CHAPTER 11
Analytic Geometry in Calculus

EXERCISE SET 11.1
1. /2 2. /2
o
(5, F)a A %) (s, _%.) 0(—3, 3777)
a5 A (G
° 0
*or -6, :77)0 ar ((.)’ n)n
w, LD @ 4 -5
3. (a) (3v3,3) (b) (=7/2,7V3/2) (c) (3V3,3)
(d) (0,0) (e) (-7V3/2,7/2) () (=5,0)
4 (a) (—4V3,-1v2) (b) (TV3/2,-Tv2/2) (€©) (1V34V3)
(d) (5,0) (e) (0,-2) (f) (0,0)
5. (a) both (5,) (b) (4,117/6), (4, —7/6) (c) (2,37/2),(2,—7/2)
(d) (8v/2,57/4),(8v/2,—37/4) (e) both (6,27/3) (f) both (v2,7/4)
6. (a) (2,57/6) (b) (—2,117/6) (c) (2,-7x/6) (d) (—2,—7/6)
7. (a) (5,0.6435) () (+/29,5.0929) (c) (1.2716,0.6658)
8. (a) (5,2.2143) (b) (3.4482,2.6260) (c) (\/4+72/36,0.2561)
9. (a) 72 =22+ y?=4;circle (b) y = 4; horizontal line
(c) 7% =3rcos, 2% +y? =3z, (v —3/2)? + y*> = 9/4; circle

10.

11.

12,

(d)

(a)
(b)
(c)

(d)

(a)
(c)
(d)

(a)
(c)
(d)

3rcosf + 2rsinf = 6, 3x + 2y = 6; line

rcosf =5, x = 5; vertical line
r?2 =2rsinf, 22 +y? = 2y, 22 + (y — 1)? = 1; circle
r? =4drcosf +4rsinf, 22 + y? = dx + 4y, (v —2)? + (y — 2)? = 8; circle

1 sinf
R S , rcos? § = sind, r? cos? § = rsinf, z? = y; parabola
cos 6 cos 0
rcos =7 (b) r=3
r2 —6rsinf = 0, r = 6sin 6

4(rcos@)(rsind) =9, 4r?sinfcosd = 9, r?sin20 = 9/2

rsinf = —3 (b) r=+5
r2 +4rcosf =0, r = —4cosb

rtcos? 0 = r2sin? 0, r2 = tan? 0, r = tan@
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13. /2 14. 225
N
-3 13
-3 3 0
i -2.25
_3 -
r = 2cos 30
r = 3sin 20
15. /2 16. /2

r=3—4sin360 r=2+2sinf

17. (a) r=5
(b) (z—-3)2%+y?>=9, r=06cosl
(c) Example 6, 7 =1 — cosf

18. (a) From (8-9), r = a=+bsinf or r = a £ bcosf. The curve is not symmetric about the y-axis,
so Theorem 11.2.1(a) eliminates the sine function, thus r = a = bcosd. The cartesian point
(—3,0) is either the polar point (3,7) or (—3,0), and the cartesian point (—1,0) is either
the polar point (1,7) or (—=1,0). A solution is a = 1,b = —2; we may take the equation as
r=1-—2cosf.

(b) 2%+ (y+3/2)2 =9/4,7r = —3sind
(c) Figure 11.1.18, a = 1,n = 3,7 = sin 36

19. (a) Figure 11.1.18, a =3,n = 2,7 = 3sin 26

(b) From (8-9), symmetry about the y-axis and Theorem 11.1.1(b), the equation is of the form
r = a=+bsinf. The cartesian points (3,0) and (0,5) give a =3 and 5 =a + b, so b =2 and
r =34 2sin6.

(c) Example 8, 72 = 9 cos 20

20. (a) Example 6 rotated through n/2 radian: a = 3,7 =3 — 3sind
(b) Figure 11.1.18, a = 1,r = cos 50
(c) 22+ (y—2)2=4,r=4sinf
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21.

25.

29.

33.

37.

41.

e
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22.
3
4
Line
26. 5
1
Cardioid
30. 0
5
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34. 4
1 7
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38. 8
5
2
Limagon
42.
1
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27.
1
2
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35.
3
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1
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43.
4
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@,

Lemniscate
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28.
2
4
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1
1
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36. 3
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40.
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44.
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45. 46.

2
4

Four-petal rose

—

51.

55. 1

56. 0<60<8nr

Eight-petal rose

52.

54.

57.

Chapter 11

47.
1

Four-petal rose

50.
2

Three-petal rose

|

(a) —4dr <0 <4r

58. In I, along the z-axis, x = r grows ever slower with 8. In II z = r grows linearly with 6.

Hence I: r = V6; IL: r = 6.

59. (a) r=a/cosb,xz =rcosf = a, a family of vertical lines

(b) r=1b/sinf,y =rsinf = b, a family of horizontal lines
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60.

61.

62.

63.

64.

65.

66.

67.

68.

The image of (r9,60) under a rotation through an angle « is (rg, 600 + «). Hence (f(6),0) lies on
the original curve if and only if (f(6),0+ «) lies on the rotated curve, i.e. (r,0) lies on the rotated
curve if and only if r = f(0 — «).

2
(a) r=1+4cos(d—7/4)=1+ g(cosﬂJrsmf))

0—m/2)=1+sinf
0—m)=1-cosb

(b) 7 =1+ cos
(¢) r=1+cos

(
(
(
(d) r=1+4cos(d —b5n/4) = 1—?((?089-1—81119)

r? =4cos2(0 — /2) = —4 cos 20

Either r—1=0o0r 6 —1=0, /2
so the graph consists of the 0=1
circle r = 1 and the line 8 = 1. /‘

r=1

(a) r?= Arsinf+ Brcosf, 2? +y? = Ay + Bz, (x — B/2)* + (y — A/2)? = (A% + B?)/4, which
1
is a circle of radius 5\/ A? 4+ B2

(b) Formula (4) follows by setting A = 0, B = 2a, (z — a)? + y? = a2, the circle of radius a about
(a,0). Formula (5) is derived in a similar fashion.

y=rsinf = (1 + cosf)sinfd = sinf + sinf cos b,

dy/df = cos @ — sin® 6 4 cos? § = 2cos? @ + cosf — 1 = (2cosf — 1)(cosf + 1);

dy/df = 01if cosd =1/2 or if cos@ = —1; 0 = /3 or 7 (or § = —7/3, which leads to the minimum
point).

If 9 = w/3, 7, then y = 3v/3/4,0 so the maximum value of y is 3v/3/4 and the polar coordinates
of the highest point are (3/2,7/3).

x=7rcosf = (1+cosf)cos® = cos + cos® 0, dr/df = —sinf — 2sinf cosf = —sinH(1 + 2 cos ),
dx/df =0 if sinf =0 or if cos@ = —1/2; 0 =0, 2n/3, or w. If § = 0, 2w /3, 7, then © = 2,—-1/4,0

so the minimum value of x is —1/4. The leftmost point has polar coordinates (1/2,27/3).

(a) Let (z1,y1) and (x2, y2) be the rectangular coordinates of the points (r1,6;) and (72, 62) then

d= \/(xg —21)24+ (y2— )% = \/(7“2 cos By — rycosf1)? + (rasinfly — rq sinby)?

= /17 + 13 — 2r172(cos 0 cos O + sin 0y sinbz) = \/r? + 13 — 2r17r9 cos(6; — Oa).
An alternate proof follows directly from the Law of Cosines.

(b) Let P and Q have polar coordinates (ry,6;), (r2,602), respectively, then the perpendicular
from OQ to OP has length h = rysin(f, — 6;) and A = Lhry = Lrirosin(6s — 61).

(c) From Part (a),d=+/9+4—2-3-2cos(n/6 — 7/3) = /13 — 6+/3 =~ 1.615

(d) A= %2811(1(57?/6 C3) =1

(a) O:(r2+a2) —a* —4a®r? cos? 0 = r* + a* + 2r%a® — a* — 4ar? cos® 0

=7t 4+ 2126 — 4a%r? cos? 0, so r? = 2a%(2cos? 6 — 1) = 2a? cos 20.
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69.

70.

71.

72.

73.

Chapter 11

(b) The distance from the point (r,8) to (a,0) is (from Exercise 67(a))
V12 + a2 —2racos(d — 0) = v/r2 — 2ar cos @ + a2, and to the point (a, ) is

\/7“2 + a2 — 2racos(d — m) = v/r2 + 2ar cos § + a2, and their product is
V(r2 +a2)2 —4a2r2cos? 0 = /1t + a* + 2a2r2(1 — 2 cos? 0)
= \/4a* cos? 20 + a* + 2a2(2a2 cos 20) (— cos 20) = a?

. . . . sind . , . cosf
lim y = lim rsinf = lim =1,and lim x = lim rcosf = lim = +o00.
0—0t 0—0t 0—0+ 0—0t 0—0+ 0—o0+ 0

1

1] 2

sin 6 . sind 1 .1 . .
= lim — lim - =1- lim —, so lim y does not exist.
0—0= 6 o6—0= 6 6—0% 0 0—0%*

i, v= g, rone = Jim, 5
Note that r — 00 as 8 approaches odd multiples of 7/2; | r
x=rcosf =4tanfcosf = 4sinb, I
y=rsinf =4tanfsind I
so ¢ — 14 and y — +oo as 6 approaches '
odd multiples of 7/2. :

|

|

lim z= lim rcosf#= lim 2sin?6=2 and lim y= oo,
0—(n/2)- 0 (n/2)~ 0 (r/2)~ 0—(r/2)-

so x = 2 is a vertical asymptote.

Let r = asinnf (the proof for r = a cosnd is similar). If 6 starts at 0, then 6 would have to increase
by some positive integer multiple of 7w radians in order to reach the starting point and begin to
retrace the curve. Let (r,60) be the coordinates of a point P on the curve for 0 < 6 < 27. Now
asinn(f + 27) = asin(nf + 27n) = asinnf = r so P is reached again with coordinates (r, 6 + 27)
thus the curve is traced out either exactly once or exactly twice for 0 < 6 < 2. If for 0 < 0 < m,
P(r,0) is reached again with coordinates (—r,8 + ) then the curve is traced out exactly once for
0 < 0 < 7, otherwise exactly once for 0 < 6 < 27. But

asinn(f + ) = asin(nf + n) = as?n nf, n even

—asinnf, n odd
so the curve is traced out exactly once for 0 < 0 < 27 if n is even, and exactly once for 0 < 0 < 7
if n is odd.

EXERCISE SET 11.2

1.

1/2
(a) dy/dz = ZLt =1/(4t); dy/dz|,__| = —1/4;dy/dz|,_, =1/4
— 2 — —

(b) z=(2y)*+1,dx/dy = 8y,dy/dz|y:i(1/2) ==+1/4
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2.

10.

11.

12.

13.

(a) dy/dx = (4cost)/(—3sint) = —(4/3) cott; dy/dx’t aja = —4/3, dy/dx|t -— =4/3
(b) (2/3 + (5/4)> = 1, 22/9 + (29/16)(dy/dx) = 0, dy/dz = —162/9y,
dy/dz:|x 3/§ = —4/3;dy/dz| .32 =4/3

y=—4/v2

2
a7y i@ d (dy) di (1/2t) = —1/(8t%); positive when ¢t = —1,

de? ~ dedr  dt \dx) dz 4t2
negative when ¢t = 1

Py d (dy) dt  —(4/3)(—csc?t)

4
=——swm: 9 csc® t; negative at t = /4, positive at t = T /4.

dz2 ~ dt \dz ) dz —3sint
2 2/Vt

dy/dz = = 4Vt, &y /da? = =4, dy/dz|, . =4, d®y/dz?| =4
y/ v y/ Vi) y/dz|,_, y/da®|,_,

£ 2 2 1 2 2
dy/dx = 7= t, dy/dz* = 7 cly/dac|t:2 =2, d*y/dx ’t:2 =1/2

sec? t —cscteott

dy/dx = i csct, d*y/dx® = TOCPERE ot t,

secttant secttant
dy/dz|,_ ., =2/V3, dy/da®|,_ . =~1/(3V3)

inht d?
dy/dx = :;Zh = tanh ¢, d—xg = sech®t/ cosh t = sech®t, dy/dm!tzo = 0,d2y/dx2‘f:0 =1
dy dy/dd  —cosf dy d dy de 1 I
dr  dx/df 2—sin@’ dr?  df df  (2—sinh)22—sinf (2 —sinf)3’
dy ~12 -1 &y B 1 R
delo=rss— 2-3/2  4— 3 di?lo=es (2-3/2)8  (4— VB
dy 3cos¢ S dy d do 2 oy 3
G —smo 3 cot ¢; ke d(;ﬁ( 3cot¢)dx = —3(—csc” ¢)(—cscp) = —3csc” ¢,
&y 3y & .y =24
dx $=57/6 dx $=57/6

ot
(@) dyfde= "5 =~ for t = 1, dy/dz = —e, (z,5) = (e, V) y— et = —e 2z —e),
e
y=—e2r+ 2!
9 9 1 1 1 2
(b) y=1/z,dy/dr=-1/2"m=-1/e,y—e” = -5 (x—e)y=—Zr+—
e e

16t — 2
dy/dx = =8t—1;fort=1,dy/de =717, (z,y) = (6,10); y — 10 = 7(x — 6), y = Tz — 32

4cost
dy/dx = el —2cot t

(a) dy/dz=0ifcott=0,t=n/24 nw forn=0,%1,---

1
(b) dz/dy = —itant:() iftant =0, t =nm forn=0,=£1,---
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14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

Chapter 11

20+1 241
612 — 30t +24  6(t—1)(t —4)

(a) dy/dez=0ift=-1/2

dy/dx =

6(t—1)(t—4) .
b) dx/dy=—"——>=0ift=1,4
(b) dofdy = T2 i1,
d 2cos2t d d
x =y =0 when ¢t =0,m; oy _ 2c08 ; 49 =2, 49 = —2, the equations of the tangent
dx cost '~ dx|,_, dx|,_.

lines are y = —2x,y = 2x.

y(t) = 0 has three solutions, ¢t = 0, +m/2; the last two correspond to the crossing point.

d 2 2
For t = +7/2, m = & _ —; the tangent lines are given by y = £ —(z — 2).
de +£7 s
If y=4then t> =4, t =42, 2 =0 for t = +2 so (0, 4) is reached when ¢t = £2.
dy/dx = 2t/(3t> — 4). For t = 2, dy/dx = 1/2 and for t = —2, dy/dx = —1/2. The tangent lines
are y = +x/2 + 4.

Ifz=3thent?—3t+5=3,1>-3t+2=0,(t—1)(t—2)=0,t=1o0r2. Ift=1or 2 then
y=1so (3,1) is reached when t = 1 or 2. dy/dx = (3t> + 2t —10)/(2t — 3). For t = 1, dy/dx = 5,
the tangent line is y — 1 = 5(z — 3), y = bz — 14. For ¢t = 2, dy/dxz = 6, the tangent line is
y—1=6(zx—3), y=6x—1T.

(a) 1

-1
dx
dt
so singular points occur at these values of ¢.

d
= —3cos’tsint and diz = 3sin’ tcost are both zero when t = 0, 7/2, 7, 37/2, 27,

(b)

(a) wheny=0

d — 0
(b) ST 8797 _ () when 6 = 2nm,n =0,1,... (which is when y = 0).
dy asinf

Substitute § = 7/3, » = 1, and dr/df = —/3 in equation (7) gives slope m = 1/v/3.

As in Exercise 21, 0 = 7/4, dr/df = /2/2, r =1+ v2/2, m = -1 — /2

tan2 — 2
2tan2 + 1

As in Exercise 21, 0 =2, dr/df = —1/4,r =1/2, m =
As in Exercise 21, 0 = /6, dr/df = 4v/3a, r = 2a, m = 3/3/5

As in Exercise 21, 6 = 37 /4, dr/df = —3/2/2, r = \/2/2, m = —2
As in Exercise 21, 0 =7, dr/dd =3, r =4, m =4/3

- dy  rcos+ (sin)(dr/df) cosf + 2sinf cos b i£0=0,7/2
= - = = 5 =uU,m/a,T,
dr  —rsin®+ (cosf)(dr/df)  —sin@ + cos? 6 — sin® 0

then m = 1,0, —1.
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28.

29.

30.

31.

32.

33.

36.

_— dy  cosf(4sinfd — 1)
T dr 4cos?6+sinh—2

;if 0 =0,7/2, 7 then m = —1/2,0,1/2.

dx/df = —asinO(1 + 2cosb), dy/df = a(2cosd — 1)(cosf + 1)

(a) horizontal if dy/df = 0 and dx/df # 0. dy/df = 0 when cos = 1/2 or cosf = —1s0 0 = /3,
57/3, or m; dx/df # 0 for § = w/3 and 57/3. For the singular point § = 7w we find that
glim dy/dx = 0. There is a horizontal tangent line at (3a/2,7/3), (0, 7), and (3a/2,57/3).

(b) vertical if dy/df # 0 and dx/df = 0. dx/df = 0 when sinf = 0 or cos = —1/2 80 § =0, m,
27/3, or 47/3; dy/df # 0 for @ = 0, 27/3, and 47 /3. The singular point § = 7 was discussed
in Part (a). There is a vertical tangent line at (2a,0), (a/2,27/3), and (a/2,47/3).

dx/df = a(cos? @ — sin® 0) = a cos 20, dy/df = 2asin 0 cos § = asin 20
(a) horizontal if dy/df = 0 and dx/df # 0. dy/df = 0 when 0 = 0,7/2, 7, 37/2;
dx/df # 0 for (0,0), (a,7/2),(0,7), (—a,3w/2); in reality only two distinct points

(b) vertical if dy/df # 0 and dz/df = 0. dz/df = 0 when 0 = w /4,37 /4,57 /4,77 /4; dy/df # 0
there, so vertical tangent line at (a/v/2,7/4), (a/V/2,37/4), (—a/V/2,57/4), (—a/\/2,T7/4),
only two distinct points

dy/df = (d/df)(sin? § cos? #) = (sin46)/2 = 0 at 6 = 0,7/4,7/2, 37 /4,7; at the same points,
dx/df = (d/df)(sin 0 cos® §) = cos? f(4 cos? § — 3). Next, Z—z =0 at § = 7/2, a singular point; and

6 = 0,7 both give the same point, so there are just three points with a horizontal tangent.

dz/df = 4sin® 0 —sin@ — 2, dy/df = cos (1 — 4sin ). dy/df = 0 when cosf = 0 or sin = 1/4 so
0 = 7/2, 3/2, sin"(1/4), or © —sin~*(1/4); dx/df # 0 at these points, so there is a horizontal
tangent at each one.

/2 34. /2 35. /2
0o =m/6,7/2,5m/6 Op =m/2 0o = t7/4
/2 37. /2 38. /2

_/

I
o

90:0,7T/2 90:271'/37477'/3 90
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39.

40.

41.

42.

43.

44.

45.

46.

47.

48.

2m
r?2 + (dr/df)? = a®> + 0% =a?, L = / adf = 27a
0

/2
r? + (dr/df)? = (2acos)? + (—2asin0)? = 4a®, L = / 2adf = 2ma
—7/2

72 + (dr/df)? = [a(1 — cos 0)]? + [asin 0])? = 4asin?(0/2), L = 2 /7T 2asin(6/2)df = 8a
0

r2 4 (dr/d)? = [sin2(0/2)]? + [sin(8/2) cos(8/2)]2 = sin(8/2), L = / " sin(6/2)d0 = 2
0

r2 4 (dr/df)? = (e39)? + (3e39)2 = 10e5?) L = /2 V10e*df = v10(e® — 1)/3
0
r2 + (dr/df)? = [sin®(0/3)] + [sin?(0/3) cos(8/3)]? = sin?(6/3),

L= / " sin?(0/3)d = (2r — 3V/3)/8
0

dy 3sint
(a) From (3)’%_ 1—3cost
dy 3sin 10 3
b) Att=10,— = ———— ~ —0.46402, 0 = t —0.46402) = —0.434
(b) O’dx T 3c0s10 0.46402, an~ (—0.46402) 0.4345
d d
(a) %:()whend—Z:Qsint:O,t:O,ﬂ',Qﬂ,Sw
d
(b) d—szwhen1—2cost:0,cost:1/2,t:7r/3,57r/3,77r/3

(a) 72+ (dr/dh)? = (cosnb)? + (—nsinnh)? = cos? nb 4+ n?sin® nd

= (1 —sin?nfh) + n?sin®*nf = 1+ (n? — 1) sin® nd,

w/(2n)
L:2/ \/1+(n2—1)sin2n0d0
0

w/4
(b) L= 2/ V1 4+ 3sin? 20d6 ~ 2.42
0

(c) n 2 3 4 5 6 7 8 9 10 11
L 242211 222748 2.14461 2.10100 2.07501 2.05816 2.04656 2.038212.03199 2.02721

n 12 13 14 15 16 17 18 19 20
L 2.02346 2.02046  2.01802 2.01600 2.01431 2.01288 2.01167 2.01062 2.00971

(a) /2

“+o0
(b) 724 (dr/d0)2 = (=) + (—e~*)2 = 220, [ =2 / e d
0

0o
(¢) L= lim 2/ e 2dh = lim (1—e20)=1
0

0p—+00 0p—+00

Chapter 11
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49.

50.

51.

52.

53.

54.

55.

56.

=2ty =2, (') + (y) P =4t> + 4

4
S = 27r/ (2t)\/ 42 4 4dt = 877/ tV/t2 4 1dt = t2 + 1)3/2 = 8%(17@ -1)
0

0 0

x’ = e'(cost —sint), y’ = e'(cost +sint), (z)? + (y')? = 2

/2 w/2
S = 27T/ (¢! sint)V2e2tdt = 2\/571‘/ e sint dt
0 0
w/2
1 2v2
= 2V2n |:5€2t(2 sint — cos t)} = T\[W(Qe” +1)
0
2’ = —2sintcost, y' = 2sintcost, (x')? + (y')? = 8sin®t cos? ¢t

w/2

/2 /2
S = 27r/ cos?tV 8sin? tcos? t dt = 4\/5#/ cos® tsint dt = —v/2m cos* t] =2r
0 0 0

=1y =4t (@) + ) =1+16t% S = 271'/ tV/1+ 162 dt = 17\ﬁ— 1)
0

v U
2’ = —rsint, y =rcost, (2')2+ (y)2 =1 S = 27r/ rsintVvr? dt = 27rr2/ sint dt = 4mr?
0 0

de _ a(l — cos @), =asing <dx>2 + (dy)2 = 2a%(1 — cos ¢)
o~ ¢ " \d¢ d
2m

27
S = 27r/ a(l — cos gb)\/m do = 2\/§7ra2/ (1 —cos ¢)3/2d¢,
0 0

but 1 — cos ¢ = 2sin? g so (1 — cos ¢)3/2 = 2v/2sin® ? for 0 < ¢ < 7 and, taking advantage of the

symmetry of the cycloid, S = 167a? / sin® ?dqb = 64ma’/3

0

dr de dr dr/dt 2
P sad Y =150 L = — 2 92+ =204C,r =10 when § = 0
@ and 90 T ag/at T 1 ’r T when 50

10 = C,r = 20 + 10.

(b) 72+ (dr/df)* = (20 + 10)? + 4, during the first 5 seconds the rod rotates through an angle

5
of (1)(5) = 5 radians so L = / V(20 4+ 10)2 + 4d0, let u = 260 4 10 to get
0
1% 1 u 20
= 5/ Vu? +4du = B [5\/u2 +4+2In|u+ Vu? —&—4\}
10 10

20 + V4
[10\/40 —5v104+21n O+ 04 ] ~ 75.7 mm

0+ 104
d d d
r=rcosf,y =rsinb, dz = @cosﬁfrsmﬁ d—z =rcosft + d—;smﬁ

dy

d\ 2 2 .
(d@) + (9> =72+ <d9> , and Formula (6) of Section 8.4 becomes
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EXERCISE SET 11.3
™ 1 w/2 1 /2 1
1. (a) / —(1 — cos 0)*df (b) / —4cos? 0 db (c) / —sin” 20 df
/2 2 0 2 0 2
27 1 w/2 1 /4 1
() / Loz 4 (e) / L —sino)2a (£) 2 / L cos? 20 d0
0 2 —7/2 2 0 2
2. (a) 37/8+1 (b) =/2 (c) w/8
(d) 4r73/3 (e) 3m/4 (f) =/8
2m 1 1
3. (a) A= / —a*df = 7a* (b) A= / —4a®sin? 0 df = ma®
0o 2 0 2
/2 1
(c) A= —4a? cos? 0 df = ma®
—m/2
2 : 2, .2 1)* 1N 1
4. () r*=rsinf+rcosb, z*+y* —y—x =0, T—3 + y=35) =3
37 /4
(b) A= —(sinf 4 cos 0)? df = /2
—m/4 2
T ) /2 1 ) )
5 A=2 5(2+2c0s0) df = 6w 6. A= 5(1—}—51119) df =3r/8+1
0 0

/6 1
7. A= 6/ 5(16 cos? 30)d = 4r
0
/2 1
8. The petal in the first quadrant has area / 54 sin? 20 df = /2, so total area = 2.
0

™ 3
9. A:2/ 1(1+2cos,9)2d9:7r—3\/§/2 10. A:/ 92—2d6:4/3
27 /3 1

71'/21 ﬂ‘/41 1
11. area:Al—Agz/ 74c0320d9—/ —cos20df =7/2 — -

™1 /2 1
12. area:Al—AQZ/ 5(1+C089)2d9—/ §C0829d9:5ﬂ'/8
0 0

13. The circles intersect when cost = v/3sint,tant = 1/v/3,t = 7/6, so
71'/6 1 71'/2 1
A=A +A; = / 5(4\/§sint)2dt+/ 5(4cost)2dt =271 —3V3+471/3—V/3 = 10m/3—4V/3.
0 /6

14. The curves intersect when 1+ cost = 3cost,cost = 1/2,t = +7/3, and hence

w/2

7T/3 1
total area = 2/ —(14cost)? dt—|—2/
0

1
5 59cos2tdt = 2(m/4+9V/3/164+371/8—9v/3/16) = 57 /4.
/3

7r/21
15. A:2/ ~[25sin? 60 — (2 + sin 0)%]d0 = 87/3 + V/3
/6
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16.

18.

19.

20.

21.

22,

23.

24.

26.

27.

LY 77/31
A:2/ S6—(2—2cos0)?d8 =107 17. A:2/ S+ 2c0s0)? 9]0 = 9v/3/2
0 0

/4 1
A= / 5(1651n2 0)do = 2m — 4
0

A=2
/3

271'/3 1 ™ 1
/ 5(1/2+COSQ)2d9—/ (1/2+Cos€)2d01 = (7 +3V3)/4
0 2

{2%—2(:050) —Zse(:z@] d@z?w-i—%\/g

4a cos? 20 — 2a%)dh = 2a?

/71'/3
s (3/5) 4
A= / 100 36sec’ 0)df = 100 cos™(3/5) —

(a) ris not real for 7/4 < 0 < 3w/4 and 57/4 < 0 < 7w /4

7|'/4 1
(b) A= 4/ §a2 cos 20 df = a*
0

71'/61
(c) A:4/ 7[400820—2]d9:2\f——
y 2

/2 1 4w 1 27 1
A= 2/ Zsin20df =1 25. A= —a%6%do — / Za%0? df = 8r3a?
) 2 0 2

27

(a) x=rcosb,y=rsind,

(da/dB)? + (dy/dB)* = (f'(0) cos 6 — f(6) sin0)* + (f'(6) sin 6 + f(6) cos 0)* = f'(6)* + f(6)*;
B
S = / 2r f(0) sin 0/ f'(6)% + f(0)% df if about 6 = 0; similarly for § = 7w /2

(b) f',¢ are continuous and no segment of the curve is traced more than once.

d 2 /2
r2 4+ (d@) =cos20 +sin?0 =1, 28. S = / 2me? cos 0v2e20 4O
0
/2 /2 22
soS:/ 27 cos? 0.d = 2. 22\[277/ e? cosfdf = \5[#(6“—2)
—7/2 0
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29. S:/ 27r(17c080)sin9\/1720050+00529+sin29d9
0

s 2 T
= 2\/§7T/ sinB(1 — cos 0)%/2df = 52\/§7r(1 — cos0)/? 0= 327/5
0

Chapter 11

30. S:/ 2ma(sin 0)a df = 4ma®
0

3cosfsinf
31. (a) r3cos®d —3r2cosfsind +r3sin®0 =0, r = Lbl_ng
cos3 6 + sin°
m/(2n) 1 2 w/(2n) 1 2
32. (a) A= 2/ Za?cosnfdo = (b) A= 2/ Za?cos?nfdo =
0 2 4dn 0 2 4dn
1 ma? 1 ma®
(c) o % total area = ey (d) X total area = Y
33. If the upper right corner of the square is the point (a, a) then the large circle has equation r = v/2a
and the small circle has equation (x — a)? + y? = a?, r = 2acos b, so
71'/4 1
area of crescent = 2/ 3 [(Qa cos f)? — (\/§a)2] df = a® = area of square.
0
2 1 71'/2 1
34. A= / 5(cos30 +2)%df = 9 /2 35. A= / §4cos2 Osin* 0 do = /16
0 0
3 1
_3 L J 3 0 D J 1
_3 -1
EXERCISE SET 11.4
1.

(a) 4pl’ = y2a pOint (17 1)a4p = 17 T = y2 (b) _4py = 21327 pOint (37 _3)a 12p = 9a _Sy = £E2
2

(c)

1'2 2 2

€ Y
a=3,b ,9—|-4 (d) a=3,b ,4—|—9
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(e)
(f)
2. (a)
(b)
(c)
3. (a)
4. (a)
5. (a)
6. (a)

asymptotes: y = 4, so a = b; point (0,1), so y?> — 2% =1

z
asymptotes: y = +x, so b = a; point (2,0), so —

2

4

2
vy
4

Part (a), vertex (0,0),p = 1/4; focus (1/4,0), directrix: © = —1/4
0,0),p = 3/4; focus (0, —3/4), directrix: y = 3/4

Part (b), vertex (

Part (c), ¢ = Va2 — b2 = /5, foci (+£/5,0)
Part (d), ¢ = Va2 — b2 = /5, foci (0, £/5)

Part (e), ¢ = Va2 + b2 = /2, foci at (0,4+1/2); asymptotes: y> — 2% =0,y = +x

Part (f), c = Va2 + b2 = /8 = 2¢/2, foci at (£2v/2,0);

(b)

(b)

(b)

(b)

2

2

Y

4

4

461

X
asymptotes: — — — =0,y = *x
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(=4,0)

V7,0

10. (a) 2=25—-4=21,c=+21

y

0.5)

(2,0

0,-5)

(b)

(b)

(b)

(b)

(0,V8)

X

1,0)

(0, -V8)
0,-3)
.132 y2
A
9 + 4

N,

5,0) [0.-2)

Chapter 11
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(=17  (y—3)?*
16 + 9 =1

A=16-9="7,c=7

11. (a)

(1-+7,3)

(-3,3) ¢ —o——-

(z +3)? n (y —5)?

12. =1
@) 5 1
2=16—-4=12,c=2V3
y
(1,5)
(334243, 5)
B X
1 2 -1 2
15 (@) @FD L WD
9 1
?=9-1=8,c=+8
AY
L 2.1
) X
/
T (1+48, 1)
(x+1)*  (y—3)?
14. =1
A=9-4=5.c=+5

y

;(—1,3+\E)

Gy B2 e

3
2=4-3=1c=1

(2,-1-3) [

22 2

F=9-4=5.¢c=+5

y
X

1

(b) (1" —; 1) + (y 165) =1

A=16—-4=12,c=2V3

L9 r

|

|
(=3.5) —?'

|

IA’

LAl ¥
LD [
(222  (y+3)?
=1
9 + )
2=9-5=4,c=2

(b)

463
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15. (a) 2=a?>+b?=16+4=20,c=2V5

16. (a) 2=a*>+b*=9+25=34,c=34

y
(0,V34) ¢
N 0.3 _~
SN v e
y= ,gx ~ //y/: éx
57 SN~ 57 x
N
/// N
i SN
7 \\
7 ~N
e
(0’ A 34) q (09 _3)

17. (a) 2=9+4

=13,¢=+13

18. (a) 2=3+5

=8,c=2V2

y+4=\/§(x—2)
y

2,4+ 2\5)/,x

\\\\
2, -4 +3)
@2, -4-3)
7

7,
7
Y,
)7
Ve

N
NN
@, -4-2V2) ¥

/’

y+4=—'\/§(x—2)

(b) y?/4—2%/9=1
2 =449=13,

y

N e

~_ V138 0.2
\\2\ / g

//
=Zx
S7YE3

Chapter 11

c=+13

Ve
e
e

X

e N

7

TN
m‘ 0.-2) N

N
~N
~N
N
~N

(b) 22/25—y?/16 =1
2 =25+16=41,c =41

//
<7 (~41,0)

(b) (y+3)?/36 — (x

+2)2/4=1

2 =36+4=40,c=2V10

(-2, -3+ 210

/

‘\\ .

\

W
X

/\le

+3=-3x+2) A
y ( )/\

\
/

/

/]

y
/I
/
X
y+3=3(x+2)
(-2,-9)

\

\

(=2, -3-2V10)
(b) (z+1)?/1—(y—3)*/2=1
?=142=3,c=3
y=3==\2(+1)
\/ L
\

0,3)

o (—1+13,3)

\

X
N
N
N

y=3=2(+1)
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19.

20.

21.

22,

23.

24.

25.

26.

27.

28.

(a) (z+1)%/4-

(y—1)%/1=

?=44+1=5c=5

~_~
/><\>/.

AY
1

y-1 :E(x+l)

=
5
“

-1+45,1)
X

~

(a) (y—3)*/4—(

~
~
~
/7
S

-_1
y=l==3G+1)

r+2)?2/9=1

AA=44+9=13,c=+13

(23+\/>)
2,5 <
y’/ ////\
7y-3=20+2)
- ——7(x+2) N
\\ X

y

% D / \\\

(-2,3-v13)

(a) y? =4px,p=
(a) 22 =—4py, p

(a) % =—4py, p

(b) The vertex is 3 units above the directrix so p = 3, (z — 1)? =

(a) y*=dpz,p=

(b) The vertex is half way between the focus and directrix so the vertex is at (2,
units to the left of the vertex so p =3, (y —4)

3,y =12z
=4, 22 = —16y
=3,22=-12y

6, y? = 24x

(b)

(b)

(b)
(b)

(x—1)2/4— (y+3)2/64=1
2 =4+64=68,c=2/17
y+3=4(x-1)
v\
/
/
//
(-1,-3) 63
. NV
(1-2+17,-3) \ (1+2\/7 -3)
I\
\
\
\
\
/
y+3=-4(x-1)
(y+5)2/9—(z+2)2/36 =1

A=9+36=

A

SN

45,¢ =35
y

y+5=%(x+2)

(=2, -5 +35)
. |22 Z .

-

N N~

~

RS
(-2,-8) /‘
(=2, -5-3v5)

y+5=—%(x+2)

y? = —dpr, p=7,y° = —28z
a? = —dpy, p=1/2, 2* = =2y
12(y —1).

2= _12(z—2)

465

4), the focus is 3

y? =a(x —h), 4 = a(3—h) and 9 = a(2 — h), solve simultaneously to get h = 19/5, a = —5 so

y? = —5(x — 19/5)

(z—5)

=a(y+3),

(9-5)2 =

(a) «?/9+y?/4=1
(b) a=26/2=13,c=5,b%=a?—c? =169 — 25 = 144; 22/169 + y2/144 = 1

(a) 22+y?/5=1

a(5+3)soa=2, (x—5)?

=2(y + 3)

(b) b=38,c=06,a>=0b%>+c?>=64+36=100; 22/64 + y*>/100 = 1
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29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

(a)
(b)

(a)
(b)

(a)
(b)

(a)

(b)

(a)
(b)

(a)
(b)

(a)
(b)
(a)

(b)

(a)
(b)

(a)
(b)

(b)

Chapter 11

c=1la*’=0*+c2=2+1=3;22/3+4y%/2=1
=16 —-12=4; 2%/16 + y*/4 =1 and 2% /4 + y*/16 = 1

c=3,b0=a>-2=16-9="T;22/16 +y?/7T =1
a? =9+16 =25; 2%/25+y*/9 =1 and z?/9 + y?/25 = 1

a =6, (2,3) satisfies 22/36 +y?/b? = 150 4/36 +9/b> = 1, b* = 81/8; 22 /36 +4%/(81/8) =1
The center is midway between the foci so it is at (1,3), thusc=1,b=1,a2=1+1=2;
(-1 +(y—-3)?%/2=1

Substitute (3,2) and (1,6) into #2/A+y?/B =1to get 9/A+4/B=1and 1/A+36/B =1
which yields A = 10, B = 40; 22/10 4+ y?/40 = 1

The center is at (2, —1) thusc=2,a=3,02=9—-4=5; (z —2)2/5+ (y+1)2/9=1

a=2,c=30=9-4=5222/4—y*/5=1
a=1,bla=2,b=2;22—y*/4=1

a=3,¢c=5b=25-9=16;y2/9 —22/16 =1
a=3,a/b=1,b=3;y*/9—-2%/9=1

vertices along r-axis: b/a = 3/2 so a = 8/3; #2/(64/9) — y*/16 = 1

vertices along y-axis: a/b=3/2so a = 6; y?/36 — 22/16 = 1

c=05,a/b=2 and a® + b = 25, solve to get a? = 20, b> = 5; y?/20 — 22 /5 =1
foci along the z-axis: b/a = 3/4 and a? + b* = 25, solve to get a® = 16, b*> = 9;

22/16 — y?/9 = 1 foci along the y-axis: a/b = 3/4 and a? + b*> = 25 which results in
y?/9 —22/16 = 1

c=3,b/a=2and a® +b> =9 s0 a® = 9/5, b2 = 36/5; z2/(9/5) — y*/(36/5) = 1

the center is at (6,4),a=4,c=5,0*=25-16=9; (z —6)2/16 — (y —4)?/9 =1

The asymptotes intersect at (1/2,2) which is the center, (y —2)?/a® — (z — 1/2)?/b®> = 1 is
the form of the equation because (0,0) is below both asymptotes, 4/a% — (1/4)/b*> = 1 and
a/b = 2 which yields a® = 3, b = 3/4; (y — 2)?/3 — (x — 1/2)?/(3/4) = 1.

the center is at (1,—2); a = 2, ¢ = 10, b*> = 100 — 4 = 96; (y +2)?/4 — (z — 1)2/96 = 1

(z—1?2 (y+1)?*
6 16

the center is at (1, —1);2a =5 — (—3) = 8,a =4, 1

y = az® + b, (20,0) and (10, 12) are on the curve so y
400a + b = 0 and 100a + b = 12. Solve for b to get
b = 16 ft = height of arch.

2 2 100 144
=1, 400=a*a=20; — + — =1
a2+b2 , 400 =a",a 0; 400-1- 02 ;

b=8/3ft = height of arch.

(10, 12)

-20 -10 10 20
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b2
40. (a) (z—1b/2)? =a(y — h), but (0,0) is on the parabola so b*/4 = —ah, a = I
b2
—_ 2 —_ .
(z —b/2) A

4h

(b) Asin Part (a), y = 2

b
(w—b/2)2+h7A=/ [—‘Zﬁ(m_m)uh d:cz%bh
0

41. We may assume that the vertex is (0,0) and the parabola opens to the right. Let P(x,y0) be a
point on the parabola y? = 4pz, then by the definition of a parabola, PF = distance from P to
directrix x = —p, so PF = xy + p where z¢p > 0 and PF is a minimum when zy = 0 (the vertex).

42. Let p = distance (in millions of miles) between
the vertex (closest point) and the focus F,
then PD = PF, 2p + 20 = 40, p = 10 million miles. Dl ___ P
7/
404" o
s . R

————

40 cos 60° = 20

Directrix

43. Use an xy-coordinate system so that y?> = 4pz is an equation of the parabola, then (1,1/2) is a
point on the curve so (1/2)? = 4p(1), p = 1/16. The light source should be placed at the focus
which is 1/16 ft. from the vertex.

44. (a) Substitute 22 = y/2 into y* — 822 = 5 to get y? — 4y — 5 = 0; y
y = —1,5. Use 22 = y/2 to find that there is no solution if (7\[; 5) ( 5 5)
: . 2 2
y = —1 and that = £,/5/2 if y = 5. The curves intersect
at (1/5/2,5) and (—4/5/2,5), and thus the area is .
\/5/2
A:2/ (V5 + 822 — 22%) dx /\
0
= [2v/5+ 822 + (5/4)V/Zsinh " (2/5)V/10x) — (4/3)a?]."
5v10  5v2
_OVI0 L V264 VB
6 4
(b) Eliminate = to get y?> = 1, y = 1. Use either equation y

to find that x = +2 if y =1 or if y = —1. The curves

intersect at (2,1), (2,—1), (-=2,1), and (-2, —1),
and thus the area is M %
V573 | >
A:4/ —+/1+222dx
0 3 —2,-1) | @ -1)

2
+4/ [1\/1—1—2:52—1\/3;102—5 dx
V573 L3 VT

1 1
= g\@ln(zx/i+3) + %Vﬁln(?\/g—k VT) - %1115
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45.

46.

47.

48.

49.

50.

51.

Chapter 11

(c) Add both equations to get #? = 4, x = £2. y
Use either equation to find that y = /3 if z = 2
or if z = —2. The curves intersect at <2,43) 2,3)
(2,v3), (2,—V3), (—2,v3), (=2, —+/3) and thus .

1 2
— T2 22 2 —
1474/O 7T—x dx+4/1 {\/7 T \/x 1} dx (2’% 2.—\3)
= 14sin~! <§\f7> +2In(2 + V3)

(a) P :(bcost,bsint); Q: (acost,asint); R: (acost,bsint)

(b) For a circle, t measures the angle between the positive z-axis and the line segment joining
the origin to the point. For an ellipse, ¢ measures the angle between the z-axis and OPQ,
not OR.

(a) For any point (z,y), the equation (b)

3
y = bsinh t has a unique solution ¢,
—0o0 < t < 4+00. On the hyperbola,
9 9 3 L 1 1 J 3
= Yy R
E—l—l—b—Q—l—i—smht / t

= cosh?t, so z = +acosht.

-3
(a) For any point (z,y), the equation y = btant has a unique solution ¢ where —7/2 < t < 7 /2.
2
On the hyperbola, % =1+ ‘7;—2 =1+ tan®t = sec®t, so © = +asect.
a

(b)

NTA
AN

By Definition 11.4.1, (z + 1)+ (y —4)2 = (y — )%, (z + 1)2 =6y — 15, (z+1)2=6(y — 5/2)

-3

(4,1) and (4,5) are the foci so the center is at (4,3) thus ¢ = 2, a = 12/2 = 6, b*> = 36 — 4 = 32;
(z — 4)2/32 + (y — 3)2/36 = 1

From the definition of a hyperbola,

VP -1 - Vet =1,
V(z—1)2 4 (y —1)2 — /22 + y2 = +1, transpose the second radical to the right hand side of the

equation and square and simplify to get +2/x2 + y2 = —2z — 2y + 1, square and simplify again
to get 8xy —4xr —4y+ 1 =0.

2

4 422
Let the ellipse have equation gxz + yz =1, then A(x) = (2y)? = 16 (1 - 8331) ,

9/2 A2
=2 16(1— =) dz =
\% /0 6< 81> r = 96
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52.

53.

54.

55.

56.

57.

58.

59.

60.

61.

62.

2
See Exercise 51, A(y) = v/3x2 f (1 - ) V= f81 ( y4> dy = 54v/3
0

2 2 a
Assume 2—2—&—% = 1,A:4/0 by/1 —22/a? dx = wab

22 2
4
(a) Assurne — + b—Q =1,V = 2/ v (1 —2%/a?) dz = g7rab2
0
(b) In Part (a) interchange a and b to obtain the result.
22 P dy bx dy\®> a*— (a? — b?)2?
A _— p— 1 _— = —— —_ = —_—
ssume — + 5 =1, -~ P AR (dx) a?(a? — z2)

2mh 2 b
—2/ Ly 2/a2\/dx—27mb< asin_lc),c— a? — b?
a ¢ a

41 (a2 — )02
As in Exercise 55, 1 + <dI) — b((b)y,

b b
S=2 27ra\/1— y2 /b2 ;; y dy—27rab +-In a:c>7c: a2 — b2

Open the compass to the length of half the major axis, place the point of the compass at an end
of the minor axis and draw arcs that cross the major axis to both sides of the center of the ellipse.
Place the tacks where the arcs intersect the major axis.

Let P denote the pencil tip, and let R(x,0) be the point below @ and P which lies on the line L.
Then QP + PF is the length of the string and QR = QP + PR is the length of the side of the
triangle. These two are equal, so PF' = PR. But this is the definition of a parabola according to
Definition 11.4.1.

Let P denote the pencil tip, and let k& be the difference between the length of the ruler and that
of the string. Then QP + PFs + k = QF}, and hence PF;, + k = PFy, PF} — PFs = k. But this
is the definition of a hyperbola according to Definition 11.4.3.

In the 2’y/-plane an equation of the circle is /2 +1'? = r? where 7 is the radius of the cylinder. Let
P(z,y) be a point on the curve in the zy-plane, then ' = z cos@ and y' = y so 2% cos? § + y? = r?
which is an equation of an ellipse in the zy-plane.

1 1
L =2a=+/D?+ p2D? = D+/1 + p? (see figure), so a = §D\/1 +p?, but b= §D
1 1 1
= Va2 =12 =/-D2(1+p?) — -D? = —pD.
a \/4 L+p?) 7 5P

pD
D

1 5 1 1 .
y=—a° dy/de = —ux, dy/dw‘ = —uxy, the tangent line at (xg,yo) has the formula

4p 2p T=x( 2p

2
1

Y — Yo = ;:—;(as —x9) = ;—;x — ;—;, but ;C—; = 2y because (xg,yo) is on the parabola y = @x?

Thus the tangent line is y — yo = @x — 20, Y = @x — Yo.
2p 2p



470

63.

64.

65.

66.

67.

68.

69.

70.

Chapter 11
R .. dy bz . L
By implicit differentiation, —— =-———1ify # 0, the tangent line is
A% |(r0y0) @ Yo
b x 2 2,2 2 2,2 12 2 2,2 2,2
Yy — yo———y—o(x—mo), a*yoy — a“y; = —b*zox + b°z§, b°xox + a*yoy = bxg + a“yg,

but (x9,%0) is on the ellipse so b2x3 + a’y3 = a?b?; thus the tangent line is b?zox + a’yoy = a?b?,

zox/a® + yoy/b* = 1. If yo = 0 then xyp = +a and the tangent lines are x = +a which also follows
from xoz/a® + yoy/b* = 1.
d b? x b?
By implicit differentiation, el =—0if Yo # 0, the tangent line is y —yo = —@(x — ),
0|y 02 W0 a* Yo

2

b xozr — a’yoy = b?x3 — ay3 = a?b?, xox/a® —yoy/b® = 1. If yo = 0 then 2y = +a and the tangent

lines are & = +a which also follow from zox/a® — yoy/b® = 1.

2?2 22 y?
Use — + 75 =1and — == =1 as the equations of the ellipse and hyperbola. If (z¢,yo) is

b2 A2 B?
b2 A2 B% a? B2
a?A?y2(b? + B?) = bQBQx%(a — A?). Since the conics have the same foci, a? — b? = ¢ = A2 + B2,
so a? — A? = b2 + B2 Hence a?A%y? = b?B2z%. From Exercises 63 and 64, the slopes of the

22 R 2 2 1 1 1 1
a point of intersection then — + B2 _ % g <AQ - > = y3 < + bg) and

b2x B%x b2 B222
tangent lines are ——2 and 70, whose product is —7(2) = —1. Hence the tangent lines are
a?yo A?yo a? A%yg
perpendicular.
. .. . . . 2 2 dy Zo . .
Use implicit differentiation on z* 4 4y* = 8 to get e = i where (20, y0) is the point
€ Yo
(z0,Y0)

of tangency, but —zo/(4yp) = —1/2 because the slope of the line is —1/2 so z¢ = 2yo. (zo,Yyo) is
on the ellipse so 22 + 4y3 = 8 which when solved with x¢ = 2y yields the points of tangency (2,1)
and (—2,—1). Substitute these into the equation of the line to get k = +4.

Let (zg,y0) be such a point. The foci are at (— \f 5,0) and (\f 0), the lines are perpendicular if
Yo

To + \/5 Ty — \/5
to get xg = +3/v/5,y0 = £4/+/5. The coordinates are (£3/v/5,4/v/5), (£3/v/5, —4/V/5).

the product of their slopes is —1 so —1,y5 =5 —xf and 423 — y2 = 4. Solve

Let (20, yo) be one of the points; then dy/dx = 4x0/yo, the tangent line is y = (4xo/yo)x+4,

(z0,Y0)

but (20, yo) is on both the line and the curve which leads to 422 — y2 + 4yo = 0 and 422 — y2 = 36,
solve to get xg = £3v/13/2, yo = —9.

Let d; and dy be the distances of the first and second observers, respectively, from the point of the
explosion. Then t = (time for sound to reach the second observer) — (time for sound to reach the
first observer) = da/v — dy /v so da — di = vt. For constant v and ¢ the difference of distances, ds
and d; is constant so the explosion occurred somewhere on a bzrz;nch of a h%fperbola whose foci are

5 U 1

t 2
where the observers are. Since do—d; = 2a,a = %, b2 =2 1 and v2f2/4 — 2= (12t2/4)

As in Exercise 69, dy — dy = 2a = vt = (299,792,458 m/s)(10~7 s) ~ 29.9792 m.
a? = (vt/2)? ~ 449.3762 m?; ¢? = (50)? = 2500 m?
b2 — 2 _ 2 a? Y
= — % = 2050.62 - -
¢ - n = 20506238, o s76s  2050.6238
But y = 200 km = 200,000 m, so x ~ 93,625.05 m = 93.62505 km. The ship is located at
(93.62505,200).
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71.

2.

73.

74.

75.

76.

2 2

3
(a) Use%+yzzl,z:§\/4— 2
—2+h

—2+4h
V:/ (2)(3/2)\/4 — y%(18)dy = 54 V4 —y2dy
—2 —2
h—2
=54 B\/él — 42 + 2sin~? g] =97 {45111_1 5+ (= 2)Vah = 42w | &

b) When h =4 ft, Vi ;3 = 108sin ! 1 + 547 = 108~ ft3, so solve for h when V = (k/4)V¢, 11,
full full
k=1,2,3, to get h = 1.19205, 2,2.80795 ft or 14.30465, 24, 33.69535 in.

—2+h

-2

We may assume A > 0, since if A < 0 then one can multiply the equation by —1, and if A = 0
then one can exchange A with C' (C cannot be zero simultaneously with A). Then

D\’ E\? D?  E?
Az? + Cy2 + D+ Ey+F=A = ) +F-— - =
z*+ Cy* + Dz + By + (:c—l—QA) +C(y+20> + 1410
1)2 2
(a) Let AC > 0. If F < A + — e, the equation represents an ellipse (a circle if A = C);
l)2 2 1)2 2
if = H Yok the point x = —D/(2A),y = —E/(2C); and if F > A + i then there is
no graph.
D? FE?
(b) IfAC<OandF—ﬂ+ Yok then

Va(es B) eve (v £)] [Va(es B) -vo (v £)] <o

a pair of lines; otherwise a hyperbola

(c) Assume C =0, so Ax?+Dx+Ey+F = 0. If E # 0, parabola; if E = 0 then Az?+Dz+F = 0.
If this polynomial has roots © = z1, x5 with 1 # x5 then a pair of parallel lines; if 1 = z2
then one line; if no roots, then no graph. If A =0,C # 0 then a similar argument applies.

(a) (z—1)2=5(y+1)? =5, hyperbola

(b) 22 -3(y+1)2=0,7==+V3(y+ 1), two lines

(c) 4(z+2)?+8(y+1)? =4, ellipse

(d) 3(x+2)?+ (y+1)%2 =0, the point (—2,—1) (degenerate case)
(e) (z+4)%+2y =2, parabola

(f) 5(z +4)? + 2y = —14, parabola

distance from the point (x,%) to the focus (0, p) = distance to the directrix y = —p, so 2%+ (y —p)?
= (y+p)*2® =4py

distance from the point (z,y) to the focus (0, —c) plus distance to the focus (0, ¢) = const = 2a,

Va2 + (y+ )2 + a2+ (y =02 = 20,2° + (y + ¢)° = da® + 2% + (y — 0)* — da/a? + (y — )2,
2 2
x2+(y—0)2=a—fy, and since a® — ¢ = b2, %_Fyi_l
a

distance from the point (z,y) to the focus (—c, 0) less distance to the focus (¢, 0) is equal to 2a,

VE+e)2+y2— (-2 +y2=22a,(x+ ) +y* = (x — ) + y? + 4a® £ da/(z — )2 + 2,

2 2
cr z
(x_c)2+y2=i<;—a),and,sinceCQ—aQZbQ, ﬁ_%

=1
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77. Assume the equation of the parabola is 22 = 4py. The
tangent line at P(xo, o) (see figure) is given by
(y —y0)/(x — x9) = m = x0/2p. To find the y-intercept set F(O, p)

Chapter 11

x = 0 and obtain y = —yg. Thus @ : (0, —yo). The focus is \ P(xg ¥o)
(0,p) = (0,22/4yo), the distance from P to the focus is ' —

Va2 + (yo — )2 = VApyo + (Yo — p)?> = V/(vo + p)® = yo + p, ———— S

and the distance from the focus to the y-intercept is p + yo,
so triangle F'P(Q) is isosceles, and angles FPQ and FQP are
equal.

78. (a)

tan (]52 — tan ¢1 mo — M
an an(¢2 — ¢1) 1 + tan ¢ tan ¢ 1+ mimso

(b) By implicit differentiation, m = dy/dx = L T0 yo # 0. Let m; and mso be the

(c)

P(zowo)  G% %o
slopes of the lines through P and the foci at (—c¢,0) and (c,0) respectively, then
m1 = yo/(xo + ¢) and ma = yo/(x¢ — ¢). For P in the first quadrant,

¢ o m—m2 —(52550)/(@2.%) —yo/(x0 — ¢)
anq = =
1+ mms 1 — (b2x)/[a?(zo — ¢)]
—b%2% — a®y2 + b%cxy  —a?b? + b?cxg b?

(@ —P)zo—a®dyo  (@xo— g oo

_ b2

similarly tan(m — 3) = mzm_ 7 —tan( so tana = tan 3, a« = B. The proof
14+ mmy Yo

for the case yyp = 0 follows trivially. By symmetry, the result holds for P in the other three

quadrants as well.

Let P(zg,yo0) be in the third quadrant. Suppose yo # 0 and let m = slope of the tangent line
at P, m; = slope of the line through P and (—¢,0), my = slope of the line through P and

d
(c,0) then m = ﬁ = (b%x0)/(ayo), m1 = yo/(z0 + ¢), ma = yo/(zo — ¢). Use

(z0,y0)

tana = (my —m)/(1+mym) and tan 8 = (m — ms)/(1 + mms) to get
tana = tan 8 = —b?/(cyo) so a = B. If yg = 0 the result follows trivially and by symmetry
the result holds for P in the other three quadrants as well.

EXERCISE SET 11.5

1. (a)

(b)

sin® = v/3/2, cosf = 1/2
2’ = (—2)(1/2) + (6)(v3/2) = =1+ 3V3, ¢ = —(-2)(V3/2) +6(1/2) =3+ V3

1 3, 1 3, 1, 1
z =g = gy’ = 5@ = V3y), y= gw' + 5y = 5(V32' +y)

VA |5 = Va)| [5/8 +)| + [50/8 +0) g

3 1
%(\/gx&—2x’y’—\/§y’2)+Z(3x’2+2\/§x'y'+y’2):6

3 1
51’/2 _ 5,y/2 _ 6, 3:1?/2 7y/2 =12
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(b)

sinf = 1/2, cosf = v/3/2
o' = (1)(V3/2) + (=V3)(1/2) = 0,y = —(1)(1/2) + (-V3)(V3/2) = -2

. 3, 1/_1 / ’ _1/ \/g/_ll /
v=-w 2y—2(\/§w y),y—2w+2y—2(x+\/§y)

2 B(\/gx/ - y')] : +2V3 B(\/gx/ - y’)} B(w’ + \/gy/)] =3

1 3
5(31:'2—2\/§x’y’+y'2)+§(\/§m’2+2x'y'—\/§y'2)=3

322 —y? =3, 2%/1 -y?/3=1

3. cot20 = (0—0)/1=0,20 =90°, § = 45°
v =(V2/2)(@' —y), y = (V2/2) (' + )
y'?/18 — 22 /18 = 1, hyperbola

4. cot20=(1-1)/(—=1) =0, 6 = 45° )
x=(V2/2)(@' —y), y = (vV2/2) (@' +y') 4

2?2 /4 +y"?/(4/3) = 1, ellipse
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5. cot20 =[1— (—2)]/4=3/4
cos20 =3/5
sinf = /(1 -3/5)/2=1/V5
cos = /T T3/5)/2 = 2/5
v = (VB2 — )
y=(1/V5) (' +2)
2"?/3 —y2/2 = 1, hyperbola

6. cot20= (31 —21)/(10V/3) = 1/V/3,
20 = 60°,60 = 30°
z=(1/2)(V3z' —y'),
y=(1/2)(z' + V3y)
22 /4 +y?/9 = 1, ellipse

7. cot20=(1-3)/(2v3) = —1/V/3,
20 = 120°,0 = 60°
= (1/2)( — 3y
y=(1/2)(V32' +/)
y = x'%, parabola

’

X

9. cot20= (9 — 16)/(—24) = 7/24
cos 20 = 7/25,
sinf = 3/5, cosf =4/5
o= (1/5)(42' — 3y),
y=(1/5)(3' + 1y')
y'? = 4(2’ — 1), parabola

Chapter 11

’

cot 20 = (34 — 41)/(—24) = 7/24
cos20 =7/25

sinf = /(1 —7/25)/2 =3/5
cosf =/(14+7/25)/2=4/5

© = (1/5)(4a’ — 3y),

y = (1/5)(3¢' +4y)

2% +y"?/(1/2) = 1, ellipse

¥’
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10.

11.

13.

14.

15.

16.

17.

18.

cot20= (5—5)/(—6) =0,
0= 45° Y 5
z=(V2/2)(a" — ),
y=(V2/2)(=" +v'),

22/8 + (y +1)%/2 = 1, ellipse

cot 20 = (52 — 73)/(—72) = 7/24 12. cot20=[6— (—1)]/24 = 7/24
cos 20 = 7/25, sinf = 3/5, cos 20 = 7/25, sinf = 3/5,
cosf=4/5 cosfl=4/5
x=(1/5)(4z" = 3y'), x=(1/5)(4z" = 3y'),
y=(1/5)(3z" +4y') y=(1/5)(3z" +4y')
(2 +1)%/4+y"? = 1, ellipse (y' —17/5)%/3 — (' + 1/5)2/2 = 1, hyperbola
¥ ,

|
|
|
!

Let g=x "cosh —y smeéy =z 81119 +y cosH then x +y = r2 becomes
(sin? 0 + cos? 0)z'% + (sin? 6 + cos? 0)y’? , 2%+ y? . Under a rotation transformation the

center of the circle stays at the origin of both coordinate systems.

Multiply the first equatlon through by cos@ and the second by sinf and add to get
zcosf+ysinf = (cos? @ +sin? §)z’ = z’. Multiply the first by — sin§ and the second by cos and

add to get 1.

= (vV2/2)(x +¥), ¥ = (V2/2)(—z + y) which when substituted into 3z"? + ¢’ = 6 yields
2% +xy +y* = 3.
1 ’ ’ 1, ’ 2
From (5), x = 5(\/§x —y')and y = 5(:0 +V3y') so y = 22 becomes

1 1
i(x' +V3y) = Z(\/gx’ —9/)?; simplify to get 322 — 2v/32'y' + 2 — 22" — 2/3y' = 0.

f—i—\le VI =1-/y, x:1—2f—i—y,2f—1—x+y,4y—1+x +y? — 2z + 2y — 2z,
1-—
— 22y +y*—2r—2y+1=0. cot29—72—0 20 =7/2,0 =7/4. Let x =2’ /2 —y' /2,
yzm’/x/ﬁ—f—y/\/ﬁtoget 2y'? — 2¢/22’ + 1 = 0, which is a parabola. From /z + /y = 1 we see
that 0 <z <1 and 0 <y <1, so the graph is just a portion of a parabola.

Let x = 2/ cosf — ¢’ sinf and y = 2’sinf + ¢y cos @ in (7), expand and add all the coeflicients of
the terms that contain z'y’ to get B’'.
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19.

20.

21.

22,

23.

24.

25.

26.

27.

28.

Chapter 11
Use (9) to express B’ — 4A’C" in terms of A, B, C, and 6, then simplify.
Use (9) to express A’ + C’ in terms of A, B, C, and 6 and then simplify.
cot20 =(A—C)/B=0if A=C so20=90° 6 =45°.

If F =0 then 2% + Bzy =0, x(x + By) =0 so z = 0 or = + By = 0 which are lines that intersect
at (0,0). Suppose F' # 0, rotate through an angle 6 where cot20 = 1/B eliminating the cross
product term to get A’z"? + C'y’? + F' = 0, and note that F’ = F so F’ # 0. From (9),

A" = cos? 0 + B cosfsin = cosf(cos 0 + Bsinf) and

C' = sin? — Bsinf cos = sin f(sin  — B cos b)) so

A'C" = sin 6 cos O[sin A cos § — B(cos? § — sin? §) — B?sin  cos )

1 1 1 1
=3 sin 20 3 sin 20 — B cos 20 — 532 sin20| = 1 sin? 20[1 — 2B cot 20 — BQ]

1 1
= sin?26[1 — 2B(1/B) — B?] = - sin? 20(1 + B?) < 0
thus A’ and C’ have unlike signs so the graph is a hyperbola.

B? —4AC = (—1)%2 — 4(1)(1) = —3 < 0; ellipse, point, or no graph. By inspection (0, ++/2) lie on
the curve, so it’s an ellipse.

B2 —4AC = (4)? — 4(1)(=2) = 24 > 0; hyperbola or pair of intersecting lines
B? —4AC = (2v/3)? —4(1)(3) = 0; parabola, line, pair of parallel lines, or no graph. By inspection

(—v3,3),(—V3,-1/3),(0,0), (—2v/3,0), (0,2/3) lie on the graph; since no three of these points
are collinear, it’s a parabola.

B? — 4AC = (24)% — 4(6)(—1) = 600 > 0; hyperbola or pair of intersecting lines

B? — 4AC = (—24)? — 4(34)(41) = —5000 < 0; ellipse, point, or no graph. By inspection
x = +5/v/34,y = 0 satisfy the equation, so it’s an ellipse.

(@) (@-y)lr+y) =0
y=xory=-—x
(two intersecting lines)

(b) 22+ 3y? = —7 which has no real solutions, no graph



Exercise Set 11.5 477

(¢) 822+ Ty?=0 (d) (z—1y)?=0,
x=0and y =0, (a point) y =z (a line)
Aoy >y
5k y=x
X : X
0,0 b -5 L 5 b
Sf
(e) (3z+2y)* =36, ) @-1)%+(@y-2)?2=0,
3r+2y==6or3z+2y=—6 the point (1,2)
(a pair of parallel lines) oy
Ay L
\ - e(,2
3 L
A X
L x D
11 1 1 1 11 1
—2\ 2 b i
-3 \ -

29. Part (b): from (15), A’C" < 0 so A’ and C’ have opposite signs. By multiplying (14) through
by —1, if necessary, assume that A’ < 0 and C’ > 0 so (2’ — h)?/C' — (v — k)?/|A'| = K. If
K # 0 then the graph is a hyperbola (lelde both sides by K), if K = 0 then we get the pair of
intersecting lines (2’ — h)/VC" = +(y' — k)/\/]A’].
Part (c): from (15), A’C" = 0 so either A’ = 0 or C' = 0 but not both (this would imply that
A = B = C = 0 which results in (14) being linear). Suppose A’ # 0 and C’ = 0 then complete
the square to get (' — h)? = —E'y/JA' + K. If E' # 0 the graph is a parabola, if £/ = 0 and
K = 0 the graph is the line ' = h, if E/ = 0 and K > 0 the graph is the pair of parallel lines
¥ =h+VK,if B/ =0and K < 0 there is no graph.

30. (a) B?—4AC = (1)2—4(1)(2) < 0 so it is an ellipse (it contains the points z = 0,y = —1, —1/2).

1 1 1 1
(b) y:*fo%—Z 1+14x—7x20ry——1x7%+4 1+ 14z — 722
31. (a) —4AC = (9) 4(2)(1) > 0o the conic isahyperbola (it contains the points (2, —1), (2, —3/2)).
9 1 9
(b) y=-3t-5-3 7322 + 422 + 17 ory——ix—g—&— 7322 + 422 + 17
y

(c)
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EXERCISE SET 11.6
3/2
1. (a) T = m, (&

=1,d=3/2

e

N 1+70059

™

=3/2,d=4/3

V4

FTT T TN A T T T

- 1—20050

N

e=2/3,d=2

Chapter 11

3/2

b = -
(b) 1+%sin9

e=1/2,d=3

(d) r=T——"7

g
/\\\

i

l—ésinﬁ’e /3, /

/2

N/
.

1/2
1+ 3sinf’
/2

(d) r= ,e=3,d=1/6

N
N
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3. (a)
(c)
4. (a)
(c)

e = 1,d = 8, parabola, opens up

KA
il

_ 2
1 2sing
hyperbola, directrix 4/3 units
below the pole

>

r 76:3/2,d:4/3,

e = 1,d = 15, parabola, opens left

20

b4

-20
64/7
= e —12/7.d=16/3,
T T Zamg ¢ Y /

hyperbola, directrix 16/3 units below pole

20

—40

(b)

(d)

(b)

(d)

- 4
1+ % sin @
ellipse, directrix 16/3 units
above the pole

—12| w/\‘ 12

r

e=3/4,d=16/3,

-20

_ 3
1+ i cosf’
ellipse, directrix 12 units
to the right of the pole

r e=1/4,d =12,

s
" 14cosf
d = 2/3, parabola, opens left

r

b

10

—

-10

r ’622/37d:67

=7 _ 2
175(3039

479

ellipse, directrix 6 units left of the pole

6

N
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(a)
(b)
(c)

(a)
(b)
(c)

(a)

(b)
(c)

()

(b)
(c)

(a)

(b)

Chapter 11
2 2
d:l,’r: ed = 2/3 =
1+ ecosb 1+§cos€) 3+ 2cosb
ed 1
=1,d=1,r= —
€ ’ Tl T ecosf  1—cosf
ed 3/2 3
:3 2,d:]_7 = N p— p— N
€ / " 1+ esinf 1+%sin9 2+ 3sinf
ed 2/3 2
=2/3,d=1,r= = =
€ /3, T T esing 1—%SiH9 3 —2sinf
ed 1
=1,d=1,r= =
€ ’ " 1+esinf 1+sinf
ed 4/3 4
€ /3, T T T ecos 1—%cos9 3 —4cosf
ed ed ed
= /#=0:6= 0=m:4= 6+ 6e =4F4e,2 =F10 bott
T Tt ecosd’ Tt T T > 00T #F362= 106 use bottom
24/5 24
ign t te=1/5,d =24 = =
SIgn 1o e € /5 " T T T cos0  B5—bHeosd
d d 2
TN T sime T 2 T T s
ed ed ed
= (=7/2:3=——,0= 2:—T7T=——ed=3+3e=-7T% 10 = +4
r T Tosnd’ w/2:3 1o’ 3/ 7 1:F€,e 3+3e 7+7e, 10 e,
21/2 21

€=5/2d=21/5" = T E g~ 25 5em0

ed ed ed
= 1= 4= le=4F4 si iel = =
T T o’ Tio e e F 4e, upper sign yields e = 3/5,d = 8/3,
85 8
_1+gsin9_5+3sin9
d d 6
e=ar 1—c059’3 2’ 67 1—cosd
V2d 5
a=b=5e=cla=50/5=v2,r=————:r=5when 0 =0,s0d =5+ —,
/ / 1+ v2cos8 V2
5v2+5

r= .
1+ +/2cosf

3
1+ 1sing’
if @ =37/2:7r = 6,a = (rg+7r1)/2 =4,b= /ror; = 2v/3, center (0,—2) (rectangular

e =1/2,d = 6, directrix 6 units above pole; if  =7/2:rog = 2;

z?  (y+2)°
i 5), — =1
coordinates), B + T
1/2 N _ . 1/2
=2 e _1y2,d =1, directrix 1 nit left of pole; if 6 = 7 : 7o = <Lo = 1/3;
r 1_%(:0896 / irectrix 1 unit left of pole; i T 372 /

if0=0:r =1,a=2/3,b=1/V3, center = (1/3,0) (rectangular coordinates),

9
Z@flﬂf+3f:4
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6/5
10. (a) r= %, e =2/5,d = 3, directrix 3 units right of pole, if 6 =0:ry =6/7,
1+ £cosf

if 0 =7:7 =2,a=10/7,b=2v3/V/7, center (—4/7,0) (rectangular coordinates),

49 o, 1 5
2

(b) r= T st 3/4,d = 8/3, directrix 8/3 units below pole, if § = 37/2:ry =8/7,
— ZSID

if 0 =7/2; ry =8,a=232/7,b=8/\/7, center: (0,24/7) (rectangular coordinates),

T A9 (N
64 1024 \Y"7) =

11. (a) r ,e =3,d = 2/3, hyperbola, directrix 2/3 units above pole, if § = /2 :

" 1+3sin6 )
ro=1/2;0 =37/2:7 =1, center (0,3/4),a =1/4,b=1/v2,—22% + 16 <y— i) =1

5/3
(b) r= 137/0, e =3/2,d = 10/9, hyperbola, directrix 10/9 units left of pole, if § = 7 :
— 3 cos
93020 =3 _ _ _ _ 9 2.9 o
ro=2/3;0=0:r; = = 10/3, center (—2,0), a =4/3,b=+/20/9, — (x+2) y =1
1/2 16 20
4
12. (a) sz,GZZdZQ, hyperbola, directrix 2 units below pole, if § = 37/2 : ro = 4/3;
0=m/2:r = LI center (0,—8/3),a =4/3,b=4//3 9 +§ Q—Exzfl
- -1 = 1_9 -5 ’ y W y U — ) 16 Yy 3 16 -
) r=—2 4 4= 15/8, hyperbola, directrix 15/8 units right of pole, if 6 = 0 -
"= T desp = b9 = , hyperbola, directrix units right of pole, if § =0 :
5 15 4
7“0:3/2;9:#:7"1:‘—2‘=5/2,a=1/2,b=\g,center (2,0), 4(x—2)2—ﬁy2:1
13. (a) r= 2 = d if0=0:r0=4d/3;0 = =d
- @ r_1+%0089_2+C089’1 — o amEEmn =G
1 2 12
8:a:§(T1+TO):§d,d:12, r:m
3d 3d 3 3
b) r=-—3°" - if 0 = 37/2 10 = Sdi 0 = 7w/2,7 = ~d
(0) "= om0 5 seme 10 A2 = g = w2 =5d
1 15 64  3(64/15) 64
a=g(rtr) = qgdd =5 = 53506 ~ 25— 1550
3d 3d 3 3 3
= 2 = if0=m:rqg==-d;0=0,r1 = =d,4=b=-d
() 1—%0089 5_3cosf’ T = RE R 47
16
d=16/3, " 5 " 3cosh
Ld d
(d) 2 LifO0=7m/2:r9=d/6;0 =37/2,r, =d/4,

"T 1Y Lsing  5+smo

1 /1 1\ 1 120
—e=-d(-—>)=—dd=120, r=-—""_
b=c=3 <4 6) 24" 0 T = g
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14.

15.

16.

17.

(a)

(b)

(c)

(d)

(a)

(b)

(a)

(b)

(b)

(c)
(d)

Ld

d

T

T 14+ 1isin6  2+sing

,if0=7/2:1r9=d/3;0 =31/2:1 =d,

Chapter 11

10=a=%(7“0+7“1)=§d,d:15, r:;ﬁ
7“—1_?({089:5_i089,if9=7rzr0:d/67¢9:0;7~1:d/47
6a;(ﬁ+ro);d(i+é) :%d’d:MM‘r}’ " 51—4129 - 25—1§iose
T:1—Zidsma:4—??))dsma’if9:3”/2”"0:3d79:”/217"1:3d,4=b=3d/\f77
Tl—l—giosé’5+iios€’if90:r0gd;0W:T14d’
CZlo_i(rl_ro):;dGl_g) :§d’d:4§5’ TZBEZ/C?)SH:lO—i-ZI;COSG
ezc/a:%(ﬁfro)_rl—ro
z(ri+mro)  T1i4T0
2;;2_,_1’6(7"1/7"04'1)=7‘1/7’0—1,:1zijz
ezc/a:%(ﬁJrro) 1+ 7o
3(ri—mro) T1—T0
DL - =+, - 2
T = a®/? = 39.5!% ~ 248 yr

ro = a(l —e) = 39.5(1 — 0.249) = 29.6645 AU ~ 4,449,675,000 km
r1 = a(l+e) = 39.5(1 + 0.249) = 49.3355 AU ~ 7,400,325,000 km
_a(l—e?)  39.5(1—(0.249)%) _ 37.05
T 14+ecosf  1+0249cosf® 1+ 0.249cosf
/2
50 -
| | | | | | O
=30 | 20
_sol

T a 3/2
18. I d AU, T=a%?;in d dkm, = = { ——=——=
(a) Inyr and AU, a®/“; in days and km, 365 (150 < 106> ’

a )3/2 days.

T = 365 x 109 (7
% % 150



Exercise Set 11.6

(b)
(c)

(d)

19. (a)
(b)

(c)
(d)

20. (a)
(b)
()
(d)

21. To

57.95 x 109

3/2
~ 87.6 d
150 ) we

T =365 x 107° (

. 55490833.8
" 14 .206cos 6

55490833.8

From (17) the polar equation of the orbit has the form r = )
B 0.3699
T 11 0206c0s0
/2
04|

a=T?3 = 2380%° ~ 178.26 AU
ro =a(l —e) = 0.8735 AU,r; = a(l + e) ~ 355.64 AU
_a(l-e€?) 1.74
1+ecosf® 1+ 0.9951cosb

/2
41
‘ - 0
—180 r
. ™ —To
By Exercise 15(a), e = —— =2 0.092635
1L+ 70
a= %(ro + 1) = 225,400,000 km ~ 1.503 AU, so T = a*/? ~ 1.84 yr
_a(l-¢?) | 2BA65TTAG | 1ASOTT
" 1+ecosf  1+0.092635c080 1+ 0.092635 cos 6
/2
1.49

dh.
A )=

1.49

= a(1l — e) = 7003 km, hAmi, ~ 7003 — 6440 = 563 km,

r1 = a(l +e) =~ 10,726 km, hpax ~ 10,726 — 6440 = 4286 km

483

1+ecosf 1+ .206cosf Tt
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22. 19 =a(l—e) ~ 651,736 km, Ay, ~ 581,736 km; r1 = a(1l + e) =~ 6,378,102 km,
hax ~ 6,308,102 km
23. Since the foci are fixed, ¢ is constant; since e — 0, the distance g = e% — 4-00.
. oy z? y c? 2 2 2 2
24. (a) From Figure 11.4.22, pri i 1,? Eb i 1, (1— (12):(: +y°=a* -
B iat i = (S) 4, m P 447 = (Soma)
= (Ca)rad -0 it = (Soma),
a a
(x—c)?2+y?= Se—aforz> a?/e.
a
. c PF
(b) From Part (a) and Figure 11.6.1, PF = —PD, — = c/a.
a PD
CHAPTER 11 SUPPLEMENTARY EXERCISES
2. (a) (v2,31/4) (b) (—v2,7r/4) (c) (V2,3m/4) (d) (—v2,-m/4)
3. (a) circle (b) rose (c) line (d) limagon
(e) limagon (f) nome (g) none (h) spiral
4. (a) r= 18 ellipse, right of pole, distance = 1
' - 1 + %COSG’ p ) g p ’ -
(b) hyperbola, left of pole, distance = 1/3
(c) r= 13 arabola, above pole, distance = 1/3
T 1tsme? ’ PO, N
(d) parabola, below pole, distance = 3
5. (a) w2 (b) /2
0 .3
0
(C) /2 (d) /2
0 0
T
a,-%
LY
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10.

11.

(e)

/2
@D

1
(1.3

1,0

Family I: 22 + (y — b)? = b%,b < 0, or r = 2bsinf; Family I: (z — a)? + v = a®,a < 0, or
r = 2acosf

(a)
(b)
(c)
(d)
(a)

(b)
(c)

(a)
(b)
(c)

(a)

r=2a/(1+cosf),r+x=2a,2% +y*> = (2a — x)?,y?> = —4ax + 4a?, parabola
r2(cos? @ — sin? §) = x? — y? = a?, hyperbola

rsin(f —m/4) = (v/2/2)r(sinf — cosf) = 4,y — x = 4v/2, line

r? = 4drcosf + 8rsinf, x? + y? = 4 + 8y, (v — 2)? + (y — 4)? = 20, circle

c 2 4 45 7 5
T —e=Zand 26 =6.b = 2 _p2 4 2 = a2 2= =

o e 7 an 6, 3,a +c 9+49a ,49(1 9,a NG 9
22 = —4py, directrix y = 4, focus (—4,0),2p = 8,22 = —16y

For the ellipse, a = 4,b = v/3,¢? = a®> — b> = 16 — 3 = 13, foci (£1/13,0);

4 1
for the hyperbola, ¢ = V/13,b/a = 2/3,b = 2a/3,13 = ¢® = a®> + b* = a® + §a2 = §3a2,
22 2
=3,b=2, ——==1
a 9 ) 9 4
2 _22
e:4/5:c/a,c=4a/5,buta:5soc:4,b:37(x+3) +(y ) =1

25 9
directrix y = 2,p = 2, (v + 2)? = —8y

)2
center (—1,5), vertices (—1,7) and (—1,3),a = 2,a/b=8,b=1/4, %—16@4—1)2 =1
y
3 (b)
1 1 \x I
4 8 i
B Lo N X
2 N 10
_3,
(d) g
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13.

14.

15.

16.

17.

18.

Chapter 11
. . , . 470
(a) The equation of the parabola is y = az® and it passes through (2100, 470), thus a = 21002"
470
Y= 21002"
2100
b) L=2 1
(b) / + 21002 ) e
220500 47
486202 29 2 4 i h_l ~ 4 3 f
220500\/ 8620250000 + 2209 sin (220500x) 336.3 ft

(a) As t runs from 0 to m, the upper portion of the curve is traced out from right to left; as ¢
runs from 7 to 27 the bottom portion of the curve is traced out from right to left. The loop

1 1
occurs for 7 + sin™! 1 <t<2r—sin~! 1
(b) lim z=+o00, lim y=1; lim = —o0, lim y=1; lim = = +o0, lim y =1,
t—0t+ t—0t t—m— t—m— t—mt t—mt
lim z = —oo0, lim y = 1; the horizontal asymptote is y = 1.
t—2m— t—27—

(c) horizontal tangent line when dy/dx = 0, or dy/dt = 0, so cost = 0,t = 7/2,3mw/2;

_ 1
1 2r—sin Tt —

1
VT v

vertical tangent line when dz/dt = 0, so — csc?t—4sint = 0,t = 7+sin
t = 3.823,5.602
(d) 7 =22 +y? = (cott+4cost)?+ (1 +4sint)? = (4 +csct)?,r =4+ csct; with t =60,
f(0) =4+ csch;m=dy/dx = (f(0)cosf+ f(0)sin)/(—f(0)sind + f'(0) cosh); when
0 =7 +sin"!(1/4),m = V15/15, when 0 = 21 —sin~*(1/4),m = —/15/15, so the tangent

1
lines to the conchoid at the pole have polar equations § = +tan~' —.
b p q V15
/4 /6 - /6
/ 4sin 9d9+/ 1d6‘:/ 2(1 — cos20) df + — = (26 — sin 20) + L
/6 o 12 o 12
_T V3, m _bm V3
3 2 12 12 2
The circle has radius a/2 and lies entirely inside the cardioid, so
27r 2
3a? a 5a?
2
4= =
A= / 2(1 + sin0)* df — wa?/ S T =

/2 1
(a) r=1/0,dr/do = —1/6% 1>+ (dr/df)* =1/6>+1/6*, L= / 9—2\/1 + 602 df ~ 0.9457 by
/4
Endpaper Table Formula 93.

+oo
1
(b) The integral 7V 1+ 62 df diverges by the comparison test (with 1/6), and thus the

arc length is infinite.

(a) When the point of departure of the thread from the circle has traversed an angle 6, the
amount of thread that has been unwound is equal to the arc length traversed by the point of
departure, namely afl. The point of departure is then located at (a cos 6, asin 8), and the tip of
the string, located at (z, y), satisfies the equations z—a cos§ = afsin 6, y—asin = —ab cos 6;
hence z = a(cos 6 + 0sinf),y = a(sinf — 0 cos ).

(b) Assume for simplicity that @ = 1. Then dxz/df = 0cos,dy/df = Osinb;dx/df = 0 has
solutions @ = 0,7/2,37/2; and dy/df = 0 has solutions § = 0,7, 27. At 0 = 7/2,dy/df > 0,
so the direction is North; at 0 = 7w, dxz/df < 0, so West; at § = 37/2,dy/df < 0, so South; at
0 = 27,dx/df > 0, so East. Finally, 0111(1)1+ dy/dx = 013}; tan = 0, so East.
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(c) 9 0 /2 P a2 | 2w
x 1 /2 -1 | 3w2 | 1
y 0 1 T -1 -2

Note that the parameter 6 in these equations does not satisfy equations (1) and (2) of Section
11.1, since it measures the angle of the point of departure and not the angle of the tip of the
thread.

N
19. (a) V :/ T (b%2?/a® — b°) du y

b2 2
= 7r—(b2 —2a%)V a2 + b2 + gab27r

~ 3a2

VT

(b) V= 27r/ xy/b2x2 /a? — b2 dx = (2b*/3a)T y

a

20. (a) /2 (b) 0=7/2,37/2,r=1

I N | 0

A\
/I

rcosf + (dr/df) sin 0
dy/dx = ;
() dy/dz —rsin® + (dr/df) cos @’

mimg = —1; and at § = 37/2,m; = —1,my =1, mymy = —1

at 0 =m/2,my = (—1)/(=1) = 1,ms = 1/(~1) = -1,
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22.

23.

24.

25.

26.

27.

29.

Chapter 11

The tips are located at r = 1,6 = 7/6,57 /6,37 /2 and, for example,

d=+/1+1—2cos(57/6 — 7/6) = \/2(1 — cos(27/3)) = V3

(a) @ =rcosf = cos+cos?0,dr/df = —sinf —2sinfcosh = —sinf(1+2cosd) = 0if sinf =0
or cos = —1/2, so § = 0,7,27/3,47/3; maximum x = 2 at § = 0, minimum =z = —1/4 at
0 =27/3,47/3; = 7 is a local maximum for x

(b) y=rsind =sinf +sinfcosd, dy/df = 2cos? 0 + cosf —1 =0 at cosf = 1/2,—1, so
0 = m/3,57/3, 7; maximum y = 3v/3/4 at 6 = 7/3, minimum y = —3+/3/4 at § = 57/3

26 cos f — sin 6

(a) y = rsinf = (sin6)/V0,dy/do = % = 0 if 20cosf = sinf,tanf = 26 which
only happens once on (0,7]. Since ali%l+ y=0and y =0 at § = 7, y has a maximum when
tan 6 = 26.

(b) 0 ~1.16556

(€)  Ymax = (sinf)/v0 ~ 0.85124

The width is twice the maximum value of y for 0 < 6 < 7/4:
y = rsinf = sinfcos20 = sinf — 2sin® 0, dy/dd = cos® — 6sin®fcosf® = 0 when cosf = 0 or
sind = 1/v6,y = 1/v/6 — 2/(61/6) = v/6/9, so the width of the petal is 21/6/9.

2 2 2

(a) - Y I,soV =2 / v 2257 (14 —— ) d 2515 4 2957 i3
_— — — s —_— = —T Y .
225 1521 0 1521 ) “Y T 2028

h/2

h/2 295 225 \ *
b) S—2 [ omuy/iT (dejdyRdy = 4 225+ | o + (105 ) | @
(b) o + (dz/dy)? dy ﬂ/o +y (1521 +(1521)

5mh
= 2% /10281 19472
338\/0896+9 +

76051/194 | V194h + /1028196 + 194h2 2
g7 " 1014
(a) The end of the inner arm traces out the circle z; = cost,y1 = sint. Relative to the end of
the inner arm, the outer arm traces out the circle o = cos2t,y> = —sin2t. Add to get the
motion of the center of the rider cage relative to the center of the inner arm:
x = cost + cos2t,y = sint — sin 2¢.

(b) Same as Part (a), except xo = cos2t,ys = sin 2¢, so x = cost + cos2t,y = sint + sin 2¢

@ - [ Kf;f . (f;;ﬂ

2m

Ly = V5 + 4costdt ~ 13.36489322; L1 and Lo appear to be equal, and indeed, with the
0

2m
dt = / Vb — 4cos3tdt =~ 13.36489321,
0

substitution u = 3t — 7 and the periodicity of cosu,

1 57 2
leg 5—4dcos(u+7)du= Vb +4cosudu = L.
o 0

e=of 1) (%)

/2 /2
—4 [ (@it (@ oot 2 —da [ (1 eost )
0 0

1/2 /2
dt = 4/ (a®sin® t + b% cos® t)1/2 dt
0

w/2
Setu:g—t,Czéla/ (1 —e%sin?t)Y2at
0
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w/2
30. a=3b=2c=+5 C= 4(3)/ V1 —(5/9) cos? u du ~ 15.86543959
0

31. (a) T—O:§:1_ee L
rr 61 14e¢€’ 60

(b) a=93x10%7ry=a(l—e)= 59

i (93 x 10°) = 91,450,000 mi

1/2
6 /2 cos 0 2 .
(C) C=4x%x93x10 1-— df = 584,295,652.5 mi
0

60

2
: z 9 z 9 2
32. (a = yo + (vo sSin « - = =yo+tztana — ————=
(@) y=yo+ o )vocosa 2(v0cosa> yo 203 cos?

dy 9 v
b =t — ydy/dx =0 at x = — i yo
(b) 1, = tana v%cos2ax y/dx at sin « cos a

2 2 2 2
) g VG Sin a cos o V)
0 .2 0 0 .2
Yy =19Yy+ sin a2v20052a< ) = Yo + sin” «
) 0 g

29

33. a=7/4,y0 =3,z =vot/V2,y =3+ vot/V2 — 161>

(a) Assume the ball passes through z = 391,y = 50, then 391 = vot/v/2,50 = 3 + 391 — 16t
1612 = 344, t = /215, vy = 2z /t ~ 119.2538820 ft /s

dy Vo Vo Vo Yo U(Q) ”3
b) —=-—"F%=-32t=0att=——, Ynax =3+ — — 16—+ =3+ —- ~ 114.1053779 ft
b) % =7 N V2322 2 128
— 2+ +/v2/2 + 192
() y=0whent= w/vV2 £ V2 + .t~ —0.035339577 (discard) and 5.305666365,

—32
dist = 447.4015292 ft

34. (a) IA,y

—-1F

() L= /_11 [cos2 (77;2> + sin? (WSQH dt =2

botm v
tan @ — tan d
35. tant = tan(¢ —0) = = 4r
1+tan¢tand 1_~_g@
x dx
rcosf + (dr/df)sinf  sin6
—rsinf + (dr/df) cosf  cosf r

N 1+ rcos@ + (dr/df)sinb) sinf\ dr/df
—rsind + (dr/df) cos ) cosf
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36. (a) From Exercise 35, (b) /2
— r 1—cosf ta 0
n = = — n—
dr/df sin 6 2’

so ¢ =0/2.

A
o

(c) AtO=m/2,9=0/2=mn/4. At 0 =37/2,¢ =0/2 =3r/4.

bo

ae 1. .
= — is constant, so v is constant.

.
37. tany=— = 2% _
Y= T8 abe® b

CHAPTER 11 HORIZON MODULE

1. For the Earth, ap(1 —e%) = 1(1 — 0.017?) = 0.999711, so the polar equation is

L _as(l—ch) __ 0.999711
T l—egcos® 1—0.017cosf’

For Rogue 2000, ar(1 — e%) = 5(1 — 0.98%) = 0.198, so the polar equation is
_agr(l—e%) 0.198

"= 1—ercosf 1—0.98cosf’

k k
3. At the intersection point A, E = R ,80 kg — kgegcos = kr — kreg cosf.
1—egcosf 1—egcosh
ke — kg

Solving for cosf gives cos) = ——————.
k:EeR — k:ReE

4. From Exercise 1, kg = 0.999711 and kr = 0.198, so
kg —kr 0.999711 — 0.198
kper — krep  0.999711(0.98) — 0.198(0.017)

and 0 = cos~10.821130 ~ 0.607408 radian.

~ 0.821130

cosf =

5. Substituting cos € =~ 0.821130 into the polar equation for the Earth gives

. 0.999711
"~ 1-0.017(0.821130)

~ 1.013864,

so the polar coordinates of intersection A are approximately (1.013864,0.607408).
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10.

11.

9F 1
By Theorem 11.3.2 the area of the elliptic sector is / §r2 df. By Exercise 11.4.53 the area of

the entire ellipse is wab, where a is the semimajor axis and b is the semiminor axis. But

b=+Va2 -2 = \/aQ—(ea)2 =av1— €2,

Or
; / r2 df
so Formula (1) becomes — = A
T 27a2v/1 —e2

, which implies Formula (2).

In Formula (2) substitute 7' = 1,07 = 0, and 0 ~ 0.607408, and use the polar equation of the
Earth’s orbit found in Exercise 1:

OF ki 2 0.607408 0.999711
_ ") a0 _ IR
/0 <l—eEc080> N/O (1—0.017cos€

2y /1— €2, - 271/0.999711

Note: This calculation can be done either by numerical integration or by using the integration
formula

>2
t= =~ 0.099793 yr.

1+e 0

—1 -~ e
/ do B 2tan (\/ 1_etan2> n esinf Lc
(1—ecosh)? (1 —e2)3/2 (1 —¢€2)(1—ecosh) ’

obtained by using a CAS or by the substitution u = tan(6/2).

In Formula (2) we substitute 7 = 5v/5 and §; = 0.45, and use the polar equation of Rogue 2000’s
orbit found in Exercise 1:

T/:F<aR<1e%z>>2d9 SVE 9F<aR<1—e%>)2d9

. 1 —egrcosd 045 \1 —ercosf
2mat/1 — e% 2ra%\/1 — €% ’

SO

/ep (aR(l—e%)>2d9_2twa%\/le%

0.45 \ 1 —ercosf 5v/5 '

(a) A CAS shows that

2 .
ar(l—e%) o [ o 1 1+eg 0 er(l—e%)sinf
/(1—6R0089 9 = a { 2\/1 = ej tan 1_6Rtan2 + 1 —egrcosh +C

(b) Evaluating the integral above from 6 = 0.45 to § = 0, setting the result equal to the right
side of (3), and simplifying gives

. 6
tan—1 1+ep tang n ery/1—e%sinf]"" _ tm .
1—er 2 2(1 —egcost) o4 5V5

Using the known values of eg and ¢, and solving numerically, 0z =~ 0.611346.

Substituting 0 ~ 0.611346 in the equation for Rogue 2000’s orbit gives r =~ 1.002525 AU. So the
polar coordinates of Rogue 2000 when the Earth is at intersection A are about (1.002525,0.611346).

Substituting the values found in Exercises 5 and 10 into the distance formula in Exercise 67 of
Section 11.1 gives d = \/77 + 173 — 2ryr9 cos(fy — 0o) =~ 0.012014 AU = 1.797201 x 105 km.

Since this is less than 4 million kilometers, a notification should be issued. (Incidentally, Rogue
2000’s closest approach to the Earth does not occur when the Earth is at A, but about 9 hours
earlier, at t ~ 0.098768 yr, at which time the distance is about 1.219435 million kilometers.)




