CHAPTER 12
Three-Dimensional Space; Vectors

EXERCISE SET 12.1

1. (a) (0,0,0),(3,0,0),(3,5,0),(0,5,0),(0,0,4),(3,0,4),(3,5,4),(0,5,4)
(b) (0,1,0),(4,1,0),(4,6,0), (0,6,0),(0,1,-2), (4,1, -2), (4,6, -2), (0,6, -2)

2. corners: (2,2,+2), (2,—2,+£2), 3. corners: (4,2,-2), (4,2,1), (4,1,1), (4,1,-2),
(_2a 23 i2)7 (_27 _27 :l:2) (_Ga ]-7 1)7 (_6a 27 1)7 (_67 2, _2)3 (_67 ]-7 _2)
Z Z
(-2,-2,2) W (-2,2,2) ‘ (-6,2,1)
! =6, 1,-2) (-6,2,-2)
2,-2,2) } 2,)2,2) y
+F > y
(-2,-2,1+2) (-2,2,-2)
/ “4,1,1) “4,2,1)
2,-2,-2) /x 2,2,-2) /
4,1,-2)
X

4. (a) (372791721)7(1‘2’92,751),($1a92,21)($1ay172’2),($2a917z2)7($1792722)

(b) The midpoint of the diagonal has coordinates which are the coordinates of the midpoints

1
of the edges. The midpoint of the edge (z1,y1,21) and (z2,y1,21) is (2(.’L‘1 + xg),yl,z1>;

1
the midpoint of the edge (z2,y1,21) and (x2,ys2,21) is (xg, 5(@;1 +y2),z1>; the midpoint

1
of the edge (x9,y2,21) and (z2,ys,22)) is (wg, Y2, 5(21 + 22)> Thus the coordinates of the

1
(Y1 +y2), 5 (21 + 22).

1
midpoint of the diagonal are 5(.%‘1 + x2), B 5

5. The diameter is d = /(1 —3)2 + (=2 — 4)2 + (4 + 12)2 = /296, so the radius is 1/296/2 = /74.
The midpoint (2,1, —4) of the endpoints of the diameter is the center of the sphere.

6. Each side has length v/14 so the triangle is equilateral.
7. (a) The sides have lengths 7, 14, and 7v/5; it is a right triangle because the sides satisfy the

Pythagorean theorem, (7v/5)% = 72 + 142.

(b) (2,1,6) is the vertex of the 90° angle because it is opposite the longest side
(the hypotenuse).

(c) area = (1/2)(altitude)(base) = (1/2)(7)(14) = 49

8. (a) 3 (b) 2 (C) 5
(d) (2)2+(-3)2=V13 (e) (=52 + (=3)2 =34 (f) (—5)2 + (2)2 = v29
9. (a) (z—1)2+y*+(z+1)?=16
(b) r=V(-1-02+B-02+2-02=VIL (z+1)°+ (-3’ +(z-2° =14
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(c) r= %\/(4 —0)2+(2-224+(1-3)2= %\/5 center (—1/2,2,2),
(x+1/2)2+(y—2)2+(2—-2)2=5/4

10. r = |[distance between (0,0,0) and (3,—2,4)] £ 1| =29 +1,
42422 == (VO +1)° =30 +2V29

11 (=27 +(y+1)* + (2 +3)° =1

(a) m?=32=9 b)) P?=12=1 (c) r?=22=4
: cooa L 2 2 2 _ 1
12. (a) The sides have length 1, so the radius is 3 hence (x+2)*+ (y—1)°+ (2 —3)* = i
3
(b) The diagonal has length v/1 + 1 + 1 = v/3 and is a diameter, so (z+2)%+(y—1)24(2—3)% = T

13. (z+5)%2+ (y+2)%+ (2 +1)? = 49; sphere, C(—5,-2,—-1),r =7

14. 22+ (y — 1/2)% + 22 = 1/4; sphere, C(0,1/2,0), r =1/2

15. (v —1/2)? + (y — 3/4)% + (2 + 5/4)% = 54/16; sphere, C(1/2,3/4,-5/4), r = 3/6/4
16. (z+1)2+ (y—1)2+ (2 +1)? = 0; the point (—1,1,-1)

17. (z—3/2)2+ (y+2)% + (z — 4)? = —11/4; no graph

18. (z—1)%2 + (y — 3)2 + (2 — 4)? = 25; sphere, C(1,3,4),

19. (a) z 2
y ; 2 y

20. (a) TZ

21. (b)
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22.

23.

24.

25.

26.

28.

Chapter 12
(a) : (b) : (©) :
/ i \y y ‘ y
(a) —2y+2z2=0 (b) —22+4+2=0
(€ (-1 +@-12=1 (d) (@12 +(-1)2=1
(a) (x—a)+(z—a) = (®) (@-a?+@y-a?=a

() (y—a3+(z—a)=ad
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30.

33.

35.

36.

37.

38.

39.

40.

31.

(a) 14 (b) \

/E

~14

(a) 1 (b) :

Complete the square to get (z + 1)% + (y — 1)2 + (2 — 2)? = 9; center (—1,1,2), radius 3. The
distance between the origin and the center is v/6 < 3 so the origin is inside the sphere. The largest
distance is 3 + \/(737 the smallest is 3 — /6.

(x —1)% + y% + (2 + 4)? < 25; all points on and inside the sphere of radius 5 with center
at (1,0, —4).

(y +3)% + (2 — 2)? > 16; all points outside the circular cylinder (y + 3)% + (z — 2)? = 16.

V(=124 (y+2)2 422 =222+ (y — 1)2 + (2 — 1)2, square and simplify to get
322 + 3y% 4+ 322 4+ 22 — 12y — 82 + 3 = 0, then complete the square to get
(x+1/3)2+ (y — 2)2 + (2 — 4/3)% = 44/9; center (—1/3,2,4/3), radius 21/11/3.
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41. Let r be the radius of a styrofoam sphere. The distance from the origin to the center of the bowling
ball is equal to the sum of the distance from the origin to the center of the styrofoam sphere nearest
the origin and the distance between the center of this sphere and the center of the bowling ball so

_ (3 VB, o
VBR=+\3r+7r+R,(V3+1)r= (/3 1)R,r—\/§+1R—(2 V3)R.

42. (a) Complete the square to get (z + G/2)? + (y + H/2)? + (2 + I /2)?> = K /4, so the equation
represents a sphere when K > 0, a point when K = 0, and no graph when K < 0.

(b) C(-G/2,—H/2,—1/2),r =VK/2

43. (asinpcosh)? + (asin¢sinh)? + (acos ¢)? = a®sin’ ¢ cos? § + a? sin® ¢sin? 6 + a2 cos? ¢
= a?sin? ¢(cos? O + sin? 0) + a® cos? ¢

= a®sin® ¢ + a? cos? ¢ = a?(sin” ¢ + cos® ¢) = a?

EXERCISE SET 12.2
1. (a—c) 4 (d—f) Y
2, 5) —5i+3j
. X
@0 3i-2j
(=5, =4 L6j 7
2. (a—c) hY (d—f) by
<_3’ 7>
4i+2j
X N X
4i
6, -2) ~2i—j
T <0’ _8>
3. (a-b) Az (c—d) z —i+2j+3k

g @.2.-1) /
x 2i+3j -k
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4.

6.

10.

11.

(a=b) ‘ (c—d) ‘
(-1,3,2)
/ i—j +2k/1I _{
y = , >
——/ |
/ (3,4,2) I ik
/ g
X
(a) <4_ 1,1 _5> = <37 _4> (b) <0_2v0_374_0> = <_2a _374>
by 2i-3j+4k b
X
3i—4j y
X
(a) <_3_273_3> = <_57O> (b) <0_374_074_4> = <_37470>
y 4
—3i+ 4
_Q X
-5i y
/
(a) (2-3,8-5)=(-1,3) 8. (a) (—4—(-6), -1-(-2))=(2,1)
(b) (0—-7,0-(=2))=(-7,2) (b) (-1,6,1)
(C) <_3a671> (C) <5,0,0>
(a) Let (x,y) be the terminal point, then z —1 =3,z =4 and y — (-2) = -2, y = —4.
The terminal point is (4, —4).
(b) Let (x,y, 2z) be the initial point, then 5 — 2z = -3, —y =1, and —1 — 2 =2 s0 x = §,
y = —1, and z = —3. The initial point is (8, —1, —3).
(a) Let (x,y) be the terminal point, then z —2 =7,z =9 and y — (—1) =6, y = 5.
The terminal point is (9,5).
(b) Let (x,y, z) be the terminal point, then t +2=1,y—1=2 and 2 —4= -3 so x = —1,
y =3, and z = 1. The terminal point is (—1,3,1).
(a) —i+4j—2k (b) 18i+12j— 6k (¢) —i—-5j—2k
(d) 40i — 4j — 4k (e) —2i—16j— 18k (f) —i+13j—2k
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12. (a) (1,-2,0) (b) (28,0,—14) + (3,3,9) = (31,3, —5)
(c) (3,—-1,-5) (d) 3((2,—1,3) — (28,0, —14)) = 3(—26,—1,17) = (—78,—-3,51)
(e) (—12,0,6) — (8,8,24) = (—20, -8, —18)
(f) (8,0,—4) — (3,0,6) = (5,0, —10)
13. (a) |vl=vIi+t1=+V2 (b) vl =VI+49=5V2
(¢) [lvll=v21 (d) |v| =v14
14. (a) |v|=v9+16=5 (b) |vl=v2+7=3
(c) IIvl=3 (@ [vll=v3
15. (a) [u+v|=|2i-2j+2k|=2V3 (®) ull+ vl = V14 +v2
(¢) || —2ull+2|v]| =2V14+2v2 (d) [3u—5v+w| =] —12j+ 2k|| = 2v/37
(e) (1/V6)i+(1/V6)j—(2/V6)k (f) 1

16. If one vector is a positive multiple of the other, say u = av with a > 0, then u,v and u + v are
parallel and [[u+v| = (1+a)[[vl| = |[u]l +Iv].

17. (a) || —i+4j|| = V17 so the required vector is (—1/v/17)i+ (4/V17)j
(b) ||6i — 4j + 2k]|| = 2v/14 so the required vector is (—3i + 2j — k)//14

(c) AB= 4i +i—-k | AB || = 3v/2 so the required vector is (4i +j — k)/ (3v/2)

1 3 4
18. (a) ||3i—4j|| =5 so the required vector is _5(3i —4j) = —3i + 5.]
. . 2, 1, 2
(b) |21 —j — 2k|| = 3 so the required vector is 3i—gi- gk
T s o Il AT . 4. 3,
(c¢) AB=4i-3j, || AB]| = 5 so the required vector is Fi- ]
1 V17 1
19. (a) —=v=(-3/2,2 b) |v| =85, so ~—v = — (7,0, —6) has length /17
(a) —3v=(-3/2.2) (B) V]l = V85, 50 YL = = (7.0,6) has leng
2 6 8 2
20. (a) 3v = —6i+9j (b) -~ v= ik
ol © V26 V26" V26
21. (a) v = ||vll{cos(n/4),sin(m/4)) = (3v2/2,3v2/2)
(b) v =|v|[{cos90°,sin90°) = (0, 2)
(¢) v =|v][{cos120°,sin 120°) = (—5/2,5v/3/2)
(d) v =]|v|{cosm,sinw) =(—1,0)

22. From (12), v = {(cos(7/6),sin(7/6)) = (v/3/2,1/2) and w = (cos(37/4),sin(37/4)) = (—v/2/2,1/2/2),
sov+w=((V3—v2)/2.(1+v2)/2 v—-w=((V3+V2)/2,(1-V2)/2)

23. From (12), v = (cos 30°,sin 30°) = (v/3/2,1/2) and w = (cos 135°,sin 135°) = (—/2/2,/2/2), so
v+w=((V3-v2)/2,(1+V2)/2)

24. w = (1,0), and from (12), v = (cos 120°,sin 120°) = (—1/2,v/3/2), so v +w = (1/2,/3/2)
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25.

26.

27.

28.

29.

31.

32.

33.

34.

35.

(a) The initial point of u+v +w (b) The initial point of u 4+ v +w
is the origin and the endpoint is (—5,4) and the endpoint
is (—2,5), sou+v+w=(-25). is (—2,—4),s0u+v+w=(3,-8).
2045 A A
X
-5 5
X
-5 5
3i = 8j
5 =8
(a) v =(—10,2) by inspection, so (b) v =(—3,8) by inspection, so
u-v+w=u+v+w-—-2v= u-v+w=u+v+w-—-2v=
(—2,5) + (20, —4) = (18, 1). (3,—8) + (6,—16) = (9, —24).
Ay Ay
as.1) N
(9,-24)

6x =2u—v—w=(—4,6),x =(-2/3,1)
1
u-—2x =x—w+3v, 3x:u+w—3v,x:g(u+w—3v):<2/3,2/3>

5 2 1 8 1 4
= —i —J —k = —_-i——-j— -k 30. = (— = —11
u 71—1—7.]—|—7 ,V 71 7J - u=(-5,8),v={(7, )

G +3) + G =29 =12 =l = V5, (i +3 - (A = 2))|| = [13j]| = 3

Let A, B, C be the vertices (0,0), (1,3), (2,4) and D the fourth vertex (z,y). For the parallelogram
ABCD, /B:B?‘, (x,y) =(1,1) sox =1,y =1and D is at (1,1). For the parallelogram ACBD,
Ez@, (x,y) = (-1,-1)y sox = =1, y = —1 and D is at (—1,—1). For the parallelogram
ABDC, E:ED, (x—1,y—3)=(2,4), s0 2 =3,y =7 and D is at (3,7).

(a) 5=|kv| = I|k|||v|] = £3k, so k = £5/3
(b) 6= [[kv] = [Kl[[v]l = 2[[v[l, so [[v]| = 3

If ||kv|| = O then |k|||v]| = 0 so either k =0 or ||v|| = 0; in the latter case, by (9) or (10), v = 0.
(a) Choose two points on the line, for example P;(0,2) and P2(1,5); then PTPQ: (1,3) is
parallel to the line, [|(1,3)]] = v/10, so (1/4/10,3/+/10) and (—1/+/10,—3/4/10) are unit

vectors parallel to the line.
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36.

37.

38.

39.

40.

41.

42.

43.

44.

45.

Chapter 12

(b) Choose two points on the line, for example P;(0,4) and P5(1,3); then PEQ: (1,-1) is
parallel to the line, [|(1,—1)|| = V2 so (1/v2,—1/v/2) and (—1/v/2,1/v/2) are unit vectors
parallel to the line.

(c) Pick any line that is perpendicular to the line y = —5x+1, for example y = x/5; then P; (0, 0)
and Py(5,1) are on the line, so Py P,= (5, 1) is perpendicular to the line, so +——=(5,1) are

V26

unit vectors perpendicular to the line.
(a) £k (b) £j (¢) =i

(a) the circle of radius 1 about the origin
(b) the closed disk of radius 1 about the origin
(c) all points outside the closed disk of radius 1 about the origin

(a) the circle of radius 1 about the tip of rq
(b) the closed disk of radius 1 about the tip of ry
(c) all points outside the closed disk of radius 1 about the tip of rg

(a) the (hollow) sphere of radius 1 about the origin

(b) the closed ball of radius 1 about the origin

(c) all points outside the closed ball of radius 1 about the origin

The sum of the distances between (z,y) and the points (z1,y1), (z2,y2) is the constant k, so
the set consists of all points on the ellipse with foci at (x1,y1) and (z2,y2), and major axis of

length k.

Since ¢ = /2, from (14) we get |F1 + Fa|? = ||F1||* + | F2||* = 3600 + 900,

so |[F1 + Fq|| = 301/5 1b, and sina = ||F|1|F—|—2|1'|“2|| sing = 33\0/5,04 ~ 26.57°,0 = o ~ 26.57°.

|F1 4+ Fa|2 = |[F1]|? + ||F2||® + 2||F1||||F2| cos ¢ = 14,400 + 10,000 + 2(120)(100)% = 36,400, so
|[F1 + Fal = 20v/91 N, sina = ||1«“1F+2|1<|“2|Sin¢ = 201\0/(271 sin 60° = 25\/\/9%,04 ~ 27.00°,

0= a =~ 27.00°.

|F1 + Fy||2 = ||F1]|2 + ||F2]|? + 2||F1 | ||F2]| cos ¢ = 160,000 + 160,000 — 2(400)(400)?,

so ||F1 + Fa|| &~ 207.06 N, and sina = ”FTF% in ¢~ 2;;)‘%6 <;) ,a = 75.00°,

0 =a—30° =45.00°.
|F1 + Fa|? = [|F1]|? + ||Fal|? + 2||F1||||Fa|| cos ¢ = 16 + 4 + 2(4)(2) cos T7°, so

F 2
||F|1—|—2|1<|“2 sin¢g = 136 sin77°, o &= 23.64°,0 = a—27° = —3.36°.

|F1+F3| ~ 4.861b, and sina =
Let F1,F5, F3 be the forces in the diagram with magnitudes 40, 50, 75 respectively. Then

Fi1+ Fs + F3 = (F1 + F3) + F3. Following the examples, F1 + F3 has magnitude 45.83 N and
makes an angle 79.11° with the positive z-axis. Then

|(F1+F2)+F3||? ~ 45.83% + 752 42(45.83)(75) cos 79.11°, so F1 +Fy +F3 has magnitude ~ 94.995
N and makes an angle § = a ~ 28.28° with the positive z-axis.
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46.

47.

48.

49.

50.

51.

52.

53.

54.

55.

56.

Let F1,F5, F3 be the forces in the diagram with magnitudes 150,200,100 respectively. Then
F1+ F3 + F3 = (F1 + F2) + F3. Following the examples, F; + F2 has magnitude 279.34 N and
makes an angle 91.24° with the positive x-axis. Then

IF1 + Fy + F3? =~ 279.342 + 1002 + 2(279.34)(100) cos(270 — 91.24)°, and F; + Fy + F3 has
magnitude ~ 179.37 N and makes an angle 91.94° with the positive z-axis.

Let F1,Fy be the forces in the diagram with magnitudes 8, 10 respectively. Then [|[F; + Fo|| has
magnitude /82 + 102 + 2 - 8 - 10 cos 120° = 2/21 ~ 9.165 Ib, and makes an angle
[[F4]]

[F1 + Fof
makes an angle —70.89° with the positive z-axis.

60° +sin sin 120 ~ 109.11° with the positive z-axis, so F has magnitude 9.165 1b and

|F1 + Fa| = v/120% + 1502 + 2 - 120 - 150 cos 75° = 214.98 N and makes an angle 92.63° with the
positive z-axis, and |F; +F2+F3|| = 232.90 N and makes an angle 67.23° with the positive z-axis,
hence F has magnitude 232.90 N and makes an angle —112.77° with the positive z-axis.

F, + Fs + F = 0, where F has magnitude 250 and makes an angle —90° with the positive x-axis.

Thus ||[F1 + Fa||? = ||F1[|? + |F2? + 2||F1 ||| F2|| cos 105° = 2502 and

IF2l . - mo V2 |Fs
sin 105 50— =

250 "5 79 950

[ F1]|? + 2(183.02)(—0.2588)||F1 || + (183.02)% = 62,500, ||F:| = 224.13 Ib.

45° = o = sin~ ! ( 0.9659, ||F2|| ~ 183.02 b,

Similar to Exercise 49, |[F1[| = 100v/3 N, [|F5| = 100 N

(a) Cc1Vy1 + cavy = (261 + 462) i + (701 + 262)j = 4j, SO 201 + 402 =0 and —c1 + 262 =4
which gives ¢y = =2, co = 1.

(b) c1v1 + cava = {1 — 2¢2, —3¢1 + 6¢2) = (3,5), 50 ¢; — 2o =3 and —3¢; + 6¢2 =5
which has no solution.

(a) Equate corresponding components to get the system of equations ¢; + 3co = —1,
2co +c3 =1, and ¢; + ¢s = 5. Solve to get ¢; = 2, co = —1, and ¢35 = 3.

(b) Equate corresponding components to get the system of equations ¢; + 3co + 4¢3 = 2,
—cy —c3 =1, and ¢c3 + c3 = —1. From the second and third equations, ¢y = —1 — ¢3 and
cog = —1 — c3; substitute these into the first equation to get —4 = 2, which is false so the
system has no solution.

Place u and v tip to tail so that u + v is the vector from the initial point of u to the terminal
point of v. The shortest distance between two points is along the line joining these points so
[u+ v < [[af +[v].

(a): u+v=(wituzj)+ ii+v2j) = (v1i+v2j) + (wi+uzj)=v-+u
(¢ u+0=(ui+uzj)+0i+0j=wituj=u
(e): k(lu) = k(l(uai+u2j)) = k(luai + lug j) = kluii+ klug j = (kl)u

(d): u+(—u) = (mi+uj) + (—wi—u2j) = (ur —w)i+ (ur —u1)j=0
(e): (k+Du=(k+1)(ui+u2j) = kuri+ kugj+ lugi+ luzj = ku+lu
(h): lu=1(wi+uej) =1lugi+ lugj=wmi+uj=u

]
~ ~—

(o}

Draw the triangles with sides formed by the vectors u, v, u + v and ku, kv, ku + kv. By similar
triangles, k(u+ v) = ku + kv.
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57. Let a, b, ¢ be vectors along the sides of the triangle and A,B the
1 1
midpoints of a and b, then u = 52~ §b = i(a —b)= gcsou is
parallel to ¢ and half as long.
58. Let a, b, ¢, d be vectors along the sides of the quadrilateral
and A, B, C, D the corresponding midpoints, then
1 1 1 1
= §b+§c and v = id—iabutd—a—i—b—&—cso
—1( +b+c) = —1b+1 = u thus ABCD
v=5(a €)—za=3 5€ = u thus
is a parallelogram because sides AD and BC are equal
and parallel.
EXERCISE SET 12.3
1. (a) (1)(6) + (2)(~8) = —10; cos 0 = (~10)/[(v5)(10)] = —1//5
(b) (=7)(0) + (=3)(1) = =3; cos§ = (=3)/[(V/58)(1)] = —3/V/58
(c) (1)(8)+(=3)(=2) + (7)(=2) = 0; cosf = 0
(d) (=3)(4) + (1)(2) + (2)(=5) = —20; cos§ = (—20)/[(V14)(V45)] = —20/(3v/70)
2. (a) u-v=1(2)cos(n/6) =3 (b) u-v=2(3)cos135° = —3/2
3. (a) u-v=-34<0, obtuse (b) u-v==6>0,acute
(c) u-v=-1<0,obtuse (d) u-v =0, orthogonal
4. Let the points be P, Q, R in order, then ﬁ): (2—(-1),-2—-2,0-3) = (3,—4,-3),
Cﬁ: <3_2 1- (_ ) _4_0> = <1737_4>5}?ﬁ: <_1 _372_ 173_ (_4)> = <_47177>;
since QP QR— —3(1) +4(3) + 3(—4) = -3 < 0, ZPQR is obtuse;
since RP - —4(=1)+ (=3)+7(4) =29 > 0, LPRQ is acute;
since PR - PQ 4(3) —1(—4) — 7(—3) =37 > 0, LRPQ is acute
5. Since vy - v; = cos ¢;, the answers are, in order, v/2/2,0, —v/2/2, —1, —v/2/2,0,1/2/2
6. Proceed as in Exercise 5; 25/2, —25/2, —25, —25/2,25/2
7. (a) E: (1,3,-2), B?’: (4,-2,-1), E . B_C)’: 0 so E and B?’ are orthogonal; it is a right

triangle with the right angle at vertex B.

(b) Let A, B, and C be the vertices (—1,0), (2, —1), and (1,4) with corresponding interior angles
«, 3, and ~, then
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10.

11.

12.

13.

14.

15.

16.

AB - AC (3,-1)-(2,4)

cosqg= ——————— = =1/(5V2), a ~82°
|AB| |AC| ~ V10V20
BA - BC _3.1) - (=1.5

cosff= — — :< 1) (L >:4/\/%7ﬂm60°
| BA| || BC| V10v26
CA - CB —9 4y (1, —

cosy = ¢4 - 08 _{2-4)-{,75) = 9/1/130, v ~ 38°

ICA|l|CB] V20v/26

AB - AP=1[2i+j+ 2K - [(k— Di+ (k+1)j + (k — 3)K]
=2k —1)+(k+1)+2(k—3)=5k—7=0k="7/5.

(a) vevi=—ab+ba=0; v-va=ab+b(—a)=0

(b) Let vi =2i+3j, vo=—-2i—3j; Y
3
take uy = i 2i+ 3ju*fu Vi
Pl vis T vist T

V.

By inspection, 3i — 4j is orthogonal to and has the same length as 4i + 3j

souy = (4i+3j)+ (3i—4j) = 7i—j and ug = (4i+3j) + (—1)(3i — 4j) = i+ 7j each make an angle
of 45° with 4i + 3j; unit vectors in the directions of u; and uy are (7i — j)/+/50 and (i + 7j)/+/50.
(a) The dot product of a vector u and a scalar v - w is not defined.

(b) The sum of a scalar u - v and a vector w is not defined.

(c) wu-visnot a vector.

(d) The dot product of a scalar k and a vector u + v is not defined.

(b):u-(v+w)=(6i—j+2k)- ((21+7j+4k)+(i+j—3k)) = (6i —j+2k) - (3i+8j + k) =12;
u-v+u-w=(6i—j+2k)- 2i+7j+4k)+ (6i—j+2k)- i+j—3k)=13-1=12

(¢): k(u-v)=—-5(13) = —65; (ku) - v = (—30i+ 5j — 10k) - (2i + 7j + 4k) = —65;

u- (kv) = (6i— j+ 2k) - (—10i — 35j — 20k) = —65

(@) (1,2) - ((28,—14) + (6,0) = (1,2) - (34,~14) =
(b) (6wl = 6]w] = 36 (c) 24v5 (d) 24v5

false, for example a = (1,2),b = (—1,0),c = (5, —3)

(a) |Ivll=+v3socosa=cosf=1/V3, cosy=—1/v3, a =~ 55 v~ 125°
(b) ||v|]|=3s0cosa=2/3,cosB=—-2/3, cosy=1/3, ax48°, f~132° v~ T71°

(@) ||v|]|=Tsocosa=3/7,cosB=—2/7, cosy=—6/7, a=65° (= 107°, v~ 149°
() |Vl =5, cosa=3/5, cosf =0, cosy=—4/5, a = 53°, § =90°, v = 143°
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17.

18.

19.

20.

21.

22,

23.

Chapter 12

2 2 2

v (% (%
cos? a + cos? B 4 cos? vy = HV1||2 + ||V2||2 + ||VT\2 = (U% +v§ +v§) /||VH2 _ ||v||2/||v||2 -1

Let v = (x,y, 2), then © = /22 + y2 cos b, y = /2% + y?sinb, /22 + y2 = ||v|| cos A, and

z = ||v]|sin A, so a/||v| = cosfcos A, y/|v|| =sinfcos A, and z/|v|| = sin \.

31 3 3v3 3 1
cosa = §§ = %, cosf3 = g% = osY=g; ~ 64°, 8 ~ 41°,v = 60°
Let u; = ||uy]|{cos a1, cos 81, cosv1 ), us = ||ug|[{cos as, cos Bz, cos ¥2), u; and uy are perpendicular

if and only if uy + ug = 0 so |Juy]| |Juz||(cos ay cos ag + cos By cos B2 + cos 1 cosyz) = 0,
€OS (1 COS (g + €08 31 cos B2 + cosy1 cosya = 0.

b
(a) ol = (3/5,4/5), so proj,v = (6/25,8/25) 20’
and v — proj, v = (44/25, —33/25)
projpv
X
-2 2
v
Vv — projp,v
=2
b . .
(b) ol = (1/V5,-2/V/5), so proj,v = (—6/5,12/5) I v — projp,v
and v — proj,v = (26/5,13/5) h
pl’Oij X
-5 5
=5
b
(©) g = (2/V5,1/¥5), so projpv = (~16/5,—8/5) ’
and v — proj,v = (1/5,—-2/5) x
) i
prblpy V — projpv
v
-4
b
(a) ol = (1/3,2/3,2/3), so proj,v = (2/3,4/3,4/3) and v — proj,v = (4/3,—-7/3,5/3)

b
(b) ol =(2/7,3/7,—6/7), so proj,v = (=74/49, —111/49, 222/49)

and v — proj,v = (270/49,62/49,121/49)

(a) projpv={(-1,-1),s0v=(-1,-1) + (3,-3)
(b) proj,v = (16/5,0,—8/5), so v = (16/5,0, —8/5) + (—1/5,1,—2/5)
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24.

25.

26.

27.

28.

29.

30.

31.

32.

(a) pI‘Oij = <17 1>7 S0V = <17 1> + <_47 4>
(b) proj,v =(0,-8/5,4/5), so v =(0,—8/5,4/5) + (—2,13/5,26/5)

AP= i+ 3j, AB=3i + 4], ||[proj —, AP | = | AP - AB|/|| AB | =9/5

| AP || = V10, /10 — 81/25 = 13/5

AP= —4i+ 2k AB= -3i+2j — 4k, [[proj . AP| =|AP - AB|/| AB| = 4/v/29.
| AP|| = v/20, /20 — 16/29 = /564/29

Let F be the downward force of gravity on the block, then |F| = 10(9.8) = 98 N, and if F; and
F, are the forces parallel to and perpendicular to the ramp, then ||Fi| = ||Fa| = 49v/2 N. Thus
the block exerts a force of 49v/2 N against the ramp and it requires a force of 49v/2 N to prevent
the block from sliding down the ramp.

Let = denote the magnitude of the force in the direction of Q. Then the force F acting on the

1
blockis F = 2i—98j. Let u = ———(i+j) and v = — (i — j) be the unit vectors in the directions
j ﬁ( J) \/5( j)
— 98 98
along and against the ramp. Then F decomposes as F = _Z u-+ Tt v, and thus the block

V2 V2

will not slide down the ramp provided x > 98 N.

Three forces act on the block: its weight —300j; the tension in cable A, which has the form
a(—i+j); and the tension in cable B, which has the form b(v/3i — j), where a,b are positive
constants. The sum of these forces is zero, which yields a = 450 4+ 150v/3, b = 150 + 150v/3. Thus
the forces along cables A and B are, respectively,

[1150(3 + v/3)(i — j)|| = 450v/2 + 1501/6 1b, and [|150(v/3 + 1)(v/3i — j)|| = 300 + 300v/3 Ib.

(a) Let T4 and Tz be the forces exerted on the block by cables A and B. Then
T4 = a(—10i+ dj) and Tz = b(20i + dj) for some positive a,b. Since T4 + Tz — 100j = 0, we
200 100 2000 200 2000, 100

find a = ,b=— T nd T, —j. Th
nd a = s da = i+ J, and 1p = —o- i+ 3 us
200 / /
d2 , I = d2 , and the graphs are:
500 500
=20 L : 1100 =20 L ; 1 100
~100 ~100

(b) An increase in d will decrease both forces.

40
(c) The inequality I'T4]] < 150 is equivalent to d > o and || Tz|| < 150 is equivalent to
40
> \/i Hence we must have d > T

Let P and @ be the points (1,3) and (4,7) then P;Q): 3i+4jso W =F- P?) = —12 ft-1b.

W =F- PQ= |[F| | PQ|| cos 45° = (500)(100) (\/5/2) = 925,000v/2 N - m = 25,000¢/2 J
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33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

Chapter 12
W =F-15i = 15- 50 cos 60° = 375 ft - Ib.

W=F-(15/V3)(i+j+k)=—-15/vV3N-m = —5V3J

With the cube as shown in the diagram, z
and a the length of each edge,
d; = ai+ aj + ak,ds = ai + aj — ak, :
cosf = (dy - dy) / (||dy]| [|da]]) = 1/3,60 ~ 71° ;{dz
|
| y
- o a—
/o

Take i, j, and k along adjacent edges of the box, then 10i + 15j + 25k is along a diagonal, and a

unit vector in this direction is k. The direction cosines are cosa = 2/+/38,

2 3 5
i+ j +
V3s | VEs T VBs
cos 3 =3/+/38, and cosy = 5/v/38 so a ~ 71°, 3 ~ 61°, and vy ~ 36°.

u+ v and u — v are vectors along the diagonals,
(u+v)-(u-v)=u-u-u-v+v-u-v-v=|ul?—|v[?so(ut+v)-(u-v)=0

if and only if ||u| = ||v]|.

The diagonals have lengths ||[u+ v|| and |ju — v|| but
[ut V][> =(u+v) - (u+v)=u*+2u-v+|v]? and

[lu—v|?>=(u=v)-(u—v) = |Jul|> = 2u- v+ |v|>. If the parallelogram is a rectangle then
u-v = 0so [[u+v|? = |lu—v|? the diagonals are equal. If the diagonals are equal, then
4u-v=0,u-v=0s0 uis perpendicular to v and hence the parallelogram is a rectangle.

[lut+v|?=(u+v)-(u+v)=ul’+2u-v+|v|?and
Jlu—v|[?P=(u-v)-(u—v)=|u|?—-2u-v+|v|? add to get
[u+v[?+[[u—v]?=2[ul* +2|v|?

The sum of the squares of the lengths of the diagonals of a parallelogram is equal to twice the sum
of the squares of the lengths of the sides.

[utv|?=(+v)- (ut+v)=ul*+2u-v+]|v|]* and
lu—v|?>=(u—v):(u—v)=]ul?>—2u-v+|v|? subtract to get

[u+v|?— |Ju—v|? = 4u - v, the result follows by dividing both sides by 4.

V =cC1Vy + caVa + €3V SO V - V; = ¢;V; + V; because v; - v = 0if © # j,

thus v - v; = ¢;||vi||%,¢ci = v - vi/||vq|? for i = 1,2,3.

Vi + Vg =vVy - V3 = vy - v3 = 0 so they are mutually perpendicular. Let v =1 — j + k, then

Vv 3 V Vo 1 d VvV 1
= =—,c0=7——==——,and g = —— = —.
TR T T e T MO T R T 2t
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43. (a) u==zi+ (2 +1)j,v=xi— (z+1)j,0 =cos  [(u-v)/(Jal/|v])]

Use a CAS to solve df/dx = 0 to find that the minimum value of  occurs when z ~ —3.136742
so the minimum angle is about 40°. NB: Since cos ! u is a decreasing function of u, it suffices
to maximize (u - v)/(||ul/||[v||), or, what is easier, its square.

(b) Solve u-v =0 for z to get x ~ —0.682328.

44. (a) u=-cosbiitsinbij, v = tsinbsj+ cosbok, cosd =u-v = tsinb sinbs
(b) cosf = £sin?45° = +1/2, § = 60°
(c) Let 6(t) = cos~!(sintsin2t); solve &'(t) = 0 for ¢ to find that O, ~ 140° (reject, since 6
is acute) when ¢ & 2.186276 and that 6,;, =~ 40° when ¢t ~ 0.955317; for O,.x check the
endpoints ¢ = 0, 7/2 to obtain O = cos™1(0) = 7/2.
45. Let u = (uy,us,us), v = (v1,v2,03), W = (w1, wz, w3). Then
u- (v+w) = (up(v1 + wy),us(ve + wa), us(vs + ws)) = (u1v1 + ugwy, ugvs + usWe, ugvs + uzws)
= (u1v1, ugvg, uzvsz) + (U W1, UsWa, Usw3) =W+ V + U+ W
O0-v=0-v174+40-v2+0-v3=0

EXERCISE SET 12.4

1. (a) ix(i+j+k) =

— o e
_= O .

k

0 |=-j+k

1

(b) ix(i+j+k)=(ixi)+(@{ix]j)+(ixk =—j+k

2. (a) jx(i+j+k) = —i-k

_ O -
— = e
— O K

Fx(+i+k) = (Gxi) +(xi)+(Gxk =i—k

k
(b) kx(i+j+k) = 1| =—i+j
1

— O
_ O .

kx(i+j+k)=kxi)+kxj)+kxk)=j—i+0=—-i+]
3. (7,10,9) 4. —i-2j—7Tk 5. (—4,-6,-3) 6. i+2j—4k

7. (a) vxw=(-23,7—-1),ux (vxw)=(-20,-67,-9)
(b) uxv=(-10,-14,2), (u x v) X w = (—78,52, —26)
(€) (uxv)x(vxw)=(—10,-14,2) x (—23,7,—1) = (0, —56, —392)
(d) (vxw)x(uxv)=0,56,392)

1 1
9. uxv=_(_i+j)x({i+j+k)=k—j—k+i=1i-—j, the direction cosines are —

N

2 V5 1
10. uxv=12i+30j—6k,so+ | —=i+ —=j— —=k
J <\/30 VG'J V30 )
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11.

12.

13.

14.

15.

16.

17.

21.

23.

24.

25.

26.

27.

28.

Chapter 12

—_— —_— 1
n=AB x AC= (1,1,-3) x (—1,3,—1) = (8,4,4), unit vectors are :I:%@, 1,1)
A vector parallel to the yz-plane must be perpendicular to i;
ix (3i—j+2k)=—2j—k, || —2j— k| = /5, the unit vectors are +(2j + k)//5.
A=|uxv|=|—-7—j+3k| =59
A=luxv| =] —-6i+4j+ 7k|| = V101

1, —  — 1 1 —

1, —  — 1 1
A= PQ x PR = 5[(~1,4,8) x (5,2,12)]| = |(32,52, 22)|| = 9V13
80 18. 29 19. -3 20. 1
V=lu-(vxw)|=]|-16 =16 22, V=lu-(vxw)|=]|45| =45
(a) u-(vxw)=0,yes (b) u-:(vxw)=0, yes (¢) u-(vxw)=245 no
(a) u-(wxv)=-u-(vxw)=-3 (b) (vxw)-u=u-(vxw)=3
(c) w-(uxv)=u-(vxw)=3 (d v-(uxw)=u-(wxv)=-3
() (uxw)-v=u-(wxv)=-3 (f) v:(wxw)=0because w x w =0
(a) V=u-(vxw)=]-9=9 (b) A=Juxw|=]3i—-8j+7k| =122

(¢) vxw = —3i—j+ 2k is perpendicular to the plane determined by v and w; let 6 be the
angle between u and v x w then
u-(vxw) -9

cosf = = =-9/14
[all lv > wil v14v/14

so the acute angle ¢ that u makes with the plane determined by v and w is
¢=0—m/2=sin""(9/14).

From the diagram,

31 9
4 afsing — Vg _ Jux v]

v vl u

(a) u=AP= —4i+2k,v=AB=3i+2j— 4k, uxv=—4i —22j — 8k;
distance = ||lu x v||/||v|| = 24/141/29
(b) u:ﬁ:2i+2j,V:£:—2i+j,u><v=6k;distance:||u><v||/||v||:6/\/5

1
Take v and w as sides of the (triangular) base, then area of base = §||v x w|| and

. 1 1
Ju- (vxw) so V = = (area of base) (height) = 6|u < (v xw)]

height = ||proj =
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29.

30.

31.

32.

33.

34.

35.

—

V =

(a)

(c)

—

PQ=(3,-1,-3), PR= (2,-2,1), PS = (4, —4,3),

1= = =1
| PQ - (PR x PS)| = < |4/ = 2/3

u-v 23 , luxv| ||36i—24j| 1213
cosfl = —— = —— (b) sinf = = =
[l vl 49 [ullf|v]] 49 49
23 144-13 2401 _
492 492 492

From Theorems 12.3.3 and 12.4.5a it follows that sinf = cos 6, so 6§ = 7 /4.

[ v = [Jul?[[v]]* sin 6 = [[ul*[|v]]*(1 — cos® ) = [[u]*|[v]* — (u - v)?

(a)

(b)

(c)

(a)

(b)

F = 10j and P—(Qéz i+ j+k, so the vector moment of F about P is

. i j k
PQxF=|1 1 1 |=—10i+ 10k, and the scalar moment is 10/2 lb-ft.
0 10 0

The direction of rotation of the cube about P is counterclockwise looking along
PQ xF = —10i + 10k toward its initial point.

F = 10j and PQ= j + k, so the vector moment of F about P is

. i j k
PQxF=|0 1 1 |=-10i, and the scalar moment is 10 lb-ft. The direction of rotation
0 10 0

of the cube about P is counterclockwise looking along —10i toward its initial point.

F = 10j and PQ= j, so the vector moment of F about P is

. i j k
PQxF=|0 1 0 |=0, and the scalar moment is 0 1b-ft. Since the force is parallel to
0 10 0

the direction of motion, there is no rotation about P.

1 —
F= %(fi + k) and PQ= 2j — k, so the vector moment of F about P is
. i j k
PQ xF =500v2| 0 2 —1 |=5002(2i+ j+2k), and the scalar moment is
-1 0 1
1500v/2 Nom.

The direction angles of the vector moment of F about the point P are
cos1(2/3) ~ 48°,cos™1(1/3) ~ 71°, and cos™1(2/3) ~ 48°.

Take the center of the bolt as the origin of the plane. Then F makes an angle 72° with the positive
z-axis, so F = 200 cos 72°1 4+ 200sin 72°j and PQ = 0.2 i+ 0.03 j. The scalar moment is given by

i

j k

1 1
2 : — 40=(v5—1) — 6=/ ~ 36. .
0 0.03 0 404(%5 1) -6 1o+2\/5‘ 36.1882 N-m

200cos 72° 200sin72° 0
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36. Part (b): let u= (uj,us,us),v=(v1,ve,vs), and w = (wy, wa, ws); show that
ux (v+w)and (ux v)+ (ux w) are the same.
Part (c¢): (u+v)xw=—[w X (u+ v)] from Part (a)
= —[(w x u) + (w x v)| from Part (b)
= (uxw)+ (v xw) from Part (a)
37. Let u = (uj,uz,u3) and v = (v1, va,v3); show that k(u x v), (ku) x v, and u x (kv) are all the
same; Part (e) is proved in a similar fashion.
38. Suppose the first two rows are interchanged. Then by definition,
by by b3
ay az az | =b zz Z?’ — by (Cll 9| b, Zl (012
¢y cs 2 €3 1 1 C2
= b1 (azcs — azca) — ba(arcs — azer) + bz(arca — azer),
which is the negative of the right hand side of (2) after expansion. If two other rows were to be
exchanged, a similar proof would hold. Finally, suppose A were a determinant with two identical
rows. Then the value is unchanged if we interchange those two rows, yet A = —A by Part (b) of
Theorem 12.4.1. Hence A = —A, A =0.
39. —8i—8k,—8i—20j + 2k
40. (a) From the first formula in Exercise 39 it follows that u x (v x w) is a linear combination of
v and w and hence lies in the plane determined by them, and from the second formula it
follows that (u x v) x w is a linear combination of u and v and hence lies in their plane.
(b) u x (v x w) is orthogonal to v x w and hence lies in the plane of v and w; similarly for
(uxv)xw.
41. If a, b, ¢, and d lie in the same plane then a x b and ¢ x d are parallel so (a x b) x (c xd) =0
42. Let u and v be the vectors from a point on the curve to the points (2, —1,0) and (3,2, 2), respec-
tively. Then u = (2 —2z)i+ (-1 —Ilnz)j and v = (3 —z)i+ (2 — Inz)j + 2k. The area of the triangle
is given by A = (1/2)|lu x v||; solve dA/dz = 0 for = to get x = 2.091581. The minimum area is
1.887850.
43. PQ’' xF :P—Q xF+ QQ' xF :P_Q x F, since F and QQ’ are parallel.
EXERCISE SET 12.5

In many of the Exercises in this section other answers are also possible.

1.

2.

(a) Li: P(1,0),v=jxa=1y=t (b) Li: P(1,1,0),v=kz=1y=1,z=
Ly: P(O,1),v=iz=ty=1 Ly: P(0,1,1),v=ix=t,y=1,z=
Ls: P(0,0),v=i+4jz=ty=t Ls: P(1,0,1),v=ja=1y=tz2=1
Ly: P(0,0,0),v=i+j+k,z=1,
y=tz=1
(a) Li:x=t,y=10<t<1 (b) Li:xz=1y=1,2=¢0<t<1
Lo:z=1y=¢t0<t<1 Lo:zx=t,y=1,2=1,0<t<1
Lsy:x=t,y=1t,0<t<1 Ly:z2=1y=t2=10<t<1
Lyx=ty=t,z=t0<t<1
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3.

10.

11.

13.

14.

15.

17.

18.

19.

20.

21.

22,

(a) P?P2 = (2,3) so x = 3+ 2t, y = —2 + 3t for the line; for the line segment add the condition
0<t< 1.

(b) PTPQ = (-3,6,1) sox=5—-3t,y = —2+6t, 2z =1+t for the line; for the line segment add
the condition 0 < ¢ < 1.

(a) P}g = (—3,-5) so x = —3t, y = 1 — 5t for the line; for the line segment add the condition
0<t<1

(b) P?PQ: (0,0,-3) so x = —1, y = 3,2 = 5 — 3t for the line; for the line segment add the
condition 0 < ¢ < 1.

(a) z=2+t,y=-3—-4t (b) z=t,y=—t,z=1+1t

(a) z=3+2t,y=—-4+t (b) z=-1-t,y=3t,z2=2

(a) ro=2i—jso P(2,—1) is on the line, and v = 4i — j is parallel to the line.

(b) Att=0,P(—1,2,4) is on the line, and v = 51 + 7j — 8k is parallel to the line.

(a) Att=0,P(—1,5) is on the line, and v = 2i + 3j is parallel to the line.

(b) ro=1i+j—2kso P(1,1,—2) is on the line, and v = j is parallel to the line.

(a) (z,y) = (-3,4) +¢(1,5);r = —3i+ 4j + t(i + 5j)

(b) <xvya Z> = <2a 737O> + t<717 5a 1>a r=2i-— 3j + t(fi + 5j + k)

(@) (z,y) = (0,=2) +#(1,1);r = =2j + t(i +J)

(b) (x,y,2)=(1,-7,4) +¢(1,3,=5);r =1i—7j + 4k + t(i+ 3j — 5k)

r=—-5+4+2t,y=2-3t 12, z=t,y=3—-2t

204+ 2yy' =0,y = —x/y=—(3)/(—4) =3/4, v=4i+3j; c =3+ 4t, y=—4+ 3t

Yy =20=2(-2)=—4, v=i—4djjxr=-2+t, y=4—4t

r=-14+3t,y=2—-4t,z=4+1 16. z=2—-t,y=—1+2t,2=54T7¢t

The line is parallel to the vector (2, —1,2) so x = -2+ 2¢t, y = —t, 2 = 5 + 2t.

The line is parallel to the vector (1,1,0) so x =t, y =t, 2 =0.

(a)
(c)

y=0,2—-t=0,t=2,2=7 (b) z=0,14+3t=0,t=-1/3,y="7/3
—7+ /85 ~1++85  43F 85
y=222—t=(14+3)%92+Tt—1=0,t= oz = G*ﬁ,y: 358

18

(4t)% + (3t)? = 25,25t2 = 25, = +1, the line intersects the circle at +(4,3)

(a)
(b)
(c)

(a)
(b)
(c)

z = 0 when ¢ = 3 so the point is (-2, 10,0)
y = 0 when t = —2 so the point is (—2,0, —5)

x is always —2 so the line does not intersect the yz-plane

z = 0 when ¢ = 4 so the point is (7,7,0)
y = 0 when t = —3 so the point is (—7,0,7)
x =0 when t = 1/2 so the point is (0,7/2,7/2)
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23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.
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1+t)2+(3-1)2=16,t>—-2t—3=0, (t+1)(t —3) = 0; t = —1, 3. The points of intersection
are (0,4, —2) and (4,0,6).

2(3t) +3(—1+2t) =6, 12t = 9; ¢ = 3/4. The point of intersection is (5/4,9/4,1/2).

The lines intersect if we can find values of ¢; and to that satisfy the equations 2 + 1 = 2 + o,
24 3t; = 3+ 4ty, and 3 + t; = 4 + 2t5. Solutions of the first two of these equations are t; = —1,
to = —1 which also satisfy the third equation so the lines intersect at (1, —1,2).

Solve the equations —1 4+ 4t; = —13 + 12t5, 34+ t; = 1 + 6t5, and 1 = 2 + 3t5. The third equation
yields to = —1/3 which when substituted into the first and second equations gives t; = —4 in both
cases; the lines intersect at (—17,—1,1).

The lines are parallel, respectively, to the vectors (7,1, —3) and (—1,0,2). These vectors are not
parallel so the lines are not parallel. The system of equations 1+ 7t; =4 —t3, 34+ ¢; = 6, and
5 — 3ty = 7 + 2t5 has no solution so the lines do not intersect.

The vectors (8, —8,10) and (8, —3,1) are not parallel so the lines are not parallel. The lines do not
intersect because the system of equations 2 + 8t = 3 + 8to, 6 — 8t; = 5 — 3to, 10t; = 6+t has no
solution.

The lines are parallel, respectively, to the vectors vi = (—2,1, —1) and vo = (—4,2, —2);
vy = 2vy, vy and vy are parallel so the lines are parallel.

The lines are not parallel because the vectors (3, —2,3) and (9, —6, 8) are not parallel.

PHDQ = (3,-7,-7), Pﬁ’g = (=9, —7,—3); these vectors are not parallel so the points do not lie on
the same line.

PiPy= (2,—4,—4), PPy = (1,—2,—2); Py P, = 2 P, P; so the vectors are parallel and the points
lie on the same line.

If t5 gives the point (—1 + 32,9 — 6t2) on the second line, then ¢; = 4 — 3ty yields the point
(3—(4—3t2),1+2(4 —3tz)) = (—1 + 3t3,9 — 6t2) on the first line, so each point of Ly is a point
of Ly; the converse is shown with t; = (4 —t1)/3.

If ¢; gives the point (1 + 3ty, —2 4+ t1,2¢1) on Ly, then to = (1 — t1)/2 gives the point
(4—6(1—t1)/2,—-1—2(1 —11)/2,2—4(1 —t1)/2) = (14 3t1, -2+ t1,2t1) on Lg, so each point of
Ly is a point of Ls; the converse is shown with t; = 1 — 2t5.

The line segment joining the points (1,0) and (—3,6).
The line segment joining the points (—2,1,4) and (7,1,1).

A(3,0,1) and B(2,1, 3) are on the line, and (method of Exercise 25)

—_ —_ — _— — —

AP= —5i+,AB= ~i+j+ 2k |[proj . AP || =| AP - AB|/| AB|| =6 and | AP || = V26,
AP x AB
| AP x AB | _, =

so distance = /26 — 6 = 21/5. Using the method of Exercise 26, distance = —
| AB ||
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38.

39.

40.

41.

42.

43.

44.

45.

46.

47.

A(2,—-1,0) and B(3,—2,3) are on the line, and (method of Exercise 25)
AP= —i+5j —3k,AB=1i—j+ 3k,|proj— AP || = | AP - AB AB || = — and
j i+ 3k, llproj - AP || = | /I 4B | = =

I AP | = v/35, so distance = /35 — 225/11 = 4,/10/11. Using the method of Exercise 26,

AP x AB
distance — WAL XABI 4577
| AB ||

The vectors vi = —i+ 2j + k and v, = 2i — 4j — 2k are parallel to the lines, vo = —2v; so v; and
vy are parallel. Let ¢ = 0 to get the points P(2,0,1) and Q(1,3,5) on the first and second lines,

respectively. Let u = PQ = —i+3j+4k, v = %vz =1i—-2j—k; uxv=>5i+3j—k; by the method

of Exercise 26 of Section 12.4, distance = |Ju x v||/||v]| = 1/35/6.

The vectors v = 2i + 4j — 6k and vy = 3i 4 6j — 9k are parallel to the lines, vo = (3/2)vy so vy
and vo are parallel. Let ¢ = 0 to get the points P(0,3,2) and Q(1,0,0) on the first and second

lines, respectively. Let u=PQ=1—-3j— 2k, v= %vl =i+ 2j—3k; uxv=131+j+ 5k,

distance = |ju x v||/||v] = 1/195/14 (Exer. 26, Section 12.4).

(a) The line is parallel to the vector (x1 — o, y1 — Yo, 21 — 20) SO
x=z0+ (1 —x0)t,y=yo+ (Y1 —vo)t, 2 =20+ (21 — 20) ¢
(b) The line is parallel to the vector {(a,b,c) so x =x1 +at, y =y +bt, z =21 + ct

Solve each of the given parametric equations (2) for ¢ to get t = (z — o) /a, t = (y — yo) /b,
t=(z—20) /¢, so (z,y,2) is on the line if and only if (z — z¢) /a = (y — yo) /b = (2 — 20) /c.

(a) Tt passes through the point (1,—3,5) and is parallel to v =2i+4j + k

(b) (x,y,2)=(14+2t,—3+4t,5+1)

Let the desired point be P (zo, yo, 20), then PTP: (2/3) Pj’g,

(o — 1,yo — 4,20 + 3) = (2/3)(0,1,2) = (0,2/3,4/3); equate corresponding components to get
o = 1, Yo = 14/3, zZ0 = —5/3.

(a) Let t =3 and t = —2, respectively, in the equations for L; and Ls.

(b) u=2i—j—2kand v=1i+ 3j — k are parallel to L; and Lo,
cosf =u-v/(Jull|v]) =1/(3V11),0 ~ 84°.

(¢) uxv=Ti+ 7k is perpendicular to both L; and L, and hence so is i + k, thus x = 7 + ¢,
y=—-1,2=-2+1¢.

(a) Lett=1/2 and ¢ = 1, respectively, in the equations for L; and L.

(b) u=4i-2j+2k and v =1 — j+ 4k are parallel to L; and Lo,
cosf =u-v/(Jull [|v]) = 14/v432,0 ~ 48°.

(¢) uxv=—6i—14j — 2k is perpendicular to both Ly and Lo, and hence so is 3i + 7j + k,
thus e =243, y="7t, z=3+1.

(0,1,2) is on the given line (¢t = 0) so u = j—k is a vector from this point to the point (0,2,1),
v = 2i — j + k is parallel to the given line. u x v = —2j—2k, and hence w = j + k, is perpendicular
to both lines so v x w = —2i — 2j + 2k, and hence i+ j — k, is parallel to the line we seek. Thus
r=1t,y=2+t z=1—t are parametric equations of the line.
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48.

49.
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(—2,4,2) is on the given line (¢t = 0) so u = 5i — 3j — 4k is a vector from this point to the point
(3,1,-2), v = 2i+ 2j + k is parallel to the given line. u x v = 5i — 13j + 16k is perpendicular to
both lines so v x (u x v) = 45i — 27j — 36k, and hence 5i — 3j — 4k is parallel to the line we seek.
Thus © =34 5t, y =1 — 3t, 2 = —2 — 4t are parametric equations of the line.

(a) When t = 0 the bugs are at (4,1,2) and (0,1,1) so the distance between them is

V42 + 02 +12 = /17 cm.

(c) The distance has a minimum value.

0

(d) Minimize D? instead of D (the distance between the bugs).
D?=[t—4—-t)2+[1+t)— 1 +20)+[(1+2t) — (2+1)]? = 6t — 18 + 17,
d(D?)/dt = 12t — 18 = 0 when t = 3/2; the minimum
distance is 1/6(3/2)% — 18(3/2) + 17 = v/14/2 cm.

50. The line intersects the zz-plane when t = —1, the zy-plane when ¢ = 3/2. Along the line,
T = 25t3(1 4+ t)(3 — 2t) for —1 <t < 3/2. Solve dT/dt = 0 for t to find that the maximum value
of T is about 50.96 when t ~ 1.073590.
EXERCISE SET 12.6
1. z=3,y=4,2=5 2. x=20,Y =Y0,% = 20
3. (z—2)+4(y—6)+2(z—1)=0,z+4y+22z=28
4. —(z+1)+7(y+1)+6(z—2)=0, —x+Ty+62=06
5 2z=0 6. 2 —-3y—42=0 7. n=i-jz—y=0
8 n=i+jP(1,0,0),(z—1)+y=0x+y=1
9. n=j+k P(0,1,0),(y—1)+2=0y+2=1
10. n=j—-k,y—2=0
11. P}z X PTPgZ (2,1,2) x (3,—-1,-2) = (0, 10, —5),for convenience choose (0,2, —1) which is also
normal to the plane. Use any of the given points to get 2y — z =1
12. PPy x PiPy=(—1,-1,-2) x (—4,1,1) = (1,9, =5, + 9y — 5z = 16
13. (a) parallel, because (2, —8, —6) and (—1,4, 3) are parallel

(b) perpendicular, because (3,—2,1) and (4,5, —2) are orthogonal

(c) neither, because (1, —1,3) and (2,0, 1) are neither parallel nor orthogonal
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14.

15.

16.

17.

18.

19.

20.

21.

22,

23.

24.

25.

(a) neither, because (3,—2,1) and (6, —4,3) are neither parallel nor orthogonal
(b) parallel, because (4, —1,—2) and (1,—1/4, —1/2) are parallel
(¢) perpendicular, because (1,4,7) and (5, —3,1) are orthogonal

(a) parallel, because (2, —1,—4) and (3,2,1) are orthogonal
(b) neither, because (1,2,3) and (1, —1,2) are neither parallel nor orthogonal
(¢) perpendicular, because (2,1, —1) and (4,2, —2) are parallel

(a) parallel, because (—1,1,—3) and (2,2,0) are orthogonal
(b) perpendicular, because (—2,1, —1) and (6, —3,3) are parallel

(c) neither, because (1,—1,1) and (1,1, 1) are neither parallel nor orthogonal

(a) 3t—2t+t—5=0,t=5/2s0x=y=z=25/2, the point of intersection is (5/2,5/2,5/2)
(b) 2(2—1t)+ (3+1t)+t =1 has no solution so the line and plane do not intersect

(a) 2(3t) —5t+ (—t)+1=0, 1 =0 has no solution so the line and the plane do not intersect.

(b) (141t — (—143)+4(2+4t) =7, t =—3/14s0 x =1 —3/14 = 11/14,
y=—1-9/14=-23/14, z =2 — 12/14 = 8/7, the point is (11/14, —23/14,8/7)

n; = (1,0,0),ny = (2,-1,1),ny - ny = 2 so
=2/v6,60 = cos~1(2/V6) ~ 35°

n; - No 2

N RVAN]

n; = <172, _2>71’12 = <6,—3’2>,n1 s Ny = _4 SO
(—n1) - ny 4 .
cosf = = =4/21,0 = cos—'(4/21) ~ 79°
| = nzf|  (3)(7)

(Note: —n; is used instead of n; to get a value of @ in the range [0, 7/2])

cosf =

(4,—2,7) is normal to the desired plane and (0,0,0) is a point on it; 4o — 2y + 7z =10

v = (3,2, —1) is parallel to the line and n = (1, —2, 1) is normal to the given plane so

v x n = (0, —4,—8) is normal to the desired plane. Let ¢ = 0 in the line to get (—2,4,3) which is
also a point on the desired plane, use this point and (for convenience) the normal (0, 1,2) to find
that y + 2z = 10.

Find two points P; and P, on the line of intersection of the given planes and then find an equation
of the plane that contains Pj, P, and the given point Py(—1,4,2). Let (zo,yo,20) be on the
line of intersection of the given planes; then 4xg — yg + 20 — 2 = 0 and 2x¢ 4+ yo — 2290 — 3 = 0,
eliminate yy by addition of the equations to get 6x¢g — 29 —5 = 0; if zg = 0 then zg = =5, if xp =1
then zg = 1. Substitution of these values of xy and zy into either of the equations of the planes
gives the corresponding values yo = —7 and yo = 3 so P;(0,—7,—5) and P»(1,3,1) are on the
line of intersection of the planes. PyP; x PyPy= (4,—13,21) is normal to the desired plane whose
equation is 4x — 13y + 21z = —14.

(1,2, —1) is parallel to the line and hence normal to the plane x + 2y — z = 10

n; = (2,1,1) and ny = (1,2, 1) are normals to the given planes, n; x ng = (—1,—1,3) so (1,1, —3)
is normal to the desired plane whose equation is x +y — 3z = 6.
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31.

32.

33.

34.

35.

36.
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n = (4,—1,3) is normal to the given plane, P P, = (3, —1,—1) is parallel to the line through the

given points, n x P; P, = (4,13, —1) is normal to the desired plane whose equation is
dr+ 13y —z = 1.

n; = (2,—1,1) and ny = (1,1, —2) are normals to the given planes,
n; x ng = (1,5,3) is normal to the desired plane whose equation is z + 5y + 3z = —6.

Lett=0and ¢t =1to get the pomts Py(—1,0,—4) and P»(0, 1, —2) that lie on the line. Denote the

given point by Py, then PoPl X POP2 (7,—1,—3) is normal to the desired plane whose equation
is Tx —y —3z=25.

The plane is the perpendicular bisector of the line segment that joins P;(2,—1,1) and P»(3,1,5).

The midpoint of the line segment is (5/2,0,3) and PlTDQ = (1,2,4) is normal to the plane so an
equation is x + 2y + 4z = 29/2.

n; = (2,—1,1) and ny = (0,1, 1) are normals to the given planes, n; X ny = (—2, —2,2) so

= (1,1, —1) is parallel to the line of intersection of the planes. v = (3,1,2) is parallel to the
given line, v x n = (—3,5,2) so (3,—5,—2) is normal to the desired plane. Let ¢ = 0 to find the
point (0,1,0) that lies on the given line and hence on the desired plane. An equation of the plane
is 3z — by — 2z = —5.

The line is parallel to the line of intersection of the planes if it is parallel to both planes. Normals
to the given planes are n; = (1, —4,2) and ny = (2,3,—1) so n; X ny = (—2,5,11) is parallel to
the line of intersection of the planes and hence parallel to the desired line whose equations are
r=>5—2t y=>5¢t 2= -2+ 11¢.

Denote the pomts by A, B, C, and D, respectwely The points lie i in the same plane if AB X AC

and AB x AD are parallel (method 1). AB x AC= (0,-10,5), AB x AD= (0,16, —8), these
vectors are parallel because (0,—10,5) = (—10/16)(0, 16, —8). The points lie in the same plane
if D lies in the plane determined by A, B,C (method 2), and since AB x AC' = (0,-10,5), an
equation of the plane is —2y + z + 1 =0, 2y — z = 1 which is satisfied by the coordinates of D.

v =(0,1,1) is parallel to the line.

(a) For any t, 6-0+ 4t — 4t = 0, so (0,t,¢) is in the plane.

(b) n=(5,-3,3) is normal to the plane, v - n = 0 so the line is parallel to the plane. (0,0,0) is
on the line, (0,0,1/3) is on the plane. The line is below the plane because (0,0,0) is below
(0,0,1/3).

(¢) n=(6,2,—2), v-n =0 so the line is parallel to the plane. (0,0,0) is on the line, (0,0, —3/2)
is on the plane. The line is above the plane because (0,0,0) is above (0,0, —3/2).

The intercepts correspond to the points A(a, 0,0), B(0,b,0), and C(0,0, ¢). E X A_é = (bc, ac, ab)
is normal to the plane so bex + acy + abz = abc or x/a +y/b+ z/c = 1.

vy = (1,2,-1) and vo = (—1,—2,1) are parallel, respectively, to the given lines and to each
other so the lines are parallel. Let ¢ = 0 to find the points P;(—2,3,4) and P»(3,4,0) that lie,

respectively, on the given lines. vi X P1 Py=(-7,—1,-9) so (7,1,9) is normal to the desired plane
whose equation is 7z + y + 9z = 25.

The system 4t; — 1 = 12t5 — 13, t; + 3 = 62 + 1, 1 = 3¢9 + 2 has the solution (Exercise 26,
Section 12.5) t; = —4, to = —1/3 so (—17,—1,1) is the point of intersection. v; = (4,1,0) and
vy = (12,6, 3) are (respectively) parallel to the lines, vi x vo = (3,—-12,12) so (1,—4,4) is normal
to the desired plane whose equation is x — 4y + 4z = —9.



Exercise Set 12.6 517

37.

38.

39.

40.

41.

42.

43.

44.

45.

46.

47.

48.

n; = (—2,3,7) and ny = (1,2, —3) are normals to the planes, n; x ny = (—23,1, —7) is parallel
to the line of intersection. Let z = 0 in both equations and solve for x and y to get x = —11/7,
y=—12/7 so (—11/7,—12/7,0) is on the line, a parametrization of which is

x=-11/7T—-23t, y=—12/7T+1t, z = —Tt.

Similar to Exercise 37 with n; = (3,-5,2), no = (0,0,1), n; X ny = (=5,-3,0). z = 0 so
3z — 5y =0, let = 0 then y = 0 and (0,0,0) is on the line, a parametrization of which is
r= -5t y=—3t, z=0.

D=[21)—2(-2)+ (3) —4|/VA+d+1=5/3

D =13(0) +6(1) — 2(5) — 5|/vI+ 36 + 4 =9/7

(0,0,0) is on the first plane so D = |6(0) — 3(0) — 3(0) — 5|/v/36 +9 + 9 = 5//54.

(0,0,1) is on the first plane so D = [(0) + (0) + (1) + 1|/v/T + 1+ 1 = 2//3.

(1,3,5) and (4,6,7) are on Ly and Lo, respectively. vi; = (7,1,-3) and vo = (—1,0,2) are,
respectively, parallel to Ly and Lo, vi X vo = (2, —11,1) so the plane 22 — 11y + z + 51 = 0
contains Ly and is parallel to L1, D = |2(1) — 11(3) + (5) + 51|/v/4 + 121 + 1 = 25/+/126.

(3,4,1) and (0,3,0) are on Ly and Lo, respectively. vi = (—1,4,2) and vy = (1,0, 2) are parallel to
Ly and Lo, vi X vo = (8,4,—4) = 4(2,1,—1) so 2z +y — z — 3 = 0 contains Lo and is parallel to

Li,D=23)+4)— (1) =3|/vVi+1+1=16.

The distance between (2,1, —3) and the plane is |2—3(1) +2(—3) —4|/v/1 + 9 + 4 = 11/+/14 which
is the radius of the sphere; an equation is (z — 2)% + (y — 1) + (2 + 3)% = 121/14.

The vector 2i 4+ j — k is normal to the plane and hence parallel to the line so parametric equations
of the line are x = 3+ 2t, y = 1 +t, z = —t. Substitution into the equation of the plane yields
2(3+2t) + (1 +1t) — (—t) =0, t = —7/6; the point of intersection is (2/3,—1/6,7/6).

v = (1,2,—1) is parallel to the line, n = (2,—2,—2) is normal to the plane, v-n = 0 so v is
parallel to the plane because v and n are perpendicular. (—1,3,0) is on the line so

D =2(-1) - 2(3) — 2(0) + 3|/VA+ 4+ 4 =5/V12

(b) n-(r—ro)=alx—x0)+bly—1yo)=0

(c) See the proof of Theorem 12.6.1. Since a and b are not both zero, there is at least one point
(20, y0) that satisfies ax+by+d = 0, so axg+byo+d = 0. If (z,y) also satisfies ax+by+d =0
then, subtracting, a(z — x¢) + b(y — yo) = 0, which is the equation of a line with n = (a, b)
as normal.
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Let Q(z1,y1) be a point on the line, and position the normal n = {a, b}, with length va? + b2,
so that its initial point is at ). The distance is the orthogonal projection of

QPo= (xo — 71,90 — y1) onto n. Then

QP -n _ lazo + byo + d|

D = ||proj ? = n|l =
||p JnQ O” ||nH2 \/m

49. D =2(=3)+(5) —1|/Vi+1=2/V5
50. (a) If (xo,yo0,20) lies on the second plane, so that azg + byo + czo + d2 = 0, then by Theorem
b d —do+d
12.6.2, the distance between the planes is D = lazo + byo + c20 + di = | 2 +di]
Va2 + b2 + 2 Va? + b% + 2
5
(b) The distance between the planes —2x +y+ 2z =0and —2x +y + z + 3= 0 is
0-5/3 5
VAF1+1 3v6
EXERCISE SET 12.7
1. (a) elliptic paraboloid, a =2,b=3
(b) hyperbolic paraboloid, a =1,b =5
(c) hyperboloid of one sheet, a =b=c=4
(d) circular cone, a =b=1
(e) elliptic paraboloid, a =2,b =1
(f) hyperboloid of two sheets, a =b=c=1
2. (a) ellipsoid, a = V2,b=2.e=1/3
(b) hyperbolic paraboloid, a = b =1
(c) hyperboloid of one sheet, a =1,b=3,c=1
(d) hyperboloid of two sheets, a =1,b=2,c=1
(e) elliptic paraboloid, a = v/2,b = v/2/2
(f) elliptic cone, a = 2,b = /3
3. (a) —z=1a?+y?, circular paraboloid z
opening down the negative z-axis
X
y
(b) =z = a?+y?, circular paraboloid, no change

(c)

z = 22 + y?, circular paraboloid, no change
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b4
A
|
|
|
|
|
|
X
y

(e) x=y?+ 22, circular paraboloid (f) y =22+ 22, circular paraboloid
opening along the positive x-axis opening along the positive y-axis

Z
y X
y
Z
A
i y

(d) =z =22+ y?, circular paraboloid, no change

(o]

4. (a) 2% +y?—2%=1, no change

2

(b) 22+ y? — 2% =1, no change

(¢) 22+ y?— 2% =1, no change
2

(d) 22+ y? — 2% =1, no change

(e) —xz?+y?+ 2% =1, hyperboloid (f) 2? —y?+ 2% =1, hyperboloid
of one sheet with z-axis as axis of one sheet with y-axis as axis

Z Z
X
X
y y
5. (a) hyperboloid of one sheet, axis is y-axis
(b) hyperboloid of two sheets separated by yz-plane



520

(c)
(d)
(e)
(f)

(d)

(b)

2 2 2 2
Y z T z
= :———:1' = ———:1'
r=0qg g T hy=0g m =k
2 2
Yy
—0:—+7 1
z +16

elliptic paraboloid opening along the positive z-axis
elliptic cone with z-axis as axis

hyperbolic paraboloid straddling the z-axis
paraboloid opening along the negative y-axis

same (b) same
2 22
same (e) y= ol
2 2 2 2
vz oz
=0: L 4+ —y=0: "+ =1,
vV T T o "1 7Y
22 2
=0: —+==1
¢ 9 %5
N

r=0:2=4y%y=0:2=2%

z=0:z=y=0

Chapter 12
(c) same
2 2
T z
f = — 4+ —
() y=>5+5
A\ <
2 72
y_ + = =1
(’% 4
|\
[N
!' y
/l 4
//
—l———=" 2 2
LYy
9 25
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8. (a) z=0:y=2=0y=0:2=92%2=0:2=1>

b) 2=0:—y>+422=4y=0:22+22=1;
z=0:42% —y?> =4

(c) x:():zzi%;yzO:z:ix;z:O:x:yzo

9. (a) 4z?+ 22 = 3; ellipse (b) y*+ 2% = 3; circle (c) y?+ 2% = 20; circle
(d) 922 — y? = 20; hyperbola  (e) z = 922 + 16; parabola (f) 922 + 4y? = 4; ellipse
10. (a) y? —42%=27; hyperbola  (b) 922 + 422 = 25; ellipse (c) 922 — 2% = 4; hyperbola
(d) 22+ 4y? = 9; ellipse (e) z=1—4y?; parabola (f) 22 — 4y? = 4; hyperbola
11. 12. 13.

(6,0,0)
Ellipsoid

Ellipsoid Hyperboloid
of one sheet
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14. 15. : 16. £
X / y X \ y
Hyperboloid / T
of one sheet Elliptic cone Elliptic cone
17. 18 N 19

. . Z
S
~ OA,
’ Hyperboloid X
of two sheets
y
Hyperboloid

of two sheets Hyperbolic paraboloid

20. N 21. 22. <
x  Hyperbolic N y
paraboleld Circular paraboloid
Elliptic paraboloid
23. < 24. 25.

l Elliptic paraboloid
Circular cone

Hyperboloid
of one sheet
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26. 28.
. Hyperboloid
Hyperboloid Hyperbolic of one sheet
of two sheets paraboloid
29. R 30.
\ /
NI/
\ | 4
X y
31. z 32. X

y

33. N 34.

D
y
X Hyperboloid
of one sheet
(-2,3,-9)

Circular paraboloid
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35. 36. :
<
0 (-1,1,2)
a L—‘
S
* Hyperboloid
Ellipsoid of one sheet
22 g2
37. (a) St T" 1 (b) 6,4 (¢) (£v5,0,v2)
(d) The focal axis is parallel to the x-axis.
¥ 22
8. () L +2 =1 (b) 4,2/3 () (3,4v2,0)
(d) The focal axis is parallel to the y-axis.
¥ a2
39. (a) T 1! (b) (0,+£2,4) (c) (0,£2v/2,4)
(d) The focal axis is parallel to the y-axis.
22 42
(e) The focal axis is parallel to the z-axis.
41. (a) z+ 4= y2 (b) (27 Oa _4) (C) (27 07 _15/4)
(d) The focal axis is parallel to the z-axis.
42. (a) z—4=—2? (b) (0,2,4) (¢) (0,2,15/4)
(d) The focal axis is parallel to the z-axis.
43. 22 +y? =4 — 2% —y? 2% + y? = 2; circle of radius V2 z

in the plane z = 2, centered at (0,0, 2)

x2+y2:2
(z=2)

\
/
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44.

45.

47.

48.

49.

50.

51.

Y 4+z=4-20"+2),y> +2=4/3;
parabolas in the planes z = +2/ V3
which open in direction of the negative z-axis

y = 4(2? + 2?%) 46. y? = 4(2® + 2?)

lz— (-1 =22+ 392+ (2 - 1), 22+ 22+ 1 =2+ y* + 22 — 22+ 1, z = (2 + y?)/4; circular
paraboloid

lz+ 1 =222+ 32+ (2 —1)2, 22+ 22+ 1 =4 (a? + 2 + 22 — 22+ 1),
@y (2-5/3)°

4z? + 4y? 2-102+3=0, —= + —
x* +4y* + 32 Z+ ,4/3+4/3+ 16/9

2 2 2 2

x Y e T z
Ifz:O,;—l—;:1,1fy—0them;—I—c—2

= 1; ellipsoid, center at (0,0,5/3).

= 1; since ¢ < a the major axis has length 2a, the

minor axis length 2c.

2 2 2

T Y L Z 1 where a = 6378.1370, b — 6356.5231.

a?  a? b2

Each slice perpendicular to the z-axis for |z| < ¢ is an ellipse whose equation is

2?2 2 22 22 y?

A I O G )

b2 ¢
a b ab ab 4
T (Z c? — z2) <E c — z2> = 710—2 (02 — z2) soV = 2/0 7rc—2 (02 — 22) dz = gwabc.

=1, the area of which is

EXERCISE SET 12.8

1. (a) (8,7/6,—4) (b) (5v2,37/4,6) (c) (2,7/2,0) (d) (8,57/3,6)

2. (a) (2,77/4,1) (b) (1,7/2,1) (c) (4v2,37/4,—-7) (d) (2v2,7n/4,-2)
3. (a) (2v3,2,3) (b) (—4v2,4v2,-2) (c) (5,0,4) (d) (=7,0,-9)

4. (a) (3,-3v3,7) (b) (0,1,0) (c) (0,3,5) (d) (0,4,-1)

5. (a) (2v2,7/3,37/4)  (b) (2,7m/4,7/4) (c) (6,72, 7/3) (d) (10,57/6, 7/2)
6. (a) (8v2,m/4,7/6) (b) (2v2,5m/3,37/4) (c) (2,0,7/2) (d) (4,7/6,7/6)
7. (a) (5v6/4,5v2/4,5v2/2) (b) (7,0,0)

(C) (070’1) (d) (07 _2’0)
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10.

11.

12.

15.

18.

21.

(a)
(c)

(a)
(c)

(a)
(c)

(a)
(c)

(a)
(c)

(_\/5/47 \@/47 _\/5/2)
(2v6,2v2,4V/2)

(2v/3,7/6,7/6)
(2,37 /4,7/2)

(4v/2,57/6,7/4)
(5,7/2,tan"1(4/3))

(5v/3/2,7/4,-5/2)
(0,0,3)

(0,7/2,5)
(0,3m/4, —v/2)

(b)
(d)

(b)
(d)

(b)
(d)

(b)
(d)

(b)
(d)

Chapter 12
(3v2/4, —3v/2/4,-3V3/2)
(0,2v/3,2)

(V2,7/4,3m/4)
(4v/3,1,27/3)
(
(

2v/2,0,37/4)
2110, 7w, tan™ ! 3)

(0,77w/6,—1)
(4,7/6,0)

(3v/2,0,-3V2)
(5/2,2m/3, —5v/3/2)
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23.

25.

27. 28.
29. 30.
-12+y2+22=1
x=1D*+y*=1
31. (a) z=3 (b) pcos¢p=3,p=3seco
32. (a) rsinf =2,r=2csch (b) psingsind =2,p=2cscpcsch

1
33. (a) z=23r2 (b) pcos¢ = 3p*sin® ¢, p = 3 csc g cot ¢
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34. (a) z=3r (b) pcosqﬁ:\/?:psingb,tancﬁz%,gb:%
35. (a) r=2 (b) psing =2,p=2csco

36. (a) r2—6rsinf=0,r=>6sind (b) psing =6sinf, p = 6sin b cscd

37. (a) r?+22=9 (b) p=3

38. (a) 22 =12cos?H —r?sin? 0 = r?(cos? § — sin? 0), 22 = r2 cos 260
(b) Use the result in Part (a) with r = psin ¢, z = pcos ¢ to get p cos® ¢ = p?sin” ¢ cos 26,
cot? ¢ = cos 26

39. (a) 2rcosf+3rsinf+4z=1
(b) 2psingcosf + 3psingsind +4pcosd =1
40. (a) m?—-22=1
(b) Use the result of Part (a) with r = psin¢, z = pcos ¢ to get p?sin® ¢ — p?cos? ¢ = 1,
p?cos2p = —1

41. (a) r?cos?f =16 — 22
(b) 22 =16 — 2% 22 +y?> + 22 = 16 + 92, p> = 16 + p?sin® ¢ sin? 0, p? (1- sin? ¢ sin? 9) =16

42. (a) r?+22=22 (b) p? =2pcos¢, p=2cos¢

43. all points on or above the paraboloid z = x2 + 32, that are also on or below the plane z = 4
44. a right circular cylindrical solid of height 3 and radius 1 whose axis is the line z =0,y =1
45. all points on or between concentric spheres of radii 1 and 3 centered at the origin

46. all points on or above the cone ¢ = 7/6, that are also on or below the sphere p = 2

47. 0 =1/6, ¢ = m/6, spherical (4000, /6, 7/6), rectangular (1000v/3,1000,2000+/3)

48. (a) y = rsind = asinf but az = asinf so y = az, which is a plane that contains the curve of
intersection of z = sin 6 and the circular cylinder r = a. From Exercise 60, Section 11.4, the
curve of intersection of a plane and a circular cylinder is an ellipse.

(b) R

49. (a) (10,7/2,1) (b) (0,10,1) (c) (V101,7/2,tan""10)
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50.

51.

20
0 2/ 30
0

Using spherical coordinates: for point A, 84 = 360° — 60° = 300°, ¢4 = 90° — 40° = 50°; for point
B, 6 = 360° — 40° = 320°,¢p = 90° — 20° = 70°. Unit vectors directed from the origin to the
points A and B, respectively, are

uy = sin 50° cos 300°1 4 sin 50° sin 300°j + cos 50°k,
up = sin 70° cos 320°1 + sin 70° sin 320°j + cos 70°k

The angle o between us and up is a = cos_l(uA -up) &~ 0.459486 so the shortest distance is
6370 ~ 2927 km.

CHAPTER 12 SUPPLEMENTARY EXERCISES

(€) F=-i-j
(@) 1(1,-2,2)| =3, 50 r = (1,-2,2)] =3, or (x = 1)* + (y+2)° + (z = 2)* = 9

(b) = =rc0s120° = —1/2,y = £5in 120° = +/3/2
(d) true: |lux v = [[ul[[[v]]sin(6)|] = 1

(d) z+2y—2=0

(b) (y7 x’ Z)7 (x’ Z7 y)’ (Z7 y’ x)
(c) the set of points {(5,6,1)},0 <6 <27
(d) the set of points {(p,7/4,0)},0 < p < 400

(x+3)2+ (y—5)2+ (2 +4)% =12,
(a) r*=42=16 (b) r?=52=25 (c) ?=32=9

(a) E:—i+2j+2k,1@:i+j—k,/TBx/TC:—ZLi—i—j—Sk,area:%HA_éxEHz@/Q
1 — 1
(b) area = Jh|| AB| = gh = SV, h =363

The sphere 22 + (y — 1)2 + (2 + 3)? = 16 has center Q(0, 1, —3) and radius 4, and
|| PQ || = V12 + 42 = /17, so minimum distance is v/17 — 4, maximum distance is v/17 + 4.

(a) a-b=0,4c+3=0,c=-3/4
(b) Use a-b=|a| |[b|cos to get 4c + 3 = /2 + 1(5) cos(w/4), 4¢ + 3 = 5/c2 + 1/V/2

Square both sides and rearrange to get 7c? +48¢c —7 =0, (Tc —1)(c+7) =0so ¢ = -7
(invalid) or ¢ =1/7.

(c) Proceed as in (b) with § = 7/6 to get 11¢? — 96¢ + 39 = 0 and use the quadratic formula to
get ¢ = (48 £25v/3) /11.

(d) a must be a scalar multiple of b, so ci+j = k(4i+ 3j),k = 1/3,¢c = 4/3.
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

Chapter 12
OS=0P + PS=3i+4j+ QR=3i+4j + (4i+j) = 7i + 5j

(a) the plane through the origin which is perpendicular to rg
(b) the plane through the tip of ro which is perpendicular to rq

The normals to the planes are given by (aj, b1, c1) and (as, be, c2), so the condition is
aijas + b1b2 +c1co = 0.

Since AC - (fTB> X fTD)) —AC - (AB X CD) —l—f?é (fTé X JZC)V) = 0+ 0 = 0, the volume of the
parallelopiped determined by AB AC’ and AD is zero, thus A, B,C, and D are coplanar (lie in
the same plane). Since AB X CD;A 0, the lines are not parallel. Hence they must intersect.

The points P lie on the plane determined by A, B and C.

(a) false, for examplei-j=0 (b) false, for example i xi=0
(c) true; 0 =|lull - ||v] cos® = ||lu|| - ||v] sin8, so either u =0 or v = 0 since cosf = sinf = 0 is
impossible.

(a) Replace u with a x b, v with ¢, and w with d in the first formula of Exercise 39.

(b) From the second formula of Exercise 39,
(axb)xc+(bxc)xa+(cxa)xb
=(c-a)b—(c-b)at+(a-b)c—(a-c)b+ (b-c)a—(b-a)c=0

lu=v[? = (u=v) - (u=v)=|[ul* +[Iv]* = 2[uf[v] cos § = 2(1 — cos §) = 45in*(6/2), s0
[lu —v|| = 2sin(6/2)

AB=1i-2j— 2k, AC= —2i —j — 2k, AD= i+ 2j — 3k

1 -2 =2
(a) From Theorem 12.4.6 and formula (9) of Section 12.4, | —2 -1 —2 | =29, s0 V =29.
1 2 -3

(b) The plane containing A, B, and C' has normal er X /Téz 2i 4+ 6j — 5k, so the equation of
the plane is 2(x — 1) + 6(y + 1) — 5(z — 2) = 0,2z + 6y — 5z = —14. From Theorem 12.6.2,
D= 12(2) +6(1) —5(—1)+14] 29

V65 V65

(a) (2,1,—-1) x (1,2,1) = (3,-3,3), so the line is parallel to i — j + k. By inspection, (0,2, —1)
lies on both planes, so the line has an equation r = 2j — k + ¢(i — j + k), that is,
r=t,y=2—t,z=—-1+1.

(2,1,-1) - (1,2,1)

() cosf = 1 L 2. 1]

=1/2,5060=m7/3

Let o = 50°, 3 = 70°, then v = cos™* \/1 —cos? a — cos? 3 ~ 47°.

5{cos 60°, cos 120°, cos 135°) = (5/2, —5/2, —51/2/2)
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22. (a) Let k be the length of an edge and introduce a coordinate system as shown in the figure,

d-u 2k2
then d = (k, k, k),u = (k, k,0), cosf = = =2/V6
ol = (10 [Tl = (ov3) ()~ 2

s0 0 = cos™1(2/v/6) ~ 35°

(-7

d-v

b) v=(-k,0,k),cos = ————
(b) v=(=k.0.k) TarTvl

=0 so # = 7/2 radians.
23. (a) (z—3)2+4(y+1)?— (2 —2)2 =9, hyperboloid of one sheet

(b) (z+3)%+ (y —2)? + (2 + 6)% = 49, sphere
(¢) (z—1)2+ (y+2)?— 22 =0, circular cone

24. (a) perpendicular, since (2,1,2) - (—1,—-2,2) =0

3
(b) Ly: {(z,y,2) = {1+ 2, —3 +t,—1+2¢t); Lo: (m,y,2) = (4—1¢,3—2t,—4+ 2t)
3
(¢) Solve simultaneously 1 + 2¢t; = 4 — to, —3 +t1 =3 — 2ty, —1 4 2t; = —4 + 2t5, solution
1

t1 :§7t2:2,x:2,y:—1,z:0

25. (a) 72 =z;p*sin®¢ = pcosg,p = cotpesc o
(b) 72%(cos? —sin? ) — 22 = 0, 22 = 12 cos 26;
p?sin? ¢ cos? 0 — p? sin? psin® 6 — p? cos® ¢ = 0, cos 20 = cot? ¢
sin? ¢(cos® f — sin?#) — cos> p =0

26. (a) z=r1r%cos?0 —r?sin®f = 2% — y? (b) (psingcosf)(pcosgp) =1,zz=1

27. (b) :
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(b)

(a)

28.

(b)

(d)

(c)

' 7/6

0=

/3

0=

/6

0=
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31. (a) At x = c the trace of the surface is the circle y? + 22 = [f(c)]?, so the surface is given by
v 427 =[f(2)

(b) y?+22=e* (c) y2+22:4—§1x2, so let f(x):1/4—§x2

32. (a) Permute x and y in Exercise 31la: 22 + 2% = [f(y)]?
(b) Permute z and z in Exercise 3la: 22 + y* = [f(2)]?
(c) Permute y and z in Exercise 31a: y* + 2% = [f(z)]?

33.

34. PO=(1,-1,6),and W = F - PQ = 13 Ib-ft
35. F—F, +Fy=2—j+3k PQ=i+4j—3k,W = F- PQ= —11 N-m = —11 J
36. F; = 250 cos 38 + 250in38%), F = 1000i, Fa = F — F; = (1000 — 250 cos 38°)i — 250 sin 38°;

7 1 250 sin 38°
Bl =1 — °~817.62 N, = tan~" ~—11°
7]l = 10004/ 75 = 5 cos 387 ~ BIT62 N, 0 = tan™ 55 38° — 1000

37. (a) F=—6i+3j—6k

(b) OA= (5,0,2), so the vector moment is OA xF = —6i + 18j + 15k



