t?)i + 4t cos(t?)j so ||vi| = 6 and ||va| = 4t.

Let u=1—1¢3in ry to get

ri(u)=B+201-))i+(1-j+ 1 -1 -))k=(5-2t3)i+ (1 -t3)j+t3k = ra(t)

so both particles move along the same path; vi = 2i +j — k and vy = —6t%i — 3t%j + 3t%k so
[vill = V6 and ||| = 3v/6¢*.

() v=—etitelja=ctiteljwhent=0,v=—i+tja=i+j |v]l=v2 v-a=0,
vxa:f2ksoaT:O,aN:\/§.

(b) arT=0,anN=a—arT=1i+] (c) K=1/V2

(a) v = —2tsin(t?)i+ 2tcos(t?)j, a = [—4t? cos(t?) — 2sin(t?)]i + [—4t? sin(¢?) + 2 cos(t?)]j; when

t=Vm/2, v = —/1/2i+/1/2) a = (-1/V2 = V2)i+ (-1/V2+ V2)j, IVl = V7,

vea=2ym vxa=n"?ksoar=2ay =7
(b) arT=—-v2(i-j), axN=a—a;T = —(7/v2)(i+])
(¢) k=1
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33.

34.

35.

36.

37.

38.

39.

40.

41.

(a)

(b)
(c)
(a)

(b)

(a)

(b)
(c)
(a)
(b)
(c)
(a)

(b)
(c)

Chapter 13

v=(3t2-2)i+2tj,a=06ti +2j; whent =1, v =1i+2j, a=6i+2j, |[v| =5, v-a=10,
vxa:—lOksoaT:Q\/g, an =25

2v/5
arT = i(iJer) =21 +4j, ayN=a—arT = 4i — 2j
V5
k=2/V5
v = e!(—sint+cost)itel(cost+sint)j, a = —2e! sinti+2e! costj; when t = 7/4, v = v/2e™/4j,

a = —2e™4 + /2e™/4j, vl = V2e™/t v - a =22, v x a =22k so ap = V24,
an = \/ﬁe’f/4
arT = v2e™4j, axyN =a — apT = —/2e™/4i
_ 1
K= N

v = (=1/t?)i+2tj+3t%k, a = (2/t3) i+2j+6tk; when t = 1, v = —i+2j+3k, a = 2i+2j+6k,
vl = V14, v - a =20, v x a = 6i + 12j — 6k so ar = 20//14, ay = 6v/3/V7

1 2 24 12
aTT:—7Oi+70j+§k, aNN:a—aTT:7i—gj+7k
B 6\/6 B § 3/2
T T \7

v=rcli—22j+k a=clit+de?j whent=0,v=i-2j+k, a=i+4j|v] =6
vea=-T,vxa=—4i+j+6ksoar=—7/V6, ay =+/53/6

7 13 19, 7
aTT:—é(i—2j+k),aNN:a—aTT:Fi+§j+6k
o V53
66
v = 3costi—2sintj—2cos2tk, a = —3sinti—2 cos tj+4sin 2tk; when t = 7/2, v = —2j+ 2k,

a=-3i |v| =2v2,v-a=0vxa=—6j—6ksoar=0,ay =3
arT =0,axyN =a = —-3i
3

k==

8

v = 3t2j — (16/t)k, a = 6tj + (16/t?)k; when t = 1, v = 3j — 16k, a = 6j + 16k, ||v| = v/265,
v-a=—238, v x a=144i so ar = —238/v/265, ay = 144/1/265

714. 3808 92304 432
T = ——j 71{ N = — T = j e

ar 9657 T 965 © N Ta—ar 2659 1 265
44

" o652

Iv=4,v-a=-12, vxa=8ksoar=-3,ay=2,T=-j,N=(a—arT)/ay =1i

vl =v5,v-a=3 vxa=—6ksoar=3/Vv5, ay =6/v5, T = (1/V5)(i+2j),
N = (a—arT)/ay = (1/V5)(2i - j)

vl =3, v-a=4,vxa=4i-3j—2ksoar = 4/3, ay = v/29/3, T = (1/3)(2i + 2j + k),
N = (a—arT)/an = (i — 8 + 14k)/(3+/29)
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42. |v| =5, v-a= -5 vxa=—4i—10j -3k so ar = —1, axy = V5, T = (1/5)(3i — 4k),
N = (a—arT)/ay = (8i — 5j + 6k)/(5V/5)

d? d
43. ar = ﬁf == 3t2 +4=3t/\/3t2 + 4 s0 when t = 2, ar = 3/2.
d*s d _3¢
44. ar = i %\/t2 + e 3 = (2t —3e7")/[2V/ 1?2 4+ €3] so when ¢t = 0, ar = —3/2.
d*s d .
45. ar = V(4 —1)2 + cos2 it = [4(4t — 1) — wcoswtsinwt]/+/ (4t — 1)2 + cos? wt so when

de? T dt
t:1/4, aT:—7r/\/§.

d? d

46. ar = ﬁj = V52 43 = (26 1 50)/V/t1 456 + 3 50 when ¢ = 1, ap = 7/3.

47. ayn = k(ds/dt)* = (1/p)(ds/dt)* = (1/1)(2.9 x 10%)? = 8.41 x 10! km /s>
|d?y/d=?|

[+ (dy/dx)?]3/>

a = (d?s/dt*)T so a is tangent to the curve.

48. a = (d?s/dt*)T + k(ds/dt)*N where x = If d?y/dx? = 0, then k = 0 and

49. ay = k(ds/dt)? = [2/(1 + 422)3/2](3)? = 18/(1 + 4x:2)3/?

50. y=e", ay = k(ds/dt)> = [e® /(1 + e>*)3/2)(2)? = 4e* /(1 + €%*)3/2

51. a=arT +anxN; by the Pythagorean Theorem ay = \/[|al]2 — a2 =9 —-9=0
52. As in Exercise 51, ||a||?> = a2 + a%,81 = 9+ %, an = V72 = 6V/2.

ds\ > 1
53. Let c=ds/dt,an =k <di) ,aN = mcz, so ¢2 = 1000ay, ¢ < 10v/10v/1.5 ~ 38.73 m/s.

54. 10 km/h is the same as % m/s, so [|F| = 500% (130;>2 ~ 257.20 N.
55. (a) v =320, a = 60°, 5o = 0 so x = 160t, y = 160/3t — 16t2.
(b) dy/dt = 160+/3 — 32t, dy/dt = 0 when ¢ = 5v/3 so
Ymax = 160v/3(5v/3) — 16(5+/3)% = 1200 ft.
(¢) y=16t(10v/3 —t), y =0 when t = 0 or 10v/3 50 Tmax = 160(10v/3) = 1600+/3 ft.
(d) v(t) = 160i + (160v/3 — 32t)j, v(10v/3) = 160(i — v/3j), ||v(10v/3)|| = 320 ft/s.

56. (a) vy =980, a =45°, so = 0so x = 490v/2t, y = 490+/2t — 4.9t>
(b) dy/dt = 4902 — 9.8t, dy/dt = 0 when t = 501/2 so
Ymax = 490v/2(50v/2) — 4.9(50+/2) = 24,500 m.

(c) y=4.9t(100y/2 —t), y = 0 when t = 0 or 100v/2 so
Tmax = 4901/2(100v/2) = 98,000 m.

(d) v(t) = 490v2i + (4902 — 9.8t)j, v(100v/2) = 490v/2(i — j), ||v(100+/2)|| = 980 m/s.
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57.

58.

59.

60.

61.

62.

63.

64.

65.

Chapter 13

vo = 80, a = —60°, 5o = 168 so x = 40t, y = 168 — 40v/3t — 16t%; y = 0 when
t = —7+/3/2 (invalid) or t = v/3 so x(v/3) = 40v/3 ft.

v = 80, a = 0°, 89 = 168 so x = 80t, y = 168 — 16t%; y = 0 when t = —/42/2 (invalid) or
t =+/42/2 so x(v/42/2) = 40v/42 ft.

a=30° sy =0s0x=3ut/2, y=wot/2 — 16t%; dy/dt = vy/2 — 32t, dy/dt = 0 when t = vy /64
SO Ymax = V3 /256 = 2500, vy = 800 ft/s.

a=45° 59 =050 x=+2uvt/2, y = V2vt/2 — 4.9t%; y = 0 when ¢t = 0 or v/2vy/9.8 so
Tmax = v3/9.8 = 24,500, vy = 490 m/s.

vp = 800, s = 0 so x = (800 cos a)t, y = (800sin )t — 16¢> = 16¢(50sina — t); y = 0 when t = 0
or 50sina 80 Tyax = 40,000sin acosa = 20,000sin 2a = 10,000, 2a = 30° or 150°, a = 15°
or 75°.

(a) vo=5a=0°sy=4s0ox=>5ty=4—16t> y =0 when t = —1/2 (invalid) or 1/2 so it
takes the ball 1/2 s to hit the floor.

(b) v(t) = 5i — 32tj, v(1/2) = 5i — 16§, ||v(1/2)|| = v/281 so the ball hits the floor with a speed
of v/281 ft/s.

() vo=0,a=-90° sy =4s0x=0,y=4—16t%; y=0 when t = 1/2 so both balls would hit
the ground at the same instant.

(a) Let r(¢t) = x(t)i + y(¢)j with j pointing up. Then a = —32j = 2’ (t)i + y" (¢)j, so
x(t) = At + B,y(t) = =16t + Ct + D. Next, x(0) = 0,y(0) = 4 so
x(t) = At,y(t) = —16t> + Ct + 4; 3/(0)/2'(0) = tan 60° = /3, so C = v/3A; and
40 = vy = /2/(0)2 + y/(0)2 = VAZ + 342, A = 20, thus r(t) = 20ti+ (—16t> + 203t + 4) j.

2
3 3 3
When z = 15, t = 7 and y = 4 + 20\/31 — 16 <4) ~ 20.98 ft, so the water clears the

corner point A with 0.98 ft to spare.

(b) y =20 when —16t2 +20v/3t — 16 = 0,¢ = 0.668 (reject) or 1.497, 2(1.497) ~ 29.942 ft, so the
water hits the roof.

(c) about 20.942 — 15 = 14.942 ft

x = (vo/2)t,y = 4 + (vo/3/2)t — 16t2, solve x = 15,y = 20 simultaneously for vy and ¢,

15
vo/2 = 15/t 12 = 1—6\/§ — 1,1 ~ 0.7898, vy ~ 30,/0.7898 ~ 37.98 ft/s.

(a) == (35v2/2)t, y = (35v/2/2)t — 4.92, from Exercise 17a in Section 13.5

|$L',y// _ xl/yl‘ 98 B . -
T @2t )P k(0) = NI 0.004v/2 2 0.00565685; p = 1/ ~ 176.78 m

25 125
(b) ¥/(t) =0 when t = ﬂ\/i’y - Fm
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66.

67.

68.

69.

70.

71.

d*s ) ds\* 1, ., 1322
(a) a=arT+anN,ar = ¥ =75 ft/s?, any =k (dt> = ;(132) = 3000 ft/s%,
1322\ ?
lal| = \/a% + a3 = \/(7.5)2—1— <3000) ~ 9.49 ft/s?
a-T ar 7.5 .
b 0= — — — " ~——" ~—0.79.0 ~ 2.48 rad ~ 142°
(B) o8t = ] = Tall ™~ 9.9 ’ radians

so =050z = (vgcosa)t, y = (vosina)t — gt?/2
(a) dy/dt = vgsina — gt so dy/dt = 0 when t = (vgsin)/g, Ymax = (vosina)?/(2g)
(b) y =0 whent =0 or (2upsina)/g, so x = R = (2v3sinacosa)/g = (v3 sin2a) /g when

t = (2ugsina)/g; R is maximum when 2o = 90°, @ = 45°, and the maximum value of R

is v3/g.

The range is (v sin 2a)/g and the maximum range is vZ/g so (v3sin2a)/g = (3/4)v3 /g,
sin2a = 3/4, a = (1/2)sin™*(3/4) ~ 24.3° or a = (1/2)[180° — sin~*(3/4)] ~ 65.7°.

vo = 80, v = 30°, 59 = 5 so & = 40V/3t, y = 5 + 40t — 16t>

(a)

(b)

(a)

(b)

(c)

(a)

(b)

y =0 when t = (—404/(40)2 — 4(-16)(5))/(—32) = (5£/30) /4, reject (5—+/30)/4 to get
t=(5++/30)/4 ~2.62s.
x =~ 401/3(2.62) ~ 181.5 ft.

1
vo =, So = hsox = (vecosa)t, y = h+ (vsina)t — §gt2. If z = R, then (vcosa)t = R,

1
t= but y = 0 for this value of ¢ so h + (vsina)[R/(vcos )] — =g[R/(vcosa)]* = 0,
v COS & 2
h + (tana)R — g(sec® a)R?/(2v?) = 0, g(sec? a)R? — 2v%(tan ) R — 2v%h = 0.
5 5 5 dR 5 9 dR .. dR
2gsecatan aR* 4+ 2gsecaR— — 2v°sec’aR — 2v°tana— = 0; if — = 0 and a = ay
da do da

when R = Ry, then 2gsec?ag tan agR3 — 2v% sec?agRg = 0, gtan agRy — v* = 0,

tanag = v2/(gRp).

If « = ap and R = Ry, then from Part (a) g(sec?ag)R3 — 2v2(tanag)Ry — 2v?h = 0, but
from Part (b) tan g = v?/(gRo) so sec?ag = 1 + tan?ay = 1 + v*/(gRo)? thus

g[l +v*/(gRo)?|R% — 2v%[v?/(gRo)|Ro — 2v%h = 0, gR3 — v*/g — 2v%h = 0,

R3 = v2(v? 4 2gh) /g%, Ro = (v/g)\/v® + 2gh and

tan ag = v2/(v\/v2 4 2gh) = v/\/v? + 2gh, ap = tan~ (v//v? + 2gh).

v (cos @)(2.9) = 259 cos 23° s0 v cos a & 82.21061, vp(sin a)(2.9) — 16(2.9)? = —259 sin 23°
S0 v sin a & 11.50367; divide vg sin a by vy cos a to get tan a &= 0.139929, thus a ~ 8°
and vp ~ 82.21061/ cos 8° ~ 83 ft/s.

From Part (a), z ~ 82.21061¢ and y ~ 11.50367t — 162 for 0 < t < 2.9; the distance traveled

2.9
is V(dz/dt)? + (dy/dt)2dt ~ 268.76 ft.
0
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EXERCISE SET 13.7

1.

2.

10.

11.

The results follow from formulae (1) and (7) of Section 11.6.

(a) (rmaX - Tmin)/({rlnax + T'mjn) - 2@6/(2&) =€
(B)  Tmax/Tmin = (1 +€)/(1 — e), and the result follows.
(a) From (15) and (6), at t =0,
C = vy X bg — GMu = v x rovok — GMu = rgvdi — GMi = (rovg — GM)i

(b) From (22), rovg — GM = GMe, so from (7) and (17), v x b = GM (cos 6i + sin 0j) + G Mei,
and the result follows.

(c) From (10) it follows that b is perpendicular to v, and the result follows.
(d) From Part (c) and (10), |v x b|| = ||v||[|b|| = vrove. From Part (b),

lv x b| = GM\/(e + cos0)? + sin? @ = GM+/e? 4 2ecos + 1. By (10) and
M
Part (c), ||v x b|| = ||v|[||b]| = v(rove) thus v = G—\/ €2 +2ecosf + 1. From (22),
ToVo
rovd/(GM) =1+ e, GM/(rovg) = vo/(1 +¢€) so v = 13(_) Ve2 +2ecos + 1.

e
At the end of the minor axis, cos = —c¢/a = —e so
) 2e(— _ Y 12 — l—e
v 1_|_e\/e + 2¢e(—e) + 1+6\/ e =vo\/ T,

Umax occurs when 6 = 0 80 Vax = Vo; Vmin Occurs when 6 = 7 so

v l1—e 1+e
Umin = 0 V e —2e+1= Umax 7 > thus VUmax = Umin .

l1+e l1+e 1—e

If the orbit is a circle then e = 0 so from Part (d) of Exercise 3, v = vy at all points on the orbit.

Use (22) with e = 0 to get vg = \/GM/rg so v = \/GM/ry.

ro = 6440 4+ 200 = 6640 km so v = 1/3.99 x 105/6640 ~ 7.75 km/s.

1.24 x 1012
From Example 1, the orbit is 22,250 mi above the Earth, thus v ~ 4/ ﬁ A~ 6873 mi/h.

2(3.99) x 10°

From (23) with ro = 6440 + 300 = 6740 km, vesc = ~ 10.88 km/s.

6740
From (29), T = —2— %2, But T = 1 yr — 365 - 24 - 3600 s, thus M e 199 % 10 k
om ,T'= ——=0a”*. But T =1yr = <24 . s, thus M = —— ~ 1. .
VGM Y GT? &

(a) At perigee, 1 = rmin = a(l —e) = 238,900 (1 — 0.055) ~ 225,760 mi; at apogee,
7 = max = a(1 + e) = 238,900(1 + 0.055) ~ 252,040 mi. Subtract the sum
of the radius of the Moon and the radius of the Earth to get
minimum distance = 225,760 — 5080 = 220,680 mi,
and maximum distance = 252,040 — 5080 = 246,960 mi.

(b) T =2m\/a3/(GM) = 2m/(238,900)3/(1.24 x 10'2) ~ 659 hr ~ 27.5 days.
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12. (a)
(b)
()
13. (a)
(b)

14. By equation (20), r

Tmin = 6440 + 649 = 7,089 km» Tmax = 6440 4 4,340 = 10,780 km so
@ = (Tmin + Tmax)/2 = 8934.5 km.

e = (10,780 — 7,089)/(10,780 + 7,089) ~ 0.207.
T = 27/a®/(GM) = 27/(8934.5)3/(3.99 x 10°) ~ 8400 s ~ 140 min

GM
ro = 4000 + 180 = 4180 mi, v = /= — = V/1.24 % 1012 /4180 ~ 17,224 mi/h
0

. GM 7’01)(2) T 5 To
=41 = — re=———1=12 — — =~ 0.071;
0 80 mi, vg \/:Jr 600; e 00 a + (600) Vi 0.071;

Tmax = 4180(1 4+ 0.071) /(1 — 0.071) ~ 4819 mi; the apogee altitude
is 4819 — 4000 = 819 mi.

k

= ———  where k > 0. By assumption, r is minimal when 6 = 0,
1+ ecosf

hence e > 0.

CHAPTER 13 SUPPLEMENTARY EXERCISES

2. (a)
(b)
(c)

4. (a)

7. (a)

(b)

(c)

(b)

(c)

(b)
(c)

the line through the tips of ry and r;y
the line segment connecting the tips of ry and ry

the line through the tip of ry which is parallel to r'(tg)

speed (b) distance traveled (c) distance of the particle from the origin
t 2 t 2
r(t) :/ oS (m) dui—l—/ sin <7ru> du j;
0 2 0 2
dr|?

¢2 t2
=2'(t)* + ¢/ (t)* = cos? (7T2> + sin? (7r2> =1landr(0)=0

, w2\ . . w2\ . " . w2\ . ws?\ .
r'(s) = cos - i+ sin 5 J,r”(s) = —mssin B i+ mscos L

ko= [r"(s)[l = 7ls]

k(8) — +00, so the spiral winds ever tighter.

The tangent vector to the curve is always tangent to the sphere.

|lv|]| = const, so v - a = 0; the acceleration vector is always perpendicular to the velocity
vector

1 1
lr(®)||? = (1 ~ 1 cos? t) (cos®t +sin? t) + 1 cos?t =1

lr(®)|| = 1, so by Theorem 13.2.9, r’(t) is always perpendicular to the vector r(¢). Then
v(t) = Rw(—sinwti + coswtj),v = ||[v(t)|| = Rw

a = —Rw?(coswti + sinwtj),a = ||a|| = Rw?, and a = —w?r is directed toward the origin.

2
The smallest value of ¢ for which r(¢) = r(0) satisfies wt =27, s0 T =¢ = Ul
w
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v muv

10. (2) F=|F|=mllal = mRuw? = mR = "=

6.43
(b) R = 6440+ 3200 = 9640 km, 6.43 = v = Rw = 9640w, w = 9610 ~ 0.000667,

6.432
= 2 = = — = 2
a=Rw" =ww= 9640 0.00429 km/s
a = —a(coswti + sinwtj) ~ —0.00429[cos(0.000667¢)i + sin(0.000667t)j]

(c) F =ma~ 70(0.00429) kg - km/s2 ~ 0.30030 kN = 300.30 N

11. (a) Let r = zi+ yj+ zk, then 22 + 22 = t?(sin® wt + cos® 7t) = t* = 3°

Al
Wi

/)
/)

g0
i
I

i

N

/)
g

Y

Wi

774

12. Y

13. (a) |[le.(t)||> = cos?@+sin®H = 1, so e,(t) is a unit vector; r(t) = r(t)e(t), so they have the same
direction if 7(t) > 0, opposite if r(¢) < 0. ey () is perpendicular to e, () since e, (t) - eg(t) = 0,
and it will result from a counterclockwise rotation of e,.(t) provided e(t) x ey(t) = k, which
is true.
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14.

15.

16.

17.

18.

d do L . do d do A, do
(b) ier(t) = E(_ sin 01+ cos 0j) = Eeg(t) and %eg(t) = —E(cos fi+sinbj) = ——

v{t) = Se(t) = S (r(D)en(t) = (e 1) + (1) G (1)

(¢) From Part (b),a = %v(t)

2 2
=" (t)e,(t) + r’(t)%ee(t) + r’(t)fl—fee(t) + r(t)fl—tfee(t) —r(t) (flf) e, (t)

_ &_ ﬁ ? (t)+ @4_2@@ (t)
e " \a) | a2 T arar |

dt 3 3 3

. B B Ly dydd  , do
The height y(t) of the rocket satisfies tanf = y/b,y = btanf,v = il i bsec Gdt'
- d — 12 -2 2
r:r0+tPQ:(t—1)i+(4—2t)j+(3+2t)k;HrH:s,r(s):s LI Sp4 025y

By equation (26) of Section 13.6, r(t) = (60 cos a)ti + ((60sin )t — 16¢% + 4)j, and the maximum

1
height of the baseball occurs when y'(t) = 0, 60sina = 32t, t = §5 sin a, so the ball clears the
1 152 152 sin? 2
ceiling if Ymax = (60sin oz)§5 sina — 168i2 sin® a4 4 < 25, 157simn"a < 2l,sina < % The ball
hits the wall when 2 = 60,¢ = seca, and y(seca) = 60sinaseca — 16sec? o + 4. Maximize the

28
height h(a) = y(seca) = 60 tan a — 16sec? a + 4, subject to the constraint sin® a < w5 Then

60 15 15 15
h'(a) = 60sec? o — 32sec’ atana = 0,tana = 33 = g’ % sina = VR =1 but for

this value of « the constraint is not satisfied (the ball hits the ceiling). Hence the maximum
value of h occurs at one of the endpoints of the a-interval on which the ball clears the ceiling, i.e.

[O, sin~!,/28/ 75}. Since h'(0) = 60, it follows that h is increasing throughout the interval, since
28
h' > 0 inside the interval. Thus Apyax occurs when sin a = 7

V28 75 120+/329 — 1012
60— — 16— +4 = ————— =~ 24.78 ft. Note: the possibility that the baseball keeps

VAT 47 47

climbing until it hits the wall can be rejected as follows: if so, then y'(t) = 0 after the ball hits

Bmax = 60tana — 16sec? o + 4 =

. 15 . 15 . .
the wall, ie. t = §51na occurs after ¢t = seca, hence §51no¢ > seca, lbsinacosa > 8§,

15sin 2 > 16, impossible.

r'(1) = 3i+ 10j + 10Kk, so if ¥/(t) = 3t%i 4+ 10j + 10tk is perpendicular to r'(1), then
9¢2 + 100 + 100t = 0, = —10, —10/9,
so T = —1000i — 100j + 500k, —(1000/729)i — (100/9)j + (500/81)k.

Let x(1) = 2(1)i + (1), then o0 = a(6), % = y(1),2(0) = w0, (0) = o, 50

x(t) = xoel, y(t) = yoe!, r(t) = e'rg. If r(t) is a vector in 3-space then an analogous solution holds.
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19. (a)

(b)

20.

dv
— = 2621+ j + cos 2tk, vo = i+ 2j —

Chapter 13

2 1
= k,soa'(t) =t + 1,9/ (t) =t +2,2(t) = isin2t -1,

3

1 1 1
x(t) = 6t4 +t,y(t) = 5152 +2t,2(t) = —7 08 2t —t+ T since r(0) = 0. Hence

1 1 1 1
r(t) = (6t4+t>i+ (2t2—|—2t>j— (40052t—|—t—4>k

%L:l = X OIl] _ V(537 +9+ (1 - (sin2)/2)? ~ 3.475

t=1

d d 1
Z=v(t) - v(t), 2V lv]| =2v-a, — = i—(v:
IVI? = v(t) - v(0), 2Ivll vl =2v -2, 5 (VD) = o5 (v - @)



