CHAPTER 10
Infinite Series

EXERCISE SET 10.1

1. (a) fW(2)=(-1Dke~®, f*B(0)=(-1)*; e =~ 1 —x + 2?/2 (quadratic), e™® ~ 1 — 2 (linear)
(b) f(x) = —sinz, f(z) = —cosz, £(0) = 1, /(0) = 0, (0) = —1,

cosx ~ 1 — 22/2 (quadratic), cosz ~ 1 (linear)

(C) f/(x) = COSSC,f”(m) = *Siﬂﬂ%f(ﬂ'/?) - 1,‘]”(71'/2) - va”(ﬂ'/2) = 717
sinz ~ 1 — (z — m/2)%/2 (quadratic), sinxz ~ 1 (linear)

(d) f(1)=17(1)=1/2,f"(1) = -1/4;

Vr=1+ %(x -1) - é(m —1)? (quadratic), /z ~ 1 + %(:c —1) (linear)

2. (a) p@)=1+z+2%/2,p1(zx)=1+2z

(b) pa(e) =3+ 56 —9) — 510 = 9 pi(@) =3+ 52 —9)
@ )=+ L0~ VB2 =T+ Py
(@ pa(e) =2 (o) =2
3. () fla)= o fw) =% f0) = L) = 3 1) = g
\/;Ez1+%(x—1)—é(x—1)2

1
2(0 1) — §(0'1>2 = 1.04875, calculator value ~ 1.0488088

(b) z=11z=1VI1~1+
4. (a) cosz~1—2%/2
2

(b) 2° = /90 rad, cos2° = cos(r/90) ~ 1 — 2777902 ~ 0.99939077, calculator value ~ 0.99939083

5. f(z)=tanz, 61° = /3 + /180 rad; zo = 7/3, f'(x) =sec®z, f"(z) = 2sec? ztanx;
f(m/3) =3, f(r)3) =4, f'(x) = 8/3; tanz ~ V3 + 4(x — 7/3) + 4V/3(z — 7/3)?,
tan 61° = tan(r/3 + 7/180) ~ /3 + 47 /180 + 41/3(7/180)? ~ 1.80397443,
calculator value ~ 1.80404776

6. f(z)=+/x, xo=36,f(z)= %gﬁl/?’ #(z) = _%$—3/2;

F(36) = 6, £/(86) = 15, f(36) = — gopi VR 6+ 1o (a— 36) — 1o (0~ 36)%

0.03  (0.03)?
v36.03 =~ 6 + =~ T ~ 6.00249947917, calculator value ~ 6.00249947938

7. fO() = (<), fO0) = (~1)Sipo(e) = 1 () = 1- 7, pafa) =1~ + 30,
1 k
k!

1
ps(@ )_1_$+2$ _gx , pa(T )—1—x+2x ——J: +—x4,kz_0
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10.

11.

12.

13.

14.

15.

16.

Chapter 10

F®(0) = 0if k is odd, f*)(0) is alternately 7% and —7* if k is even; po(z) = 1, pi(z) = 1,
(3]

2 2 2 ol 2 (k2K

S pa(a) = 1= opa?, pa(e) = 11— 5pa + Tt Y 2"

= 1 — -7
p2(2) 5] Al (2k)!
NB: The function [z] defined for real z indicates the greatest integer which is < z.

f%®)(0) = 0 if k is even, f*)(0) is alternately 7% and —=* if k is odd; po(z) = 0, pi(z) = 7z,
n—1

13 71_3 3 [(*3~] (_l)kﬁ2k+1

3! — (2k +1)!

2, pa(z) = 1 — s
NB If n = 0 then [251] = —1; by definition any sum which runs from k = 0 to k = —1 is called

the ’empty sum’ and has value 0.

p2(x) = mx; p3(x) = 7 — 2h+1

(1)1 (k —1)!
(1+z)k

1 1 1 1 1 ~
pi(z) =, po(x) = x*g»’ﬁa ps(z) = $*§$2+§$37 pa(z) =2 — 255 + 3*1 at; Z

FOx0) = 0; for k> 1, f®(2) = , FB(0) = (—1)F+1(k = 1)1; po() =0,

k+1

F9@) = (D s £90) = (F)FR pola) = 1L ) = 1=,

pa(z)=1—z+2% ps(x) =1 —a+2>—2° py(x) =1 -2+ — 23+ 2% Z
k=0

f®(0) = 0if k is odd, f*)(0) = 1 if k is even; po(x) = 1,p1(z) = 1,

pa(x) = 14+ 22/2, p3(x) = 1+ 22/2, ps(x) = 1+ 22/2 + 2% /4!;

F®(0) = 0if k is even, fF)(0) = 1 if k is odd; po(x) = 0, pi(x) = z, pa(z) = 2,

n;l]

1
— 3 _ 3 /9. 2%k+1
ps(z) =z +2°/3), psy(x) =z + x°/3); ,}_0 (2k+1)!x

(—1)**/2k  k even

0 k odd

(=1)*/2(xsinz — kcos ) k even

" _ : ) (0) =
o) { (=1)*=D/2(zcosz + ksinz) k odd o {

po(r) =0, pi(z) =0, pa(x) = 22, p3(x) = 22, py(x) = 2% —

f(k)(‘r) = (k _’_l.)ew? f(k)(o) =k; Po(x) =0, p1<-'17) =&, p2($) =T +-T27

n

1
2 3
ps(z) =z +x +§x,p4( )—Jc—i—a: +2x +3':1c, =
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17, f®)(20) = ¢ po(x) = e, pr(x) = e+ e(x — 1),

pa(a) =e+ele = 1)+ (e = 1% pa(e) = e+elw— 1)+ S = 1) + 5 (@ 17,

3!
pa(z) =e+e(r—1)+ 2(3:—1) %(z—1)3+%(x—1)4; kz_;)]:'(x—l)k

18, f0(x) = (~1)ke™*, fIIn2) = (~1)*L: pole) = 5, pa(a) = 3 — 3w —Tn2),
pa(x) = %—%(m—ln2)+%(m—ln2)2, ps(x) = %—%(x—ln%—l—%(m—ln%g—z'13!(30 In2)3,
p4(x):%—%(x—an)—&—TlQ(x—an)Q—.—?)!(x—ln2)3+—4(x—ln2)4,
no vk
Z (2 .1]3;' (z—1In 2)’C
k=0 ’

19. 10 (w) = CIF 9(1) = ks pofa) =~ pr(a) = —1 — (24 1)
par)=—-1—(z+1)—(x+1)2 p3(x) = -1—(z+1)— (x+1)% = (z + 1)
pa(z)=—-1—(z+1)—(z+1)? - (x+1)3 x+14,i )(x + 1)k

k=0
—1)* _1\k

20, f(e) = s V) = G (o) = 55 (o) = 5 - e - 3)

paa) = 3 — 5 (0= 3)+ 1 (0= 3% po(e) = £ — @ =) + (e =P~ (= )
n(_ 1)k

pi@) = § — (=8 oo =3~ (e =3 g -9 Y S e s
k=0

21. fF)(1/2) = 0if k is odd, f*¥)(1/2) is alternately 7% and —=* if k is even;
w2 5
po(z) = p1(z) =1,p2(2) = p3(2) =1 - — (2 —1/2)7,

2 o (5] (—1)kn2k
pa(z) :1—?@71/2) +j(z71/2)4, o (z —1/2)%

22. f®)(r/2) = 0if k is even, f¥)(1/2) is alternately —1 and 1 if k is odd; po(x) = 0,

pi(x) = —(z = m/2), pa(x) = —(z = 7/2), p3(2) = —(z —7/2) + %(w —m/2)°,

pa(z) = —(z —7/2) + ;x—ﬂ/Q Z

k=0

k+1

2k:+1

,”/2)21@+1
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23.

24.

25.

26.

27.

28.

29.

Chapter 10

(—1)F 1k — 1)

F(1) =0, for k> 1, {0 (x) = - F fP) = (D) R = 1)k

pol@) =0, pi(@) = (2~ 1); pale) = (— 1) — 2 (0 = 1% ps(a) = (& 1)~ 52— 1 + 3 (¢~ 1",

O V

o) = (= 1) = 5= U7 o= - e -1t S (-1t

e =1 for k21,0 a) = SN, o - UL,

po@) =1, () =1+ (r =€) pala) = 1+ (&~ €) = o (a — o)

pa(e) =14 (2 —¢) - 212(1:—@)%%@—6)3,

@) =14 2(5 =)~ 55(z —ef + 53 (0 =0 — (@ — ) 1+k§“:1(_;2:1(x—e)k

(a) f(0)=1,f(0)=2,f"(0) = -2, f”(0) = 6, the third MacLaurin polynomial for f(z) is f(z).
() f()=1,f(1)=2,f"(1) = -2, f"(1) = 6, the third Taylor polynomial for f(z) is f(z).

(a) f®)(0) = k!cy, for k < n; the nth Maclaurin polynomial for f(x) is f(x).
(b) f®)(xq) = Kl¢y, for k < n; the nth Taylor polynomial about z = 1 for f(x) is f(z).

FE0) = (=2)% po(z) =1, pr(z) = 1 — 2z, s

4
pa(r) =1 — 22 + 222, p3(x) =1 — 22 + 222 — gm?’

_06 \\\\\\ 1 T 06
-1
f¥)(w/2) = 0 if k is odd, f*)(7/2) is alternately 1 125
1 |

and —1 if kis even; po(z) =1, pa(x) =1— i(x —7/2)?,

(@) = 1= 3 =2 + 5ol = /2" 3 | |7
pa(z) = Gla—m 5T , \

(@) =1 (e~ /2% 4 a7/ — (e~ 7/2)°

=l—-=(z—m —(rx—m —=—(—-7

be 2 24 720 —

f®) (1) =0 if k is odd, f*) () is alternately —1 1.

25
1
and 1 if k is even; po(z) = —1, pa(z) = -1+ 5(:5 —7)2, N /K
1 \/ |

pie) = -1+ Sp = Lo

0 2

-1.25
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30.

31.

32.

33.

34.

35.

36.

37.

vkl _
f(0)=0; for k> 1, fF(z) = W’

SE0) = (-1)* 1k —1); po(x) =0, pi(z) =z, %
1 1, 1 -1f I

pa(z) =z — §$27 ps3(z) =z — 5552 + §$3

=15

f®(z) =e®, |fR)(z)] <e'/? <20n[0,1/2], let M =2,
1 1 1 1

1
V2 )4 24 24 4 - 1/2):
¢ totstmTorgt e T E/2)

M . 5 )
o/ Ts mr /2 1< 0.00005 for n = 5;
1 1

11
e e T

[Rn(1/2)] <

1
~ 1.64 lcul lue 1.64
5 T3 R T 16 + 12032 64870, calculator value 1.64872

f)=e", f®(z) =e*, |f®)(x)] < 1on [-1,0], |[Ru(z)] < ! <0.5x1073

= (n+ 1)!(1)71+1 -

(n+1)!
1 1 1 1 1

4+ — — — + — = 0.3681, calculator value 0.3679

. _ -1 .1 _ o
fn=6soer ~l-l4o -5+ 5" e

p(0) = 1, p(z) has slope —1 at z = 0, and p(x) is concave up at = 0, eliminating I, IT and III
respectively and leaving IV.

Let po(z) = 2, pi1(x) = pa(z) =2 = 3(x — 1), p3(z) =2 = 3(z — 1) + (z — 1)*.

f®)(In4) = 15/8 for k even, f(*)(In4) = 17/8 for k odd, which can be written as

—(-1)F 16— (—-1)k
f®(n4) = 16 — (=1) : (z —In4)*

(a) cosa~1—a?/2; 2 =r—rcosa=r(l—cosa)=ra®/2

(b) In Figure Ex-36 let r = 4000 mi and o = 1/80 so that the arc has length 2ra = 100 mi.
4000

Then r ~ ra?/2 = 5807

= 5/16 mi.

From Exercise 2(a), p1(z) =1 +z, pa(z) = 1 + 2 + 22 /2

(a) 2
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(b) T —1.000 | —0.750 | —0.500 | —0.250 | 0.000 | 0.250 | 0.500 | 0.750 | 1.000

f(z) 0.431 0.506 | 0.619 | 0.781 | 1.000 | 1.281 | 1.615 | 1.977 | 2.320

p1(x) 0.000 | 0.250 | 0.500 | 0.750 | 1.000 | 1.250 | 1.500 | 1.750 | 2.000
(

p2(x) 0.500 0.531 0.625 0.781 | 1.000 | 1.281 | 1.625 | 2.031 | 2.500
(c) |esim® — (1 + )| < 0.01 (d) |esn® — (1 +2z+2%/2)| <0.01
for —0.14 < x < 0.14 for —0.50 <z < 0.50
0.01 0.015

-0.6\< — =/ 0.6
0
38. (a) [fP(z)=e"<eb, (b) 0002
bb3
|Ry(z)] < % < 0.0005,
e’b® < 0.003 if b < 0.137 (by trial and i
error with a hand calculator), so [0, 0.137].
0 J 02
0
23
(a) sinz=z-— e +0- 2 + Ry(x), (b) 0.0005
|R4(x)] < % < 0.5 x 1073 if || < 0.06,
lz| < (0.06)'/° =~ 0.569, (—0.569, 0.569)
—0.7 1 ! o —— s Ny
0
EXERCISE SET 10.2
1 (—1)n1t 2n —1 n?
Lo(a) 5 (b) " () — @ e
2. (a) ()"l (-r)" (b) (~1)ims (1)
3. (a) 2,0,2,0 (b) 1,-1,1,-1 (¢) 21+ (-1)"); 24 2cosnm
4. (a) (2n)! (b) (2n—1)!

5. 1/3,2/4,3/5,4/6,5/7,...; = 1, converges

1m
n—-+oo n + 2
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2

6. 1/3,4/5,9/7,16/9, 25/11, .. ; nEIJ?oo 1 +00, diverges
7. 02,2,2,2,2,.. lirf 2 = 2, converges
811111 1111 ; lim In(1/n) = di

- Inllng,IngInz,Ing,..; lim In(l/n) = —oo, diverges

Inl In2 In3 In4 Inb

9' 1 b 2 b 3 b 4 ) 5 ) b
. Inn ) 1 . Inz
lim — = lim — =0 (apply L’Ho6pital’s Rule to — |, converges
n—+oo N n—4+oo M X

10. sinw, 2sin(7/2), 3sin(n/3), 4sin(r/4), 5sin(w/5), .. ;

: 2
lim nsin(nr/n) = lim sin(r/n) = lim (=m/n”) cos(r/n) = 7, converges
n—-+oo n—-+oo 1/’n, n—-+4oo —1/7’L2
11. 0,2,0,2,0,...; diverges
) (_1)n+1
12. 1,-1/4,1/9, —1/16, 1/25,...; lim = 0, converges

n——+00 n2

13. —1,16/9, —54/28, 128/65, —250/126, . . .; diverges because odd-numbered terms approach

—2, even-numbered terms approach 2.

14. 1/2,2/4,3/8, 4/16,5/32,..; lim —- =

lim = 0, converges
n—+oo 2" n—+o0 27 ]n 2 ’ &

1
15. 6/2, 12/8, 20/18, 30/32, 42/50, .. .; liIJIrl 5(1 +1/n)(1+2/n) = 1/2, converges
16. 7/4, w2/4% 73 /43, wt /4% 75 /45 hr—? (w/4)"™ = 0, converges
17. cos(3), cos(3/2), cos(1), cos(3/4), cos(3/5),..; lir_irrl cos(3/n) = 1, converges

18. 0,-1,0,1,0,...; diverges

2

403

. o . X . _
19. e ! 4e72,9¢73, 16e %, 25¢ 7%, .. ; lim 2% % = lim — =0,s0 lim n%e”"™ = 0, converges

r——+00 r——+00 € n—-+oo

20. 1,10 -2, V18— 3, V28 —4, V40 —5,. . ;

3n 3 3
lim (vVn?+3n—-n)= lim ——— = lim —————— = —, converges
"H+°°( ) n—too \/n2 +3n+n notoe\/143/n+1 2 8
2 3 4 5 z+3]"
21. 2, (5/3)%, (6/4)°%, (7/5)%, (8/6)°,...;let y = +1| » converges because
x
lnx+3
222 "
lim lny= lim B 2 ol S T A:Q,so lim nts3 =¢?
z—+00 g—+oo  1/x z—+oo (x4 1)(x + 3) n—+oo [N+ 1
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22.

23.

24.

26.

27.

28.

29.

30.

31.

32.

33.

35.

36.

Chapter 10
-1, 0, (1/3)3, (2/4)*, (3/5)°,...; let y = (1 — 2/x)*, converges because
In(1 -2 -2
i oy = iy PCEHE a2 = iy

om—1)1® by 201
N m = converges
2n " nSYeo 2n ’ &

n=1

n-11" .. n-1 1SR I |
; lim = 0, converges 25. ; lim — = 0, converges

n2 n—too n?2 3n n—+oo 3"

n=1 n=1

{(=1)"n}; diverges because odd-numbered terms tend toward —oo,

even-numbered terms tend toward +oo.

1 1™ 1 1
- = ; lim | — — = 0, converges
n n+1 n—t+oo \n mn-+1

n=1

{3/2"_1}::; ngrfw 3/2"~1 = 0, converges

{(Vn+1- \/m}::, converges because

. . (n+1l)—(n+2) . -1
lim (vn+1—+vn+2)= lim = lim =0
I )=l Vit 1+yn+2 notooy/nt1+nt2

{(—1)"+1/3”+4}+m‘ lim (—1)"*1/3"* =0, converges

n=1" Yoo

n, n odd 1/n, n odd
(a) 1,2,1,4,1,6 (b)) a,= (¢) an=
1/2™ n even 1/(n+1), n even

(d) In Part (a) the sequence diverges, since the even terms diverge to +oco and the odd terms
equal 1; in Part (b) the sequence diverges, since the odd terms diverge to +oco and the even

terms tend to zero; in Part (c) lirf an = 0.
n—-1+0oo

The even terms are zero, so the odd terms must converge to zero, and this is true if and only if

lim " =0,0or -1 <b<1.

n—-+oo

lim Yn=1,s0 lim Vn3=13=1

n—-+oo n—-+oo

1 1
lim 2,0 =5 lim <xn+“> orL:§(L+%),2L2—L2—a:O,L:\/E(wereject—\/ﬁ

n—-+oo n—-+oo n

because x,, > 0, thus L > 0.
(a) apnt1=+v6+an,
(b) lim any = lim V6+an, L=V6+L,L*~L—-6=0,(L—3)(L+2)=0,

L = —2 (reject, because the terms in the sequence are positive) or L =3; lim a, = 3.

n—-+4oo
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37.

38.

39.

40.

41.

42.

43.

44.

(a) 114,2 1+2+§ 1+3+3+if1§2§
"4 49 9 9716 16 16 16 4’3’8
1 11 1 1
(€) an=—5(1+2+ +n)=—on(n+1) =", lim a,=1/2
(a) 114_% i+i+9 1+i+g+L6_1§L4E
"8 8727 27 27764 64 64 64 182732
1 5 9 9 11 1(n+1)(2n+1)
(c) anzﬁ(l +2 +~~+n):$6n(n+1)(2n+1):6 2 ,
1
li n= 1l —(1+4+1 241 =1
Jim oy = lm S(1+1/n)(2+1/n) = 1/3
sin?n 1
Let a,, =0,b,, = ,C, = —; then a, <b, <¢,, lim a,= lim ¢,=0,80 lim b, =0.
n n n—-+o00 n—-+o0 n—-—+o00
1 n 3 n 2 n
Let a, = 0,b, = tn sen = | =] ;then (for n > 2), a, <b, < n/2+n =c,,
2n 4 2n
liT an = liT cn, =0, so hm b, =0.

(a) a1 =(0.5)2,a0 = a2 = (0.5)%,...,a, = (0.5)%"

(¢) lim a,= lim "™ =0 since In(0.5) < 0.
n—-—+o00 n—-—+oo

(d) Replace 0.5 in Part (a) with ag; then the sequence converges for —1 < ag < 1, because if
ag = £1, then a,, = 1 for n > 1; if ag = 0 then a,, = 0 for n > 1; and if 0 < |ag| < 1 then

. . n—1 . .
a1 = a% >0and lim a, = lim ¢? a1 — 0 since 0 < a; < 1. This same argument
n—-+oo n—-+o0o

proves divergence to +oo for |a| > 1 since then Ina; > 0.

£(0.2) = 0.4, f(0.4) =0.8, f(0.8) = 0.6, f(0.6) = 0.2 and then the cycle repeats, so the sequence
does not converge.

() 3

(2" +37) . 2°In243"In3

() Lety=(2+89)1%, lm y= lim "2 = lm
. (2/3)*In2+41n3 . 1 1
- 1 =1 1 on nyl/n _ In3 _
L T oy e i TS = =8
Alternate proof: 3 = (3")Y/" < (27 4+3™)V/" < (2.37)1/" = 3.21/"_ Then apply the Squeezing
Theorem.

Let f(z) =1/(14+x), 0 <z < 1. Take Azy = 1/n and z} = k/n then

a ,;:11"‘(/)(/) g 1+ xksonimma /0 T2 n( +:c)0 n
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1 "1 1 1 1
45. a, = / —dx = nn’ lim a, = lim nno_ lim — =0,
n—1J); =z n—1" n—o+oo n—toom — 1 n—+4oco n
. nn
<app1y L’Hopital’s Rule to 1), converges
46. (a) Ifn>1, then ayi2 = any1 + an, so dnt2 _ 4 + n_
An41 Ap41
(c) With L = lirf (ant2/an+1) = lirJrrl (ani1/an), L=1+1/L, L[> ~ L —1=0,
L= (14++5)/2,s0 L =(1+ +/5)/2 because the limit cannot be negative.
1 1
47. 0‘_<€ifTL>1/6
n n
(@) 1/e=1/0.5=2 N =3 (b) 1/e=1/0.1=10, N =11
(c) 1/e=1/0.001 = 1000, N = 1001
48. | — it 1en> 1 e—1
S e =y <eifn €, N €
(@) 1/e—1=1/025—-1=3 N =4 (b) 1/e—1=1/01-1=9, N =10
(¢) 1/e—1=1/0.001 —1 =999, N = 1000
1 1 .
49. (a) |- —0|=— <eifn >1/e choose any N > 1/e.
n n
(b) | -1 L eifn>1/e—1,ch N>1/e—1
—1ll=——<eifn € — 1, choose an e—1.
n+1 n+1 Y
50. If |r| < 1then lim r" =0;ifr>1then lim r" = 4o0,if r < —1 then r™ oscillates between
n—-+oo n—-—+oo
positive and negative values that grow in magnitude so lirf r™ does not exist for |r| > 1;ifr =1
then 11111 1" = 1;if r = —1 then (—1)" oscillates between —1 and 1 so lirf (—=1)" does not exist.
EXERCISE SET 10.3
1 L ! ! < 0 f >1 trictly d i
. Qpal— ap = —— = or n > 1, so stric ecreasing.
i n+1l n n(n+1) Y &
2 - — -5 o L S 0forn>1, so strictly increasi
. Apat —ap = (1— (1= = rn>1, ri increasing.
Gnt1 — @ ] - w1 or n so strictly increasing
1 1
3. any1—an = 27;: 3~ 2nT:_ 7= @n+1)@n+3) > 0 for n > 1, so strictly increasing.
1
4. apy1 —an = 47;—:_ 3~ 4nn_ 1=~ (dn —1)(n £ 3) < 0 for n > 1, so strictly decreasing.
5. i1 —ap=(n+1-2"T) —(n—2") =1-2" <0 for n > 1, so strictly decreasing.
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22,

23.

24.

25.

Uni1 — ap = [(n+1) — (n+1)?] = (n —n?) = —2n < 0 for n > 1, so strictly decreasing.

any1  (n+1)/2n+3) (n+1)2n+1) 202 +3n+1

> 1 for n > 1, so strictly increasing.

an,  n/2n+1) n@n+3)  2n2+3n
Qg1 2"TL 0 142n 242nF 1 . .
P e i el 1+ ot > 1 for n > 1, so strictly increasing.

" 1)e—(n+1)
Gntl _ (n+ )i =(1+1/n)e! <1 for n > 1, so strictly decreasing.
QA ne—"m

i1 o+t (2n)! 10 . .
- : - <1forn>1, so strictly d .
- Gni 2l 100 @@t or n > 1, so strictly decreasing

, gl )"
Gntl _ (n+1) LA (n+ " = (1+1/n)" > 1 for n > 1, so strictly increasing.
an, (n+1)! nn nn

2
any1 5L om 5

< 1 for n > 1, so strictly decreasing.

an o(nt1)? " Hn  92n+l
f(@)==z/(2x+1), f'(x) =1/(2z +1)?> > 0 for z > 1, so strictly increasing.

f(x)=3—1/x, f'(x) =1/2? > 0 for z > 1, so strictly increasing.

141
(xiln/:fﬁ < 0 for x > 1, so strictly decreasing.

fl@)=1/(z+Inz), f'(z)= -

f(z) =ze 2, f'(z) = (1 — 2z)e2* < 0 for z > 1, so strictly decreasing.

_ In(z +2)
oz +2

B 1—In(z+2)

f(x) , () W

< 0 for & > 1, so strictly decreasing.

f(x) =tan™'z, f'(z) = 1/(1 + 22) > 0 for 2 > 1, so strictly increasing.
flx) =22% — Ta, f'(x) = 42 — 7> 0 for & > 2, so eventually strictly increasing.

f(x) =23 — 42?2, f'(z) = 32? — 8z = z(3z — 8) > 0 for x > 3, so eventually strictly increasing.

10 — 2?
f(z) = = i 10’ fl(x) = ﬁ < 0 for & > 4, so eventually strictly decreasing.
17, x? — 17 . . .
fley=a+ o fi(z) = " > 0 for x > 5, so eventually strictly increasing.

a n+1)! 3" n+1
ntl M oot > 1 for n > 3, so eventually strictly increasing.
an, 3ntl  pl 3

f(x) =272, f'(z) = 2*(5 — 2)e™® < 0 for x > 6, so eventually strictly decreasing.

(a) Yes: a monotone sequence is increasing or decreasing; if it is increasing, then it is increas-
ing and bounded above, so by Theorem 10.3.3 it converges; if decreasing, then use Theo-
rem 10.3.4. The limit lies in the interval [1, 2].

(b) Such a sequence may converge, in which case, by the argument in Part (a), its limit is < 2.
But convergence may not happen: for example, the sequence {—n}1> diverges.
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26.

27.

28.

29.

(a)

(b)
(c)

(d)

(e)

(b)

(c)
(d)

(e)

(a)

(b)
(c)

(a)

(b)

(c)

Chapter 10

R O I
mt (n+1)! n+1 nl n+1"
ant1/an = |z|/(n+1) < 1ifn > |z| — 1.

From Part (b) the sequence is eventually decreasing, and it is bounded below by 0, so by
Theorem 10.3.4 it converges.
|z

If lim a, =L then from Part (a), L= ———L =0.
n—+oo lim (n+1)
n—-+oo
n
lim u = lim a,=
n—+oo n! n—-+00

V2, /24 V2, (242 4+ V2

a1 =V2<2s0as =vV2Fa < V2+2=2 a3 =+vV2+a < V2+2 =2, and so on
indefinitely.

afH_lfai:(2+an)fai:2+anfai:(Qfan)(lJran)
an > 0 and, from Part (b), a, < 2802 —a, > 0 and 1+ a, > 0 thus, from Part (c),

aiﬂ — ai >0, apy1 — ap > 0, apy1 > an; {an} is a strictly increasing sequence.

The sequence is increasing and has 2 as an upper bound so it must converge to a limit L,
lim any = lim V24 an, L = V2+L, L —L -2 =0, (L-2)(L+1) =0

n—-+o0o

thus ngrfoo a, = 2.

If f(z) = 3(z + 3/x), then f'(z) = (2% — 3)/(22?) and f'(z) = 0 for = v/3; the minimum
value of f(z) for z > 0is f(v/3) = v/3. Thus f(z) > +/3 for z > 0 and hence a,, > /3 for
n > 2.

Uns1 — an = (3 —a2)/(2a,) < 0 for n > 2 since a, > V3 for n > 2 {an} is eventually
decreasing.
V/3 is a lower bound for a,, so {a,} converges; lirJrrl py1 = lirf %(an + 3/ay),

L=3L+3/L),L*-3=0,L=+3.
The altitudes of the rectangles are Ink for £ = 2 to n, and their bases all have length 1 so
the sum of their areas is In24+1In3+---+1lnn =1In(2-3---n) = lnn!. The area under the

n n+1
curve y = Inz for x in the interval [1,n] is / Inz dx, and / Inz dz is the area for z in
1 1

n n+1
the interval [1,n + 1] so, from the figure, / Inzdz <Inn! < / Inzdz.
1 1

n

n n+1
/ lnxd:c(xlnz:c)] :nlnnfnJrland/ Inzdx =(n+1)In(n+1) —n so from
1 1 1

Part (a), nlnn —n+1 < Inn! < (n+1)In(n+1) — n, e?BFL <l < D) It —n

1
e"nnel=n < pl < el In(ntl) g=n 7n”1 <n!< M
en— en
n 11/n nt171/n
n 1
From Part (b), [ n 1} < n! < [(TH')] 7
en— en
n . (n+ 1)1 Unl (14 1/n)(n+1)Y/"
- |
6171/'”’ < \/77< e ’ elfl/n n < e )
1 1 1+1 1)1/n 1 ol 1
but T and ( + /n>(n+ ) — —asn — +oo (Why?),SO lim ﬂ:,_
el—1/n e e e . B



Exercise Set 10.4

n ,
> —— Vn!l> —— —_ = i vVn! =
30. n.>en_1, n.>61_1/n,n$r£1m61_1/n +ooson£rfoo\/i +00.
EXERCISE SET 10.4
62 312 2-2(1/5" 5 5
1. =2, 5y =12/, 3= oo, sy = s sy =~ 2D 0 2y
(@) s1=2 52 =12/5, 5 = 55, 81 = 155 8 =15 2 2%
lim s _5 converges
pom Sn =5 g
1 3 7 15 1/4) —(1/4)2™ 1
(b) 81:1’8221’8321’8421Sn:%:_z—’_ (271),
lirJrr1 sp = 400, diverges
(©) 1 1 1 1 1 3 1
= — S1==,8 =—,83=—, 8, ==
k+10)(k+2) k+1 k+2 ' 672 47 10070 3
B SIS S
Sn =5 = gy UM s = 5, converges
2. (a) s1=1/4,5, =5/16,s3 = 21/64, 54 = 85/256
1 1 NN\ 11-@/4" 1 "
= — 1 — .. — = —-— = — 1— — M 1
on 4( Tt +<4> ) A 1-1/4 3 1) )7 ntiee
A
(b) s1=1,89=5,83 =21,s4 = 85; SH:T,dWerges
(c) s1=1/20,s9 =1/12,53 = 3/28,54 = 1/8,;
. 1 1 1 1
n = — | = ——, i n=1/4
i kz—:l(km k+4> I g s =Y
3. geometric, a =1, r = —3/4, sum = ¥—4/7
* g ) - - ) 71_(_3/4)*
: 3 (2/3)°
4. geometric, a = (2/3)?, r =2/3, sum = =8/9
1-2/3
5. geometric, a =7, r = —1/6, sum = T =6
- g ’ — b - ) - 1+1/6_
6. geometric, r = —3/2, diverges
- 1 1 1
7. ) == lim s, =1/3
;(km k+3> 3 i3 aim =l
(1 1 11
8. Snp = (2/62]0}—1)2271-&-1’”111},1005"1/2
k=1
"/ 1/3 1/3 1 1/3
9. s, = - == . lim s, =1/6
° (3k:—1 3k:+2> 6 3nia el o=l

lim s, = 3

409
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10 ’il 1/2 1/2 1 ’il 1 g
. Sp= —_— | == —_— = —_—
=1 k+1] 2 |&k-1 k+1

oo oo
1
11. 373 9 ,;,1 1/k, the harmonic series, so the series diverges.

(e/m)* _ ¢

1—e/mr  m(r—e)

12. geometric, a = (e/m)*, r = e/m < 1, sum =

13. ; T = ;64 (7> ; geometric, a = 64, r = 4/7, sum = =477 = 448/3

14. geometric, a = 125,r = 125/7, diverges

4

15. 0.4444---=0440.0440.004+--- = 120 1 =4/9

0.9
16. 0.9999---=0.9+0.09+0.009 + --- = "ol 1

0.37
17. 5.373737--- =5+ 0.37 + 0.0037 + 0.000037 + - -- = 5 + T—oo0l 5+ 37/99 = 532/99
0.159

18. 0.159159159 - - - = 0.159 + 0.000159 + 0.000000159 + - - - = 10001~ 159/999 = 53/333

0.7821 7821 79

19. 0.782178217821--- = 0.7821 . 21 . 21+ - = = = —
9. 0.7821782178 0.7821 + 0.00007821 + 0.000000007821 + 10,0001 — 9999 — 101

0.00014 44663

20. 0.451141414--- = 0.451 + 0.00014 + 0. 14 + 0. 14+ ... = 0.451 =
0. 0.45 0.451 4 0.00014 + 0.0000014 + 0.000000014 + 0451 + 57 = 55000
3 3 3 3 3 3
=10+ 20 § + 20 § 2—&-20 § 3+ —10+20(3/4)—1O+60—70meters
B 4 4 4 B 1-3/4 B
22. volume = 1% + [ © 3+ ! 3+ (2 3+ S 2+ + (1 n+
. volume = B 1 on = 3 3 3
1
= =87
—am Y
1 2 3 1 2 3 n 1
23. pn=In=4+In-4+In=+ .. +1 =In(=-=-Z... =1 =—1 1),
(@) so=hngthgtlng+--+ho=m n<2 31 n+1> e
lim s, = —o0, series diverges.

n—-+00
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k*—1 (k—1)(k+1) k-1 k41 k-1 k
2y _ _ _ —
(b) In(1-1/k*)=1n 2 =1In 12 =In 3 +1In ’ =In A _hlk—i—l’
n+1
k-1 k
k=2
1 2 2 3 3 4 n n+1
=(lnz—-In= In- —In- In- —In- 1 -1
<n2 n3>+<n3 n4>+<n4 n5>+ +(nn+1 nn+2)
1 1 1
zlni—ln%7nl_i)rfoosnzln§:—ln2
24. (a) i(—l)kmkzl—x+x2—x3+-~-= LI if |-z <1,]z| <1, -1<z<1.
— 1—(-2) 1+=
(b) i(w—?))k:1+(x—3)+(x—3)2+--~: ! -1 ifle—3]<1,2<2<4
— 1—(z-3) 44—z
(c) DO(—l)kx%:l—x2—|—x4—x6+~--: ! _ ! if|—2?|<1,]z| <1, 1<z <1
() 1 st '
25. (a) Geometric series, a = z, 7 = —z%. Converges for | — z%| < 1, |z| < 1;
g x x

T1-(=2?) 1+a2%

(b) Geometric series, a = 1/2?, r = 2/x. Converges for |2/x| < 1, |z| > 2;
/=2 1

1-2/x 22 -2

S =

(c) Geometric series, a = e™®, r = e~ ®. Converges for [e™| < 1, e™® < 1, ¢ > 1, x > 0;

26. =

lim s, =1

1 1 1
+~~-+ _——— :1—7;
( n \/n—i-l) V41 n—too

27. s,=(1-1/3)+(1/2—1/4) +(1/3—-1/5)+ (1/4—1/6) +--- + [1/n —1/(n + 2)]
=(1+1/24+1/34+---+1/n)—(1/34+1/4+1/54+---+1/(n+2))
=3/2-1/(n+1)— 1/(n+2)’nETOOS" =3/2

- 1 (12 1/2 1lenl & 1
* Snzwz{kw}2lzkzk+2
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29.

30.

31.

32.

33.

34.

35.

Chapter 10

n

_ [ 1/2 12 ] 1| 1 ~ 1
o= (2k—1 )(2k + 1) Z{Qk—l +1]2[;2k—1;2k+1

k=1 k=1

n+1
1 1 1 1 1 1
- =~ |1= < "= =
~ 2 ZQk’—l 221@*—11 2{ 2n+1}’nirfoos 2

1 1
Geometric series, a =sin z, r = —5 sinz. Converges for | — isinx| <1, |sinz| <2,
: 9 si
so converges for all values of z. § = S = SII'I.’E .
. 24sinx
1+ -sinz
2
1+1 1+1 1 +1+1 1+1 1 +1+1+1
ay=-a1+-,a3==-a2+-=—=a1+ = +-,a4=-a3+ = = —=a =+ =
P T T Ty T2t Moz T T T T Ty T st T oy T2 Ty
1 1 1 1 1 1 1 1 1 1
e R T T R T R T B T IS
. 1/2
ngrfooan_ngr}rlooQW' 1+Z( ) Y

0.a1az - - @n9999 - - - = 0.ayas - - - ap + 0.9 (10~") + 0.09 (10~™) + - - -
0.9(10~"
=0.a1ag---a, + 1(701) =0.a1as---a, + 107"

= 0.aiaz2 - (an, + 1) = 0.a1a2 -+ (a, + 1) 0000 - - -

The series converges to 1/(1 — ) only if —1 < z < 1.

PyP; = asind,

PP, = asinfcosb,
P,P3; = asinfcos?#, 2 5in 8
P3Py = asinfcos?0, ... \
(see figure)

Each sum is a geometric series.

asin 0 cos 6

asin 0 cos? 0

a sin 6 cos® 0

P, P, P, P
| a |
a7 0
(a) P0P1+P1P2+P2P3+-~-:asin9—|—asin@cos@—l—asin@cosQO—i—---:1abm 7
— cos
(b) PyPy+ PoP3+ PyPs+--- = asinf + asinfcos® 0 + asinfcos*  + - - -
asinf asinf
= = =acsct

1—cos26  sin20

(¢) PiPy+ P3P+ PsPs+---=asinfcos +asinfcos®f + - - -
__asinflcos asinfcosf cot 0
 1—cos?20  sin?6 -

o6 6 6 0 6/2
B 1 t. _ — — - — ...:7:9
y inspection, o 4+8 16+ = (1) /3
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1
36. A A A e =14+1/24+1/4+-- = ——— =2
1+ As + Az + +1/2+1/4+ =72
2kA QkB 2k 3k+1_2k+1 A_|_2k 3k_2k B
37. (b) + _ 2 ) ( )
3k _ 9k 3k+1 _ 9k+1 (Sk _ Qk) <3k+1 _ 2k+1)

(3-6F—2-2%%) A+ (6" —22%) B

413

(3A+ B)6* — (2A + B)22k

(3k _ 2l~c) (3k+1 _ 2k+1)

so3A+B=1and24A+B=0,A=1and B=-2.

n ok ok+1 n
(©) su=>_ {31@ T ok gkt _ 2k+1]

k=1 k=1

= Z (ag — ags1) where ag =

2k

3k_

(3k _ Qk) (3l~c+1 _ 2l~c+1)

2k°

But s, = (a1 — as) + (a2 —a3) + (az — ag) + - - - + (@, — ap41) which is a telescoping sum,

2n+1

lim s,

Sn:al—an+1:2—73n+1_2n+1an4>+00

38. (a) geometric; 18/5 (b) geometric; diverges

EXERCISE SET 10.5

oo

= lim {2 (2/3)n+1

n—-+oo

oo

1 1
() ;2<2k—

- 2 =2

1
-] =1/2
1 2k+1) /

1 1/2 =1 1/4 1 1
1. (a) lek=1_/1/2:1; Zzﬂf:1—/1/4:1/3; Z(Q,C+M>:1+1/3:4/3

k= k=1
=1 1/5 N 1
O > 5= S

| 1
Z[Skw]l/413/4

=~ 1
2. (a) Z = 3/4 (Exercise 10, Section 10.4);

oo

k=2

k=1

(Example 5, Section 10 .4);

i T _ 710 _1/0,

k—1 _
2= 10 1—1/10

1 7

(b) with a =9/7,r = 3/7, geometric, Z 7RgRTL = 19(/;/7) =9/4;
k=1
> 9k+1 4/5
with a = 4/5,r = 2/5, geometric, = =4/3;
; 5k 1—(2/5)

i [7—’“3’“+1 — QkH] =9/4—4/3=11/12
5k B

3. (a) p=3, converges (b) p=1/2, diverges

4. (a) p=4/3, converges (b) p=1/4, diverges

(c) p=1, diverges

(c) p=5/3, converges

(d) p=2/3, diverges

(d) p=m, converges
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+k+3 1 1\"
5. (a) kET@o 22_27_’_—; =5 the series diverges.  (b) kEToo (1 + k) = e; the series diverges.
1
(c) lim coskn does not exist; (d) lim — =0; no information
k—-+oco k— 400 ]{'

the series diverges.

k
6. (a) lim — = 0; no information (b) lim Ink = 4o0; the series diverges.
k——+oco € k—+o00
1 k
(¢) lim —= =0; no information (d) lim L = 1; the series diverges.
k—+too \/k k—+too \/k + 3
+o00 1 1 L
7. (a) /1 i zligloo R In(5x + 2)} 1 = 400, the series diverges by the Integral Test.

14

Foo 1 . 1 —1 1 -1
(b) / T3 o200 =, im gtan 341:3“/2‘”“ 3):

the series converges by the Integral Test.

+o00 1 L
8. (a) /1 Y _dr= lim 3 In(1+ xz)} = +00, the series diverges by the Integral Test.
1

1 —+ 1‘2 L—+o00

14

(b) /1+Oo(4+2m)_3/2d;v:Zligrnoo—l/\/él—&-%] =1/,

1
the series converges by the Integral Test.

o0 o0
1 1
9. E — = E 7 diverges because the harmonic series diverges.

3 =31
10. Z E Z 3 (k)’ diverges because the harmonic series diverges.

5
k=1 k=1
| 1
11. = ——, diverges because the p-series with p = 1/2 < 1 diverges.
12 li L 1, th ies di b li 1#0
. im — = ries diver im = .
Jam , the series diverges because Jm U,

+o0 ¢
3
13. / (22 —1)"3dz = lim 1(233 - 1)2/3} = 400, the series diverges by the Integral Test.
1 1

{——+o00

¢
1 oo 1
14. =% g decreasing for > e, and / 2% _ lim —(Inz)?| = +oo,
z 3 z £—4o00 2 3

so the series diverges by the Integral Test.
15 li i li 400, th ies di b li #0
. im ——— = lim ———— = +o00, the series diverges because lim u .
hotoo In(k +1)  ketoo L/(k + 1) ’ & hotoo E
¢

+oo 1
16. / ze P dr = lim —=e ®| = 671/2, the series converges by the Integral Test.
1 l—+oco 2 1
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17.

18.

19.

20.

21.

22,

23.

24.

25.

26.

27.

i lim (1+1/k)™% =1/e # 0, the series diverges.
— 400
k2 +1
kEToo 1@7::—_3 =1 # 0, the series diverges.
o0 1 ¢
t 1
/ an Qxdaj = lim = (tan_1 a:)2 = 372 /32, the series converges by the Integral Test, since
1 1+z £—+0c0 2 1
dtan ™'z 1—-2rtan 'z
— = < 0 f > 1.
dx 1+ 22 (14 22)2 o=
+oo 1 ¢
—— dr= lim sinh 'z| = 400, the series diverges by the Integral Test.
1 2 +1 L——+o00 :| 1 & Y &
A lim k2 sin2(1/k) =1 # 0, the series diverges.
— 400
o0 ¢
1
/ 22e "’ dr = lim —e_mg} =e1/3,
1 l—+o0 3 1

the series converges by the Integral Test (902@_””3 is decreasing for z > 1).

o0
72 k=101 poseries with p > 1, converges
k=5

o0 ¢
/ sech’zdr = lim tanhz| =1-— tanh(1), the series converges by the Integral Test.
1

{—~+00 1
+oo
is decreasing for x > eP, so use the Integral Test with / ——— to get
z(lnzx)P e z(lnx)?
+oo  ifp<1
. ‘ . . (Inz)t-P ‘ P
lim In(lnz)| =+occifp=1, lim ————| =4 pl-»
{—+o00 ep {— 400 1-— p ep T 1f P >1
p—

Thus the series converges for p > 1.

If p> 0 set g(x) = z(lnz)[In(lnz)]?,¢'(z) = (In(Inx))?~! [(1 + Inz) In(lnz) + p|, and, for = > €°,
Hoo dx

g'(z) > 0, thus 1/g(z) is decreasing for = > e®; use the Integral Test with / (o) [m(nz)]?

ee

to get
if p <1,
. ‘ . _ [n(nz)] ] too p
lim In[ln(lnz)]| =+4ccifp=1, lim ————| =
f—+oo ee L—+o00 1—p e — ifp>1
p—1
In(1 P 1
Thus the series converges for p > 1 and diverges for 0 < p < 1. If p < 0 then [In(In )] >
zlnzx zlnx
for = > e® so the series diverges.
2l =1 ) A =1 1 )
(a) 3Zﬁ—zﬁzw/2—w/9o (b) Zﬁ L= 5 =7"/6-5/4
k=1 k=1 k=1
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28.

29.

30.

31.

33.

Chapter 10

(a) Suppose X(ug, + vi) converges; then so does X[(uy + vg) — ug], but Z[(up + vg) — ux] = g,
so Yy converges which contradicts the assumption that Yovy diverges. Suppose X(up — vg)
converges; then so does X[uy — (ur, — vg)] = Yoy which leads to the same contradiction as
before.

(b) Let up =2/k and vy = 1/k; then both X(uy + vi) and X(ux — vg) diverge; let up, = 1/k and
vp = —1/k then 3(ug + vg) converges; let uy = v = 1/k then 3(ug — vy) converges.

(o) o0
(a) diverges because 22(2/3)’“*1 converges and Z 1/k diverges.
k=1 k=1

(b) diverges because Z 1/(3k + 2) diverges and Z 1/k%/% converges.
k=1 k=1

oo 1 o0
(c) converges because both kzﬂ T ke (Exercise 25) and ,;2 1/k? converge.

(o] n o0
(a) tS= Zuk and s, = Zuk, then S — s, = Z ug. Interpret ug, k=n+1,n+2,..., as
k=1 k=1 k=n+1
the areas of inscribed or circumscribed rectangles with height u; and base of length one for
the curve y = f(z) to obtain the result.
n

(b) Add s, = Z uy, to each term in the conclusion of Part (a) to get the desired result:

k=1
o0 +oo 400
sn—f—/ f(x)dx<2uk<sn+/ f(x)dx
n+l k=1 n
: 1 oo 177 1
(a) In Exercise 30 above let f(x) = pex Then f(z)de = - =

use this result and the same result with n + 1 replacing n to obtain the desired result.

11 1
(b) s3=1+1/4+1/9=49/36: 58/36 = 55+ | < o7° <3+ 5 = 61/30

1
(d) 1/11< 6772 — 519 < 1/10

Apply Exercise 30 in each case:

1 too 1 R 1 1
(a) f(x)w,/n f(m)da:zz(i 0= <Y — 510 <

+oo .
(b) f(z)= %4-17 / f(z)dr = = —tan"'(n),so

= 1
7/2 —tan"*(11) < Z mal S < /2 —tan"'(10)
k=1

T +oo 00 k
== dz = De ™ so12e7 M <y — — 519 < 117"
(c) f(x) et /n fl)dr =(n+1)e™", so 12e kzz:l ok~ 510 e
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34.

35.

36.

37.

38.

39.

x3 2’

1 1
b) — — < 0.0Lforn=5
() 5z =3z e < orn

(c¢) From Part (a) with n =5 obtain 1.200 < S < 1.206, so S ~ 1.203.

teog 1
(a) —dr = use Exercise 30(b)

“+o0
1 1 1 1
(a) /n ﬁdx Ewek choose n so that 38 m < 0.005, n=4; S~1.08

x x
In(n+1) <s, <1+Ilnn.

(b) ln(l,OOO, 001) < 81,000,000 < 1+ hl(]., 000,000), 13 < 51,000,000 < 15

(¢) s100<1+In10°=1+9In10 < 22
(d) s, >1In(n+1) > 100, n > e'% — 1~ 2.688 x 10*%; n = 2.69 x 10*3

1 n 1 n+1
(a) Let F(x) = —, then / —dz =Inn and / —dr=In(n+1), u; =1so
x 1 1

p-series with p = Ina; convergence for p > 1,a > e

2 ,—x

x®e” " is decreasing and positive for z > 2 so the Integral Test applies:

oo oo
/ ?e " dr = —(2® 4+ 2x +2)e™™| = 5e"! so the series converges.
1 1

(a) f(x) =1/(2® +1) is decreasing and continuous on the interval [1, +oc], so the Integral Test
applies.

© [, 10 20 30 40 50
s, | 0.681980 | 0.685314 | 0.685966 | 0.686199 | 0.686307

n 60 70 80 90 100
Sp, | 0.686367 | 0.686403 | 0.686426 | 0.686442 | 0.686454

—+oo 3 —
@ setgm= [ trdr= e i DL e (2

- S Zln———— _ Y%¢ 2 -

31 6" 6 my1p 3 /3
g(n) —g(n +1) < 0.0005; s13 + (g(13) + g(14))/2 ~ 0.6865, so the sum ~ 0.6865 to three
decimal places.

>;forn2 13,

EXERCISE SET 10.6

1.

2.

o0

1 1 1 1
< -
@ s Smeoe e Z Af2 COTVerses

3 3 :
(b) Py >0 ’;3//{ diverges

I<:+1 1 « _ 2 2
(a) FEps —2 o g 1/k diverges (b) s < ; 72 converges
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10.

11.

12.

13.

14.

15.

16.

Chapter 10

1 1 1 Ssin’k 5 = b
(a) Fs < 35 kz 3k converges (b) o < ik kz: 7 converges
—1 =1
Ink _ 1 — 1
(a) HT > z for k > 3, kZ:l % diverges
k k

1 =1 .
v AP v i
4k7 — 2kS 4+ 6K°

o0
compare with the convergent series E 1/ kK, p= lim o =1 /2, converges
P k—+oo 8kT4+k—8

]
Koo Ok + 6

oo
compare with the divergent series Z 1/k, p= = 1/9, diverges

k=1
o0 k
compare with the convergent series kz_:l 5/ 3", p= kErEOO 1 =1, converges
o0
k2(k +3)
compare with the divergent series 1/k, p= lim =1, diverges
P & ; (ko= I Dk Dk +5) &
— 1
compare with the divergent series Z 7273
k=1

k2/3

. . 1 .
p= kgrfoo W = kEIJ?oo m = 1/2, diverges

o0
compare with the convergent series Z 1/ k7,

k=1
= 1l LI ! =1/2"7

P o e Rk 4+ 3)1T oo (24 3/R)1T /T CONVEIESE
E+1 /(0 4 1)1

p= kgrfoo 33/15/1;"_) = kirfm Pl = 0, the series converges

41k 4 1)2 4k?
p= kEToo 4//5//;) = k_i}rfoo m = 4, the series diverges
p= lim —— =1, the result is inconclusive
k——+o0 ]f + 1

k+1)(1/2)k+1 E+1

p= kETm W = kE+w % = 1/2, the series converges
E+1)/(k+1)3 K3

o= kll,rfoo (k + 2&;3 +1) — kEI}rloo m = 400, the series diverges
E+1)/[(k+1)2+1 E+1)(k*+1

p= lim b+ D/[(k+1)"+1] _ lim (k+ (k" + 1) = 1, the result is inconclusive.

k> -+o0 k/(k? 4+ 1) koo k(k2 + 2k +2)
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17.

18.

19.

20.

21.

22,

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

3k +2
p=lim o J_r 1= 3/2, the series diverges
p= lirf k/100 = 400, the series diverges

1/k

p= lim —— =1/5, the series converges
k—4oo D

p= lim (1 —e %) =1, the result is inconclusive
k— 400

Ratio Test, p = klim 7/(k 4+ 1) = 0, converges
— 400

o0
Limit Comparison Test, compare with the divergent series Z 1/k
k=1

k+1)2
Ratio Test, p = lim u

L Pz 1/5, converges

Ratio Test, p = klir+n (10/3)(k + 1) = 400, diverges

Ratio Test, p= lim e '(k+1)°°/k°® = e ! < 1, converges

k—+oc0
o]
Limit Comparison Test, compare with the divergent series Z 1/k
k=1
Limit Comparison Test, compare with the convergent series Z 1/ k>/2, p = lim =1,
k—+o0 k’3 +1
converges k=1
: 4§:4 (Ratio Test) s0 3 by the Comparison Test
< =, —— converges (Ratio Test) so ———— converges e Comparison Tes
2+ 3%k © 3Rk’ 4= 3Fk & Z£a 24 k3 8 by P
- k
Limit Comparison Test, compare with the divergent series 1/k, p = lim — =1,
diverges ’ ’ : ; s botoo VE® +k

2 _1 k 3 > e 2 71 k
2+ (=" < = 223/5}€ converges so kzl % converges

5k
k=1
Limit Comparison Test, compare with the convergent series Z 1/ K>/,
k=1
_ k3 + 25/
P T R e T D coerees
4 k 4
% =R Z5/k3 converges so Z i |COS | converges

(o)
Limit Comparison Test, compare with the divergent series Z 1/ Vk
k=1
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34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

44.

45.

46.

47.

48.

49.

50.

Chapter 10

Ratio Test, p = klim (1+1/k)~F =1/e < 1, converges
— 400

In(k k

Ratio Test, p = kErEOO % k;ﬂ)o m = 1/e < 1, converges
k+1

Ratio Test, p = luf 622—“ = kEToo ST = 0, converges

E+5

Ratio Test, p = kgrfoo TESY = 1/4, converges
Root Test lim ( i )k lim ! = 1/e, converges
= — fr— e — V
P k—+oo k+ 1 k——+o00 (1—|—1/l€) ’ &
diverges because kEr—ir-loc 112k = 1/4#£0
VEInk VkInk Vklnk klnk Ink
Zk3+1 Zk3+1 becauselnlzo,m< ERR R

14

Ml 1 1 1 — Ink In k
/2 %dm = leinoo (_r;;v — 96)]2 = 5(1n2—ﬁ-1) S0 kzzz 22 converges and so does Z \kc—ill

t -1 k? 2 >0 —1 k‘
aIZZQ < %, 7;/2 converges so Z ——— converges
k=1 k=1
k k k k 2 5k 0 k 0o
i:! 13 < 5 ]:!5 _ (k! ) , 2 2 <E])€'> converges (Ratio Test) z converges
(k+1)?

Ratio Test, p = lim = 1/4, converges

koo (2k +2)(2k + 1)

k+1)2
Ratio Test, p = lim 2(k+1)

U RV
ktoo (2k + 4)(2k + 3) /2, converges

k! kE+1

Uk = T 55 @2h—1) by the Ratio Test p = kET@o 2/€_|——|— 1= 1/2; converges
1-3-5---(2k—1 1
Up = 2k _(1)! ), by the Ratio Test p = kEI—Foo = 0; converges
o1 1k
Root Test: p = A 11141_1 g(ln k)" =1/3, converges
k+1 k+1

Root Test: p= lim w = lim Wi = m, diverges

k—+o00 k1+1/k k—+o00

(b) p= lim sin(7/k)

Jm = =1 and Zw/k diverges

k=1

1 1 1—cos(1/k
(a) cosr~1— .1'2/2, 1 — cos (/{) ~ ﬁ (b) p= kll)r.{_loo ;32(2/) = 2’ converges
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d 1 1
51. Set g(z) = vz — Inuz; %g(x) = N =0 when z = 4. Since mli%lJr g(x) = mgrfoog(x) = 400
it follows that g(x) has its minimum at z = 4, g(4) = V4 — In4 > 0, and thus \/z — Inx > 0 for
x> 0.

oo

Ink Vk 1
>

Ik
(a) T < = 7372 Converges so Z % converges.

k=1 k=1
1 I 1 - 1
(b) TE > T Z z diverges so Z (k) diverges.
k=2 k=2
52. By the Root Test, p = lim e o «, the series converges if o < 1 and diverges

koo (kKL/k)a 1o

if @« > 1. If o =1 then the series is Z 1/k which diverges.
k=1

53. (a) If > b converges, then set M = > by. Then a; +as+ - +a, < by +by+---+b, < M;
apply Theorem 10.5.6 to get convergence of > ag.

(b) Assume the contrary, that > by converges; then use Part (a) of the Theorem to show that
> ay converges, a contradiction.

54. (a) Ifk lir}r“ (ak/br) = 0thenfor k > K, ar /by < 1, ax < by s0 > ai converges by the Comparison
Test.
(b) If khT (ar/br) = +oo then for k > K, ap/br > 1, ar > by so > ay diverges by the

Comparison Test.

EXERCISE SET 10.7

1. agy1 <ag, lim ap =0,a;r >0
k——+oo

k+1 2k 2
2. aszl = 3% < %3 for k > 1, so {aj} is decreasing and tends to zero.
k+1
3. diverges because k:EToo ay = kgrfoo 3k—:— 1= 1/3#0
k+1
4. diverges because lim ap = lim 1 400 #0

k—+o00 k—+o0 \/E +1

5. {e %) is decreasing and lim e~ * =0, converges

k—+oco
Ink Ink
6. {n} is decreasing and lim 2 _ 0, converges
k k—+oo k
3/5)k+1
7. p= lim L = 3/5, converges absolutely

k—+o00 (3/5)k

2

= kgrfoo P 0, converges absolutely

8. p
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

Chapter 10
3k
p = kll}lf_loo m = 3, diVergeS
k+1
p= kgrfoo % = 1/5, converges absolutely
(k+1)3

p= lim = 1/e, converges absolutely

k—-+o00 ek3

1 k+1 |
(k+ 1"k lim (14 1/k)* = e, diverges

P T+ DIEF koo

o0 oo
-1 k+1 1
conditionally convergent, E ~——— converges by the Alternating Series Test but E — diverges
3k 3k
k=1 k=1
|
absolutely convergent, g Ve converges
k=1

divergent, lim a; # 0
k—-+o0

absolutely convergent, Ratio Test for absolute convergence

Zcoskm = (—=1)F . — (-1 ; "
kz_l = kZ_l 3 is conditionally convergent, kz_l 3 converges by the Alternating Series

Test but Z 1/k diverges.
k=1

o0 o0
~1)*Ink
conditionally convergent, E % converges by the Alternating Series Test but E
k=3 k=3

diverges (Limit Comparison Test with Y 1/k).

Ik
k

k+2

conditionally convergent, Z (- k(k +3)

k=1

converges by the

o0

k+2

Alternating Series Test but Z LR diverges (Limit Comparison Test with Y 1/k)
— k(k+3)

_1)k+1k2

o0
conditionally convergent, Z ( ] converges by the Alternating Series Test but
k=1

Z ) diverges (Limit Comparison Test with > (1/k))
k=1

oo

> sin(kr/2) =140—-140+1+0—1+0+---, divergent (, lim sin(km/2) does not exist)
— 100

k=1

o0 .
k
absolutely convergent, Z |sz:13 | converges (compare with > 1/k%)

k=1
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_1)k
klnk

o0 o0
1
23. conditionally convergent, E converges by the Alternating Series Test but E —— diverges
— = klnk

(Integral Test)

(-1
\/7

diverges (Limit Comparison Test with Y 1/k)

24. conditionally convergent, Z converges by the Alternating Series Test but

- 1
D)
25. absolutely convergent, Z(l /In k)¥ converges by the Root Test
k=2

( 1)k+1
“VE+1+VE

diverges (Limit Comparison Test with > 1/vk)

26. conditionally convergent, Z converges by the Alternating Series Test but

E::\NH +Vk

2 +1 (4 — 3z — 23)

27. conditionally convergent, let f(x) = o} then f'(x) = 12

<0 forx>1so

k*+1
—+oo _ . . . _ . .
{ar}izy = {k‘3 5 }k . is decreasing, kgrfoo ar = 0; the series converges by the

k2
Alternating Series Test but Z jE +1 dlverges (Limit Comparison Test with > 1/k)

> > (~1)k — (=
28. = Z ] is conditionally convergent, Z 2

1 converges by the
k=1 k=1 k=1

o0
k
Alternating Series Test but ’; Pl diverges

k+1
29. absolutely convergent by the Ratio Test, p = ETOO m =

30. divergent, klim ap = +00 31. Jerror| < ag=1/8=0.125
— 400
32. Jerror| < ag = 1/6! < 0.0014 33. Jerror| < ajpo = 1/v/100 = 0.1

34. |error| < as =1/(5In5) < 0.125
35. Jerror| < 0.0001 if @41 < 0.0001, 1/(n + 1) < 0.0001, n+ 1 > 10,000, n > 9,999, n = 9,999

36. |error| < 0.00001 if a,4; < 0.00001, 1/(n 4+ 1)! < 0.00001, (n + 1)! > 100,000. But 8! = 40, 320,
9! = 362,880 so (n+1)! >100,000ifn+1>9,n>8 n=38

37. |error| < 0.005 if apy1 < 0.005, 1/v/n+1 < 0.005, vn+1 > 200, n+ 1 > 40,000, n > 39,999,
n = 39,999
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38.

39.

40.

41.

42.

43.

44.

45.

46.

47.

48.

49.

Chapter 10

lerror| < 0.05 if ap41 < 0.05, 1/[(n +2)In(n+2)] < 0.05, (n+2)In(n+2) > 20. But 9 In9 ~ 19.8
and 10ln10~23.0s0 (n+2)In(n+2) >20ifn+2>10,n>8 n=3

3 3/4
ar = s lerror] < ain = oo < 0.00074; s10 ~ 0.4995; § = ey 05
) k—1 9 10 '
ap = <3) , lerror| < a;; = <3) < 0.01735; s19 ~ 0.5896; S = m = 0.6

_ 1 __ 1
k-l T 1)
s3=1—1/6+1/120 ~ 0.84

ap = <0.005, (2n+1)! >200,2n+1>6,n > 2.5 n=3,

1 1
—— <0.005, (2n)! > 200, 2n > 6, n > 3; n =3, s3 ~ 0.54

= Gh—r T )

1
<0.005, (n +1)2"" >200, n+1>6,n>5 n=>5, s5 ~0.41

W= R I T et =

1 1
= < .
@E— 1P 14— 1) T Gnr1p +aen 1) = 00

(2n+1)° +4(2n+1) >200,2n+1>3,n>1;n=1, s; = 0.20

ap =

1 1
= = <1072 > > 495 n =
(c) ag 2k_1,an+1 an‘_1710 ,2n+1 > 100, n > 49.5; n = 50
- 1
> (1/kP) converges if p > 1 and diverges if p < 1, so Z<_1)kﬁ converges absolutely if p > 1,

k=1
and converges conditionally if 0 < p < 1 since it satisfies the Alternating Series Test; it diverges
for p < 0since lim ai # 0.
k—+o00

1 1 1 1 1 1 1
I S PR DS BN DGR e
6 22 22 1 32 6 46 8
1 1 1 1
T 90 2 34 T 90 1690 96

Every positive integer can be written in exactly one of the three forms 2k — 1 or 4k — 2 or 4k,
S0 a rearrangement is

2 4 3 6 8 5 10 12 2k—1 4k —2 4k

“\271 6 8 10 12 ik—2 1k ot
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50. (a) 13 (b)  Yes; since f(z) is decreasing for z > 1
and 11111 f(x) =0, the series
r satisfies the Alternating Series Test.
0 / 10
0
51. (a) The distance d from the starting point is
180 180 180 1 1 1
d=180 — — + — — .. — 180l — == — e — —.
2 + 3 1000 2 + 3 1000
1 1 1
From Theorem 10.7.2, 1 — = + - —--- — —— differs from In 2 by less than 1/1001 so
2 3 1000
180(In2 — 1/1001) < d < 1801n2, 124.58 < d < 124.77.
180 180 180

(b) The total distance traveled is s = 180 + - + = +oo+
Section 10.5,

1001 1000
1 1
/ @dx<s<180+/ @dx
1 1

T xT

1801n 1001 < s < 180(1 + In 1000)
1243 < s < 1424

52. (a)

ai < |ag| hence Eai converges by the Comparison Test.

1
(b) Let ax = T then Y a2 converges but > ay diverges.

EXERCISE SET 10.8
- o~ (DR &
L f0@) = (=DFe, fO0) = (=18 Y e
k=0

ok
E) () — akeaz  £(F) () — k- a k
2. fO)(x) = aker®, f0)(0) = ak; ,; o
=0

3. f®)(0) = 0if k is odd, f*)(0) is alternately 7% and —7* if k is even;

4. f®B(0) = 0if k is even, f*)(0) is alternately 7% and —7* if k is odd;

(=DF (k- 1)

5. fOO) =0 for k21, fP() = —7 i

1000’

and from inequality (2) in

Suppose X|ay| converges, then khrf lax] = 0 so |ag| < 1 for k > K and thus |ag|* < |ax/,
i

P0)= (O - S O
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k! >
6. [P (x)= (—D’“W; F®0) = (=1)"k k;(—l)’“w‘“
7. f®(0) =0if kis odd, f®(0) = 1if k is even; » @x%

k=0

1
®)(0)=0if ki ®0)=1if ki : § E——L
8. fY¥(0)=0if kis even, f1*(0) =1if k is odd; 2 okt 1)!;10

(=1)*/2(xsinz — kcos ) k even (=1)1*/2k k even
9. ) (z) = : F®(0) =
(=1)*=D/2(zcosz + ksinz) k odd 0 k odd
i (—D* L2k+2
2k + 1)

k=0

10. f®)(z) = (k+ x)e®, fF)(0) = k; i LI

oo

1. fBw)=e Y a1

k=0

12, f0)(z) = (~1)ke ", f(’“)(ln2)=(—1)k%§ i(;,if(w—m)’“

k=0
13. f<k>(x):(_xi7)i’d,f<k>(—1):—k!; i(—l)(:c—kl)k
k=0
—1)* _1)k X (_1\k
14 1) = f g 10 = S Y G-t

15. f*)(1/2) =0 if k is odd, ) (1/2) is alternately 7% and —=* if k is even;

2 (_1)kg2k

k=

(=)

(~1)k+

(2k + 1) (z—m/2)**!

16. f*)(7/2) = 0if k is even, f(¥)(7/2) is alternately —1 and 1 if & is odd; Z
k=0

(—1)"1(k — 1)!
k

17. f(1) =0, for k> 1, f®(z) = s R = ()M k- 1)

o0 o \k—1
Z( 1]2 (z—1)"
k=1
18, f(0) = 1. for k> 1, f19(r) = DLy L CUT R,

0 (qyk—1
1—|—Z( ;2,@ (x —e)*
k=1
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19.

20.

21.

22.

23.

24.

25.

26.

27.

. . . Uk+1
geometric series, p = lim |——
k Uk

= |z|, so the interval of convergence is —1 < z < 1, converges
— 400

there to

(the series diverges for z = +1)

Uk+1

= |z|?, so the interval of convergence is —1 < x < 1, converges
U

geometric series, p = lim
k—-+o0

there to

5 (the series diverges for z = £1)

geometric series, p = i lim |—*] = |z — 2], so the interval of convergence is 1 < z < 3, converges
— 400
1 1 Lo
there to = (the series diverges for z = 1, 3)

1-(x—2) 33—z

U

geometric series, p = klim AL = |z + 3|, so the interval of convergence is —4 < & < —2,
—+00 Uk
1 1 . .

converges there to = (the series diverges for x = —4, —2)

1+ (z+3) 4+=z

(a) geometric series, p = ;ghrf_l Yktt| |£/2|, so the interval of convergence is —2 < x < 2,
—+oo | Uk
there t 2 (th ies di f 2,2)
converges there to ———— = ——; (the series diverges for x = —2,
& +z/2 24z’ &
(b) f(0)=1; f(1)=2/3
. . . Uk+1 T — . .
(a) geometric series, p = lim ——— |, so the interval of convergence is 2 < x < 8§,
k——+oo UL
1 3 Lo
converges to = (the series diverges for x = 2,8)

1+(z—-5)/3 =z-2
(b) f(3) =3, f(6) =3/4

k+1

im ——|z| = |z|, the series converges if |z| < 1 and diverges if |z| > 1. If z = —1,
k—doo k + 2

k+1

S k 0
-1 1
E (=1) converges by the Alternating Series Test; if x = 1, g Pl diverges. The radius of
k=0 k=0

convergence is 1, the interval of convergence is [—1,1).

p= klim 3|z| = 3|z, the series converges if 3|z| < 1 or || < 1/3 and diverges if |z| > 1/3. If
— 400

x = —1/3, Z(—l)k diverges, if x = 1/3, Z(l) diverges. The radius of convergence is 1/3, the
k=0 k=0

interval of convergence is (—1/3, 1/3).

x
. |]

= lim ——— =0, the radius of convergence is +o00, the interval is (—oo, +00).
k—+o00 k —+ 1
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28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

Chapter 10

p= kgrfm Fil |x| = 400, the radius of convergence is 0, the series converges only if = = 0.

p= kEI-sI-loo m = 5|x|, converges if |x| < 1/5 and diverges if |z| > 1/5. If x = —1/5, 2 (_klz)k
converges; if x = 1/5, i 1/k?* converges. Radius of convergence is 1/5, interval of convergence is
[~1/5,1/5]. =

p Ik |z| = |z|, the series converges if |z| < 1 and diverges if x| > 1. If z = —1,

= 1. P ———
koo In(k + 1)

E (1 /Z converges; if x = 1, g 1/(Ink) diverges (compare to Y (1/k)). Radius of convergence
n
k=2 k=2

is 1, interval of convergence is [—1,1).

k o~ (=1)k
p= kEToo k‘—fg = |x|, converges if |z| < 1, diverges if |z| > 1. If z = —1, 2 k((k—i—)l) converges;
ifx=1, ; m converges. Radius of convergence is 1, interval of convergence is [—1, 1].
fim 28 L0 = o if || < 1/2, diverges if [« > 1/2. If 1/2§: 1
= lim 2——|z| = 2|z|, converges if |z iverges if |z Mr=— —_—
P e Sk 2 ’ &  Gvers "ok + 1)

diverges; if x = 1/2, Z ———~— converges. Radius of convergence is 1/2, interval of convergence
= 2(k+1)

is (—1/2,1/2].

VEk -1
= lim ——|z| = ||, converges if |x| < 1, diverges if |x| > 1. If z = —1, — diverges; if
p=dim el = o], converges if o ges if [ > g divers
— (—DF! . L .
=1, Z T converges. Radius of convergence is 1, interval of convergence is (—1,1].

= VR

2
p= kEToo MEWC‘FI) = 0, radius of convergence is +o0, interval of convergence is (—o0, +00).
li Ll 0, radius of convergence is +00, interval of convergence is ( +00)
= lim ————— =0, radius nvergence is 400, interv convergence is (—oo, +00).
P e 2k 1+ 3)(2k 1 2) & 8
T U M i o] < 1, diverges if 2] > 1 Tre = 1,3
= lim ———~ = |z|°, converges if |z iverges if |z M= — ——= converges;
P e (kr 132 ’ &  GIvere WARRIE 8%

k=0

o0 k

-1

ifox =1, E (k3 /)2 converges. Radius of convergence is 1, interval of convergence is [—1,1].
k=0

3|
o=

= lim —— =0, radius of convergence is o0, interval of convergence is (—oo, +00).
k—+4o00 k —+ 1
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38.

39.

40.

41.

42.

43.

44.

45.

k(Ink)?|x|

kEr-iI-loo G Dtk £ 1) = |z|, converges if |z| < 1, diverges if |z| > 1. If z = —1, then, by

p =

1 .
Ik converges. Radius of convergence
(k)2 2 K(ink)?

is 1, interval of convergence is [—1,1].

o o 1)k+1
Exercise 10.5.25, kZ_Q B converges; if x = 1, Z (k )

14+ k2

tim LRy = CL
m#m1+(h+n2

1+ k2

p= ||, converges if |z| < 1, diverges if || > 1. If z = —1, Z

k=0

converges; if x = 1, E T2 converges. Radius of convergence is 1, interval of convergence is

[717 1}
1 1 . : : SN
p= lim —|z—3|= 2|z — 3|, converges if |x — 3| < 2, diverges if |[x — 3| > 2. If x =1, Z(—l)
k—4o00 2 2 0
diverges; if x = 5, Z 1 diverges. Radius of convergence is 2, interval of convergence is (1,5).
k=0
klz + 1 o~ —
p= kEToo% |z + 1|, converges if |x + 1| < 1, diverges if |z + 1| > 1. If x = -2, ;?
= (-1
diverges; if x = 0, Z B converges. Radius of convergence is 1, interval of convergence is
k=1
(—2,0].

2

k+1
p = kgrfoo Ekj;2§2m — 4] = |z — 4, converges if |z — 4] < 1, diverges if |z — 4] > 1. If z = 3,

oo oo

Z 1/(k+1)% converges; if z = 5, Z /(k+41)? converges. Radius of convergence is 1, interval
k=0

of convergence is [3, 5].

p = khm (3/4)|x + 5| = |x + 5|, converges if |z + 5| < 4/3, diverges if |z + 5| > 4/3.
=-19/3, Z k diverges; if x = —11/3, Z 1 diverges. Radius of convergence is 4/3, interval
k=0

of convergence is (—19/3,—11/3).

2k + 3)(2k + 2)k3
p= lim (2k + 3)(2k +2) | — 2| = +o00, radius of convergence is 0,
k—-oc0 (k + 1)3
series converges only at z = 2.

li K lz+11% = |z +1)? if |z 4+ 1] < 1, di if |z 41 > 1. If 2
= lim ————|z = |z converges if |z iverges if |z e =—
p k—-+oo (k+ 1)2 +4 ) g ) g )

3k:+1 & (71)k

Z k:2 + 4 converges; if x =0, z 2 converges. Radius of convergence is 1, interval of

convergence is [—2, 0].
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46.

47.

48.

49.

50.

52.

53.

54.

55.

Chapter 10

kln(k +1
p = kirfwm)ﬂu — 3| = |z — 3|, converges if |z — 3| < 1, diverges if |[x — 3| > 1. If
= (—1)FInk ~Ink
T =2, % converges; if © = 4, Z % diverges. Radius of convergence is 1, interval of
k=1 k=1

convergence is [2,4).

wlz — 1|2

kL+w m = 0, radius of convergence 400, interval of convergence (—oo, +00).

p=

1 1 1
p = kgrfool—6|2x -3 = E|2x — 3|, converges if 1—6|2x —3| < lor |z —3/2 <8, diverges if

|z —3/2| > 8. If 2 = —13/2, Z(—l)k diverges; if z = 19/2, Z 1 diverges. Radius of convergence
k=0 k=0

is 8, interval of convergence is (—13/2,19/2).

x
p= lim {/|ug| = lim u = 0, the series converges absolutely for all z so the interval of
k——+oo k—-+4o00 hl k‘

convergence is (—00, 4+00).

2k+1
= 1l —— || =0 51. 10
p=m enek—n (2) -
so R = +oo0. C
—— ‘
-1 - 1
-1
Ratio Test li Ll 0, R=+
i cp= lim —n———— = = 400
P e d+ Dk +2)
By the Ratio Test for absolute convergence,
_ (pk + p){(K)? (Pk+p)(pk+p—1)(pk+p—2)---(pk+p—[p—1])
p=lim ~— T (a| = |z
P R+ 7 T kB (k+1p

1 2 1
1 _ — _ —_— =
kiToop(p k+1> (p k:+1> ( k+1)|x| Pzl

converges if |z| < 1/pP, diverges if |x| > 1/pP. Radius of convergence is 1/p”.

By the Ratio Test for absolute convergence,

(k414 p)kl(k+ q)!

lim k+1+p
koo (k 4+ p)!(k+1)!(k + 1+ q)!

kHJrOO (k+ )(k+1+q>

el = || =0,

p=
radius of convergence is +oo.

(a) By Theorem 10.5.3(b) both series converge or diverge together, so they have the same radius
of convergence.



Exercise Set 10.9 431

56.

57.

58.

(b) By Theorem 10.5.3(a) the series Y (cx +d)(z —z0)* converges if |z —xo| < R; if |z — 20| > R
then > (cx + di)(z — 10)* cannot converge, as otherwise Y cx(x — x0)* would converge by
the same Theorem. Hence the radius of convergence of > (cj + di)(x — x0)* is R.

(c) Let r be the radius of convergence of > (cx + di)(z — zo)*. If |z — zg| < min(Ry, Ra)
then Y cx(z — 20)* and . dy(z — x0)* converge, so > (cx + di)(x — x0)* converges. Hence
r > min(Ry, R2) (to see that » > min(R;, Rg) is possible consider the case ¢, = —di, = 1).
If in addition Ry # Ry, and Ry < |z — x9| < Ry (or Ry < |z — x| < Ry) then
S (ex + dy)(z — 10)* cannot converge, as otherwise all three series would converge. Thus
in this case r = min(Ry, Ra).

By the Root Test for absolute convergence,

p= klim lex|*|z| = L|z|, L]z| < 1if |z| < 1/L so the radius of convergence is 1/L.
— 400

oo o0 o0
By assumption E crx® converges if |z] < R so E cprt = E cr(z?)* converges if 2% < R,
k=0

k=0 k=0
o0 o0 o0
|z] < V/R. Moreover, chx% = ch(ac2)k diverges if |22| > R, |z| > V/R. Thus chx%
k=0 k=0 k=0

has radius of convergence v R.

o0 o0 o0
The assumption is that Z ¢, RF is convergent and Z ck(—R)k is divergent. Suppose that Z e RF
k=0 k=0 k=0

oo
is absolutely convergent then ch(—R)’c is also absolutely convergent and hence convergent

k=0
ecause |Ck = |ck(— , which contradicts the assumption that cr(— 1s divergent so
b lex R¥| = |cx(=R)¥|, which dicts th ion that Y cx(—R)" is di
. k=0
Z cxRF must be conditionally convergent.
k=0
EXERCISE SET 10.9
oo . (m\ _ m (7/45)3  (m/45)
1. sin4 —8111(%)—4—57 3 + I
45)n+1
(a) Method 1: |R,(7/45)| < % < 0.000005 for n+1=4,n=3;
o m  (mw/45)%
sin4° ~ YT 0.069756
. . : . . (m/45)°
(b) Method 2: The first term in the alternating series that is less than 0.000005 is a0 S0
the result is the same as in Part (a). '
2. cos3° = cos (1) =1- (r/60)" + (r/60)* -
' B 60/ 2 4!
60)" ! 60)?
(a) Method 1: |R,(7/60)| < % < 0.0005 for n = 2; cos3° ~ 1 — % ~ 0.9986.
: , , : . (m/60)*

(b) Method 2: The first term in the alternating series that is less than 0.0005 is , so the

4!
result is the same as in Part (a).
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10.

11.

Chapter 10

(0.1)m+1

R(O)] <

0.995004 . ..

< 0.000005 for n = 3; cos0.1 ~ 1 — (0.1)2/2 = 0.99500, calculator value

(0.1)2/3 < 0.5 x 1072 so tan=1(0.1) ~ 0.100, calculator value ~ 0.0997

1 1
Expand about 7/2 to get sinz =1 — E(x —-m/2)%+ I(x —m/2)* — ... 85° = 177/36 radians,
|z — /2|7 [177/36 — m/2]" 1 (m/36)"+! _a
R < ——————, |R.(177/36)| < = 0.5 x 10

1
ifn=3,sin85°~1— 5(—7r/36)2 ~ 0.99619, calculator value 0.99619. ..

2 4
—175° = —7w 4+ 7/36 rad; g = —m,x = —7 + 7/36, cosx = —1 + (934;77) - (IZ,W) -

(/36)?

(m/36)" !
(n+1)!
calculator value —0.99619. ..

IR, < < 0.00005 for n = 3; cos(—mw + 7/36) = —1 + ~ —0.99619,

1
f®)(z) = coshz or sinhz, |f®)(2)] < coshz < cosh0.5 = = (% +e77%) < 5(2 +1) =15

N =

1.5(0.5)"+1
(n+1)!

(0.5)3
3!

so |R,(x)] < < 0.5x 107 if n = 4, sinh0.5 ~ 0.5 + ~ 0.5208, calculator

value 0.52109. ..

1
f%®)(z) = coshx or sinhz,|f* (2)| < cosha < cosh0.1 = 3 (%t +e7%1) < 1.06 so
1. )t 1)2
[Rn(2)] < 0(6(3_1)), < 0.5 x 1073 forn = 2, cosh0.1 =~ 1 + (02') = 1.005, calculator value
n ! !

1.0050. ..

_ 4 n+1
f(x) = sinz, fO+)(z) = +sinz or +cosz, [TV (z)] < 1, |R,(2)] %7

|z — /4"

m 1) = 0; by the Squeezing Theorem, nll&l@ |R,(z)|=0

so lim R,(z) =0 for all z.
n—-+00

x
f(z) =e®, fOtD(z) = e®; if > 1 then |R,(z Seim—1"+1;ifx<1then
(n+1)!
\R()|<L| — 1", But lim w—O‘ lim R,(x)=0
(T _(n+1)!x - But lim CE so lim Ry(z) =0.

(a) Let x =1/9 in series (13).

1/9)*
(b) In1.25~2 (1/9 + (/3)) =2(1/9 + 1/37) ~ 0.223, which agrees with the calculator value

0.22314 ... to three decimal places.
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12.

13.

14.

15.

16.

17.

(a) Let x =1/2 in series (13).

(1/2)°

(b) In3~2 (1/2+ 3) = 2(1/2 + 1/24) = 13/12

three decimal places.

(a)

tan-1(1/2) = 172 - W20 W2 ()
tan"'(1/3) ~ 1/3 — @ + @ ~ 0.3218
(b) (
(c) Leta=tan™! 1

433

~ 1.083; the calculator value is 1.099 to

(1/2)°/9 < 0.5 x 103 and (1/3)7/7 < 0.5 x 1073 so

~ 0.4635

From Formula (17), 7 ~ 4(0.4635 4 0.3218) = 3.1412

1
5 b= tan~! 33 then la —0.4635| < 0.0005 and |b — 0.3218] < 0.0005, so

|4(a 4+ b) — 3.1412] < 4]a — 0.4635| + 4|b — 0.3218| < 0.004, so two decimal-place accuracy is

guaranteed, but not three.

1 1-2 1-2-5
(27+2)'/% =3(1+x/3%)1/3 =3 (1 + it~ 38—2962 3123] 34 .), alternates after first term,
32 0.0005, V3B~ 3 (14— ) ~3.0370
g2 T YT 31) T
2 LL’4
(a) cosz=1- CTRTI (0)z° + Rs(z), (b) 0.00000005
|z[® _ (0.2)° _
[Rs(2)] < T < - < 9% 1078
—02\¢ Jo2
0

(a) f'(x)=-1/1+2)? (b) 0.00005

|f7(z)] < 1/(0.99)% < 1.03,

1.03|z|? _ 1.03(0.01)2
By (a)] < 108l 103001
2 2
<5.15 x 107° for —0.01 <2 <0.01
~0.01\& , 20,01
0
1(—2 —1(—2)(-3 —1(-2)(—-3 —k

() (142) ' =1-2+ ; ) 2, L 3‘>< )3 4 L2 kl) (k)
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18.

19.

20.

21.

22.

23.

Chapter 10

() 1+ =1+ (13 + P2 e WD) o

¢ W A ey 1+z/3+§(1)k12 B Ok )
(c) (I+z)?=1-3z+ (_3)2(!_4) z? + (_3)(;!4)(_5) - T ) ) k' (2228 ok y

_ ]i(l)k(k;:g)!xk _ i(l)k(k+2)2(k+ D
e () (1) -5 (1)
(a) % In(1+4z) = 14% C% In(1+z) = (1)’“%; similarly % In(1—z) = — ((f__;));
0 100 = [+ ]

(®) [f @) <nt| (Jriizﬂ M ;)nﬂ = {(1 n i)nﬂ = i)m]

M 1 n+1
(c) If |f™+D(2)| < M on the interval [0,1/3] then |R,(1/3)| < CF (3) .

1
(d) f0<z<1/3thenl+a>11-2>2/3, [fO)(z) <M =n! [1+}

(2/3)n+1
NNt oasyt)
<3> @3+ n+1

_|_

(50

Set x = 1/4 in Formula (13). Follow the argument of Exercise 19: Parts (a) and (b) remain
unchanged; in Part (c¢) replace (1/3) with (1/4):

M Nt o1
. > —_ = —_—
(e) 0.000005 > (n+1)! (3) n+1

1 Mo 1\
’Rn (4)‘ < CF (4) < 0.000005 for x in the interval [0,1/4]. From Part (b), together

with 0 <z <1/4,14+2>1,1—x > 3/4, follows Part (d): M = n! {1 + . Part (e) now

1
(3/4)"“]
1 n+1 1 n+1
(4) + (3) , which is true for n = 9.

f(z) = cosx, f**tV)(z) = +sinz or £cosz, |f"T)(z)] <1, set M =1,

M 1\ 1
becomes 0.000005 > —— [ — =
(n+ 1) \ 4 n+1

|(E _ a|n+1

|Rn(z)] < il — al"™t lim =0so lim R,(zx)=0 for all z.

1
(n + 1). n—-+oo (n + 1)! n—+oo
f(z) =sinz, f+)(2) = +sinz or +cosz, |fH)(x)] < 1, follow Exercise 21.

(a) From Machin’s formula and a CAS, % ~ 0.7853981633974483096156608, accurate to the 25th

decimal place.
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(b) o
0.318309878....

0.3183098 861837906 067 . . .
0.3183098 861837906 7153776695 . ..

3 | 0.3183098 861837906 7153776 75267450234 . ..
| 1/7 | 0.3183098 861837906 7153776 75267450287 . ... |

N | = |O|3

f(h) = £(0) e /M

L o _ _
24. (a) f'(0)= ;lzlg%) W = fltlg%) ,let t =1/h then h = 1/t and
e~ 1/ 2 1 e~ 1/n
hg(r}a = tliinoo te”t = tligloo? = tli+moo 2 = 0, similarly hllr(r)li P 0 so
J(0) =o.
(b) The Maclaurin series is 0+ 0 -2 +0-22+--- =0, but f(0) =0 and f(x) > 0 if # # 0 so the
series converges to f(z) only at the point z = 0.
EXERCISE SET 10.10
1
1. (a) Replace z with —x : T =l—z+a?— -+ (-)fzF+...; R=1.
x
1
(b) Replace x with 22 : 2 =142 +2t+. . 422 +...; R=1.
-z
1 ok
(c) Replacemwitth:ﬁ:1+2$+4x2+~-~+2kxk+---; R=1/2.
-2z
1 1/2 _ 111 1, i
(d) 5 = l_x/z;replacexvvlthx/Q:m :§+2—2x+2—3x +~--+2k+1x +-; R=2
2. (a) Replace z with —z:In(1—2)= -2 —2%/2—-2%/3 - —2¥/k—---; R=1.

(b) Replace » with 22 : In(1 +2%) =22 —2*/2+2%/3 — .. + (=) 122)/k+...; R=1.
(c) Replace x with 22 : In(1+2x) = 22— (22)%/2+(22)%/3— - -+ (= 1)1 (22)* /k+---; R=1/2.
(d) In(2+2)=In2+1In(1 + x/2); replace x with x/2:

In(2+z)=m2+x/2— (2/2)%/2+ (x/2)3/3+ -+ (-1)* Y (z/2)*/k+---; R=2.

1 1 1-3 1-3-5
3. (a) From Section 10.9, Example 5(b),m:l—§x+22'2!x2— 53 3] 23+ so
1 1 1 1-3 1-3-5
-1/2 - _ - - = 2 _ 3
(2+2) V21 +az/2 22 9t Ty gt T s gt t
1 1
(b) Example 5(a): (1+z)2:1—2x+3x2_4x3+...7som:1+2x2+3x4+4x6+...
1 1
4. (a) [ =1/a+z/a®+ 2%/ + -+ 2F /" + ... R=q].

a—le—x/a
1 1 1
2T~ @
1 2 3,

4
3
== -S4+ -—2P+...; R=|a
a? a3 at ad ’ el

(b) 1/(a+z)*= (1= 2(x/a) + 3(x/a)® — 4(x/a)® + - )



436

10.

(a)
(b)

(c)
(d)

(a)
(b)

(d)

(a)
(b)

()

(b)
(c)

(a)

(b)

(a)

(b)

Chapter 10

1
2 4 6
14z —&—590 —l—gm—i— ; R =400
2 24 46 68

1 1 1 1
2 2 3 2 3 4 5 e
x (l-i-x—i—!m —|-f!x +> =z’ +u —I-f!a: +—3!x +-s R=+00

1 1 1 1
x(l—x+2!x2—3!x3+---) :x—x2+ax3—§x4+~”;R=+OO

xz—lx6+lxlo—lml4+-~-;R:+oo
2? (1-3z+92% —272° +---) =2 - 32 + 92" — 272" + .. R=1/3

2% 5,20 5 27 ; 2, 2 4,2 5, 27 ¢
x(Qerg!x +5z Jrﬁx 4+ ) =2z +§z Jraos +ﬁx + -3 R=+00

Substitute 3/2 for m and —x? for z in Equation (18) of Section 10.9, then multiply by x:

33,35 1 7
-2 2 — o R=1
x 2x+ x+16m+ i R

—— :—m(1+m+x2+x3+-~-)z—x—x2—w3—x4—-~-;R:l.
r—1 1—-=2

3 4 3 8 3 12 . —

From Table 10.9.1 with m = =3, (1 +2)™® =1 — 3z + 62? — 102 + - - -, s0
(14 22)73 =z — 627 + 242> — 80z* +--; R=1/2

1 1 22 24 26
sin®z = 5(1—COSQI) =3 {1— (1— Exz—i— E$4_ 6!306—1—---)]

In[(1+23)'?] =12In(1 + 2%) = 1223 — 62 + 42° — 322 + - -

1 1 22 24 26
cost:2(1+cos2x):2[1+<1—2!952—&—4!954—6!:106—1—~-~>}
23 25
1.2 2 44 6 .
=1-x +4!1: 6!93 +

1-— 1 1
In Equation (13) of Section 10.9 replace x with —z : In (1 — x) =-2 (a: + §x3 + 53;5 4.
T

)
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11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

1 1

(a) ;:m:1+(1fx)+(1—z)2+'~'+(1—m)k+~~
=l—-(z-D+@@-1)* =+ (=D -1F+...
(b) (0,2)
(a) l—ﬂ—l/x — (z—20) /a2 + (x — 20)% /23 — -+ (=1)*(x — o) Jb T - -
r 1+ (x—z0)/z0 0 0770 0 0 0 0
(b) (0,2)
(a) (I+az+z?/2+23/3V+at/A+- )z —23/3+2°/5! — ) =aw+ 22 +23/3 —2°/30 + - -

(®) (1+x/2—2%/8+23/16 — (5/128)z* + - )(x —2?/2+ 23 /3 — 2t J4 4+ 2° /5 — - - )
=x—2%/24 + 2*/24 — (71/1920)2° + - --
331

1 1 1 3 25
1224 24/2—26/64+-- ) [ 1 =222 4+ —gt — 6. ) =122 4 254 56, .
(@) (1-a+at/2-a%/6+ )( 2" +24x 720" 2" +24x 720" +

4 1 1 5 1 11 41 .
b 14+ 224 ) (1+Zp—=224+ 3 ... ) =14+ = gy a3
()(+3z+ ><+3x 0¥ T gr® + g+ gt et o+

1 1 1 1 1 1
(a) :1/(1—x2+x4—x6+-~-):1+x2+5x4+6$6+~~

Cos T 2! 4! 6! 2 24 720

sin 3 b x?2 23 ot s 1 4 1 4
(b) o (I?)!+5!"'>/(1+$+2!+3!+4!+~~>xx +§I — 30" +---

tan~! 2 2
(a) Ein+x$:(x_x3/3+x5/5_,,.)/(1+x):x_x2+§x3_§x4...

In(1 1 ) 7
(b) ni -‘r.%') :(x—x2/2+$3/3—1'4/4+"')/(1_.T):$+§$2+6$3+ﬁ$4+"'

—x

e =1+ax+22/2+23/3 + -+ 2F /K +- e T =1—a+22/2—-23/3 + -+ (=1)k2F R4

1

sinhxzi(e“—e_’”)=x+x3/3!+x5/5!+--~+x2k+1/(2k+1)!+-~-,R:+oo
1

coshxzi(em+e*””):1+x2/2+x4/4!+---+x2k/(2k)!+---,R:+oo
x+23/30+25/5! + 27 /T + - - 1, 2 45 17 4

t h = = — = —_ _— .

T = e el ¢ 3T T Tt T

4r — 2 -1 3

o 17x+1+$:—(1+x+x2+x3+x4+---)+3(1—x+x2—x3+x4+---)

=92 — 4z + 227 —4a® + 22* + - -
3+ 22+ 22— 2 1 2

— 1—
2 -1 T 1—x+1+x

:x+1—(1—|—x+x2+x3+$4+~--)+2(1—x+x2—x3+x4+~-~)

=2—-2r+2% 323 +2* —---
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21.

22,

23.

24.

25.

26.

27.

28.

d

(a) %(1—x2/2!+x4/4!—m6/6!+---) = —x+23/3 —2°/5' + ... = —sinzx
d 2 3 2

(b) %(x—x/2+x/3—-~-):1—a:+x - =1/(1+2)

(a) %(z+x3/3!+x5/5!+---) =1+42%/214 2% /41 + ... = coshz

(b) i(ac—303/?>—i—ac5/5—x7/7—&—~-~):1—302—|—x4—:56—|—-~-: !
dx 1+£L'2

(a) /(1—|—x+x2/2!+~-~)dx:(x+x2/2!+x3/3!+-~-)—|—01
=(l+z+2?/20+2°/31+- )+ C1—1=€"+C

(b) /(x+x3/3! + 2% /5! —|—) =22/t /A + .+ O

=1+2%/2+2* /4l +.--+C, — 1 =coshz +C

(a) /(x—13/3!+z5/5! — - Ydr= (2?/20 — 2 Al +2%/61 — ) + Oy
=—(1—2?/20+ 2" /4 —ab/6l+ )+ C1 +1
=—cosz+C

(b) /(1—x+x2—~-~)dx=(m—x2/2+x3/3—---)—l—Czln(l—&—x)—l—C

(Note: —1<zx<1l,s0o|l4+z/=1+42x)

(a) Substitute 2 for z in the Maclaurin Series for 1/(1 — z) (Table 10.9.1)

oo o0

Chapter 10

0 if n even

; Lt 2k _ 2k+1
and then multiply by x: 1= —xZ(x )t = Zm
k=0 k=0
n! if n odd
(b) fO)(0) =5lcs = 5!, f©O0) =6lcg =0 (c) f™(0)=nlc, =
& (_1)k22k
22 cos 2x = kz:% szk—w; £99(0) = 0 because cgg = 0.
im ST —z2%/3! 451 ..) =
(a) lim —ilil?(l)(l z* /3! + z* /5! )=1
tan—1z — — 23/3 5/5 — /T +--.) —
(b) iy BTy, (RS T ) me
x—0 1,‘3 x—0 373
(a) l—cosz 1—(1—a?/20+at/4l —af/6!+---)  22/20 — 2t /4l 4+ 26/6] — - -
@ siney x—a3/3l 4+ a8/5l — ... oz —a3/3! +a5/5! — ...
_pAm A O g gy Lm0

1—22/30+24/5 — - z—0 sinx 1
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1
(b) 1i1% - [ln V1+ 1z —sin 233}

w
—_

111
= lir% - {2 In(1 4+ z) — sin 23?]

x—0 I

T’ —

- +

!
3 731"
_ !

3 7.3

157!

-5 1.7

1 1 1 1 1
but —— < 0.5 x 1073 in(z?)der~ - - —— + —— ~0.3103
u X so/osm(x)x 3 7.3!—1—11'5!

1/2 1/2 8 32 128
30. / tan~" (22%) dz = / (23:2 A e S P L U ) dx
0 0

3 ) 7

1/2
= 2:037 —:177+¥x11 7@93154’"'
3 21 55 105 0
_21 81 321 1281
S 323 2127 55211 10525 ’
32 4 vz oo, 2 8
but T ol < 0.5 x 107 so /0 tan™ " (22°)dx ~ 3B o 0.0804

0-2 1/3 0.2 1 1
31. / (14 2%) d:c:/ <1+x4:178+~~>dx
0 0 3 9

1 - 1 0-2 1
x+z":cg+~} =02+ -—(0.2)°

15

1
— = (02) + ...
81 0 15 81(0 VA

1 0.2
but B<0'2)5 < 0.5 x 1072 so / (1 + 2*)Y3dx ~ 0.200
0

1/2 ) 1/2
32. 14 2%) Y4 :/ 1-= =
/0 (L4a7) e = | 17 TRt T "

z° — T
32 896
15

—1/2- %(1/2)3 + 3%(1/2)5 EECNCY S

896

1

15 1/2 1
but ——(1/2)" < 0.5 x 107° so / 1+ YV4de~1/2 — —(1/2) + 33(1/2)5 ~ 0.4906
0

896

12

439
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33.

34.

35.

36.

(a)

(b)

(c)

(d)

(e)

(a)
(b)
(c)

(a)

(b)

(c)

(a)

S

k=1

By Parts (c) and (d) and the remark, Z

In Exercise 33(a), set x =

C_l)k+1

k

k=0

Chapter 10

k=1 k=1

[t 5] e f] -E

1g_

3 (1-1/3)2 4

converges by the Alternating Series Test.

+oo (_1)k+1
z¥ converges to In(1 + z) for —1 <z < 1.
k=1

1/3 3

In Part (b) set z = 1/4,5 = In(4/3)
In Part (e) set £ =1,5 =1n2

-1, _ N2 o Ll 34 5 6 -
o= [t ao-c= [ (1= 54 fat o Fat o

5 x7+-~> —C; sinh ' 0 =050 C =0.

(=1/2)(=3/2)(=5/2)--- (=1/2 -k +1) ()

k!
k=1
o0
1-3-5---(2k — 1)
_ k 2k
=1+ (-1) Sl 22,
k=1

o0

R1:3-5--(2k—1) 94y

R=1

sin

-1

T

k=1

+1)

1
:/(1—x2)_1/2dm—02/<1+2x2—|—3x4—|—5m6+~-~>dx—C

{

aj+lx3+ix5+ix
6 40 112

8 16

7+> —C,Siﬂ710:Osoc:O
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(=1/2)(=3/2)(=5/2)--- (=1/2 =k +1) (—a?)"
k!

(“DH (/2 WE)E) - 2k~ 1)
k! (

Mg

by (1-22)"=1+

£
Il
-

Mg

1+ —1)kg2k

k

Il
_

1-3-5---(2k—1) o

:1+

2k k]
k=1
._ 1-3-5-(2k — 1)
1,.__ 2k+1
o x_CH; PRIk +1)
(¢) R=1
2 (=1)k(0.000121)*¢*
37, () w(t) = .
k=0
(b) y(1) zyo(1—0.000121t)} = 0999879y,

(€)  yoe 0000121 ~ (0.9998790073y,

t t t
38. (a) IfcR:OtheneCt/mml—c,andv(t)%<1—c> (v0+@>—@:vo—(
m m c c m

m

(b) The quadratic approximation is

M

ct ct)? m, m, cv c m,
(1—+( )2>(vo+g)—g=vo—(0+g)t+2(vo+g>t2.
2 c c m m c

39. 60y =5° =7/36 rad, k = sin(w/72)

L
(a) T~ 2m, /5 = 27/1/9.8 ~ 2.00709

L >
(b) Tm2m /= (14 )~ 2008044621
g

(c) 2.008045644

40. The third order model gives the same result as the second7 because there is no term of degree three

/2
n (5). By the Wallis sine formula, /0 sint ¢ do = 5 ig and

/2 K2r  3k*3nm
Tad4,)= 1 k2 —k‘* dp=4y/= (= + omor
/ ( + sin’ ¢ + sin d)) 10) ( 51 + 3 16
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2
41. (a) i o = mo (1= 20/ Rt 30/ B —4h" R+ --)

T (R+h)? (1+h/R)?
(b) If h =0, then the binomial series converges to 1 and F' = mg.
(c) Sum the series to the linear term, F' ~ mg — 2mgh/R.

mg — 2mgh/R 2h 229,028
Q) MITEMINT 2 g 21200 ) 9973, so about 0.27% less.
(d) mg R 4000 - 5280 » 80 about 0.27% less

42. (a) We can differentiate term-by-term:
o k 2k 1 > ( k+1 2k+1 by s (—1)k+1(2k‘—|—1)x2k q
Z 92k~ 1l<:' Z 22k+1 k1KY _Z 2T (f 4 1)k
k=1 k=0 k=0

zy" +y +ay =

© ( )k+1(2k+1 2k+1 i ( k+1 p2k+1 > (71)kx2k5+1

P DI 22k+1 TES DR I
k=0

k=0 k=0

oo k+1 22T 9k 41 1
1 / -11=0
ry' +y +ay= kZ:: 22k: E!)2 |:2(k+1) + 2(k+1) }
0o 2k+1 oo -1 k 2k+1 x2k71
(b) Z =

- 2k+1kv (k+1)! £ 2R (k= )I(k+ 1)

e (—l)kl‘%'H & ( k 1l‘2k+1

. . 2 S
Since Ji(z) = Z m and z*Jy (z Z 53— 1 T it follows that
k=0 k=1

2%y +ay + (2® = 1)y

o0

2k+1) 2k+1 S 2k+1) 2k+1 S ( k 1 2k+1
:kz_:l 2% I(k+ 1) Z_: %Hk' (k+1)! +2122k1 —1)lK!

e (_1)kx2k+1

_Z 2k+1
k:02 HEN K+ 1)!

o0 Yo g 2k+1 2k +1 2%k +1 1
Z 2k—1( _1|kl(2(k+1)+4k(k+1)14k(k+1))0'
f: (—1)k+1g2h+1 N

oG -

1\3\%%
l\D\H

(¢) From Part (a), Jj(z) =

43. Let f(x Zakx = Z bpz® for —r < z < r. Then aj = f(k)(O)/k! = by, for all k.
k=0 k=0

CHAPTER 10 SUPPLEMENTARY EXERCISES

(k) © L) (g
1@ Y by 3Ty
k=0 k=0

9. (a) always true by Theorem 10.5.2

(b) sometimes false, for example the harmonic series diverges but > (1/k?) converges
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10.

11.

12.

13.

14.

(c)
(d)
(e)
()
(8)
(h)
(1)
)
(k)
M

(a)
(b)
(c)

(a)
(c)

(a)
(b)

(c)

(a)

(b)

(a)

(b)

(c)

sometimes false, for example f(z) =sin7z,ar, =0,L =0

always true by the comments which follow Example 3(d) of Section 10.2

1 1
Z 4 (=1)"=
2+( )4

sometimes false, for example u, = 1/2

sometimes false, for example a,, =

always false by Theorem 10.5.3

sometimes false, for example uy = 1/k, v, = 2/k
always true by the Comparison Test

always true by the Comparison Test

sometimes false, for example > (—1)%/k

sometimes false, for example > (—1)%/k

false, f(z) is not differentiable at & = 0, Definition 10.8.1
true: s, = 1if n is odd and s9, =1+ 1/(n+ 1); lir+n sp =1

false, limay # 0

geometric, r = 1/5, converges (b) 1/(5% +1) < 1/5%, converges

9 > 9 = z 9 diverges
VE+1 "~ VE+vE  2VE iZ2VE &
converges by Alternating Series Test

k+2
-1

absolutely convergent, Z { } converges by the Root Test.

k—1/2 kT di
2 +sin?k 2 +1 3k Z 3p CVerees

1 JR - 1
Proiel < et ; 1/ k3 converges, so ; Proiel converges by the Comparison Test
=1
Limit Comparison Test, compare with the divergent series Z 7275 diverges
k=1
1/k 1 (1/k
(ms]i2/)’ 72 Z 2 converges, SO Z M converges absolutely
k=1
— Ink
because In1 = 0,
kzzl kVk Z k\f
T ng . 2Inzx 4 1 > Ink
/2 mdx = ZETOO [_331/2 — 551/2} ) =v2(In2+2) so ,;2 7372 Converges
k4/3 k4/3 1 0

1
> _ 1
8k2+5bk+1 — 8k2+5k2+ k2 145:2/3° kz::l 145273 iverges

oo
1
absolutely convergent, ; Pl converges (compare with Y 1/k?)
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15.

16.

17.

18.

19.

20.

21.

22,

23.

24.

Chapter 10

: 1 .
no, kEIJ?oo ar = # 0 (Divergence Test)

(a) po(CC) = 17p1(‘r) = 1- 7$,p2($) = 1-Tz+ 5:627])3(17) = 1-"Tz + 5:172 + 4I3a
pa(z) =1 — Tz + 5z? + 423

(b) If f(x) is a polynomial of degree n and k > n then the Maclaurin polynomial of degree k is
the polynomial itself; if £ < n then it is the truncated polynomial.

In(1+z)=x—22/2+; so|ln(1 + x) — z| < 22/2 by Theorem 10.7.2.

sinz =2 — x3/3! + 2°/5! — 27 /7! + - - - is an alternating series, so
|sine — 2+ 23/3! — 2°/5! < 27/7' < 77 /(477") < 0.00005

1 2 4 6 1
1 —cosx T T T 1 1 1 1
——dz = — —l = — —---,and —— < 0.0005,
/0 z [2~2! 1466 , 220 14 6ol e 5 6!
11— cosz 1 1
SO / — dr = Sl oAl 0.2396 to three decimal-place accuracy.
0 N . * .

gk /" 2
(a) p= lim ( ) = lim = 0, converges

k—+o0o E o k—+o0o /L
(b) p= lim ui/k = lim —= = e, diverges
k—4oc0 k—+o0 m

(a) 1<k 2<k3<k,. ..,k<k, therefore1-2-3---k<k-k-k---k, or k! <EkF.
1 1
(b) Zk—k < Zﬁ’ converges

1\"/* 1
(c) khril <kk> = klirf 7= 0, converges

100 99 1 1 1
- _ (9 )\ _(9_ )= _~_
(2) w00 ;; b kz b ( 100) < 99> 9900

=1

1 1 1
b) w=lifork>2u=(2--)—(2- - I =0
(b) uy=1ifor k2 2,u, ( k) ( k—l) Kk — 1) ketoo
= R : 1
© Dw= tm Yw= iy (2-]) =2

(a) i (2?; - ;) = i 2% —i 3% = <§> %1/2) - (g) %1/3) = 2 (geometric series)
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(b) E”: n(k+1) —Ink] =In(n+ 1), so i ln(k+1)—Ink] = lim In(n+ 1) = 4o0o, diverges

n—-+oo

k
" 1/1 1 1 1 1 1 3
li il )= lim - (14— — —— | =2
(©) nirfook_lz(k k+2> nirfoo2(+2 n+1 n+2) 1

: —1 -1 . -1 1 T T i
(d) nEIEOO > [tan™'(k+1) — tan~ ' k] = ngrfoo [tan™'(n+1) —tan™'(1)] = 5 1=1
25. (a) e2-1 (b) sinmt=0 (c) cose (d) e m3=1/3
26. ap = . /ap_1 = a,i/_zl = ,16/42 =...= ai/Qkﬂ — c1/2"
(a) If c=1/2 then klir_{l ar = 1. (b) if ¢ =3/2 then kliI-&I-l ap = 1.
27. e " =1-—x+2?/2!+ . Replace z with —(£5322)?/2 to obtain
2 4
_(z—léoo)Z/Q 1 (x — 100) (x — 100) o th
¢ 2162 CRSTTRE
1 110 (x —100)%  (z —100)*
~ 1-— d 0.23406 or 23.406
D 16v25 J1o0 [ 5 162 + S 160 } T~ or %.
3
28. f(x) =we” =z +2° +§+7+ k' ,
3 k+1
f(z) = (z+ 1)e” _1+2x+%+—+ 1 + (1) = 2e.
N 111 - .
29. Let A=1-— 5 + ErR + -+ -; since the series all converge absolutely,
w2 1 11 172 2 P
T _A=29 2 27 1 el A_f—:—.
6 22+ 2 T T 2(+ Tyt ) 26 7726 12
30. Compare with 1/kP: converges if p > 1, diverges otherwise.
1 3 3 k+1 1
31. Sa? 4 2 cup= lm —— |z ==
(2) @+ g0t b ot 4 gpat b p = T g lel = glel,
converges if f|m\ <1, |z] <3s0 R=3.
2 2 8 k+1 1
34 252 B N | 2 _ 2.2
(b) —a® 4 ga? = gat i ga® = p= M ol = gl
1
converges if §|x\2 <1, |z <2, |z] < V2s0 R=V2.
32. By the Ratio Test for absolute convergence, p = khlf |37—b$0| — |x_b$0|; converges if
|x — xo| < b, diverges if | — x| > b. If x = xy — b, Z(—l)k diverges; if x = xzo + b,
k=0

oo
Z 1 diverges. The interval of convergence is (zg — b, zg + b).
k=0
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33.

34.

35.

36.

Chapter 10
z)? Mk x)8 x z? 28 .
IfoO,thencos\/Ezl—(\g) +(\£) —(\g) +-~=1—a+ﬂ—a+~--;1fz§0,then
—7)2 /)4 —\6 2 3
cosh<¢fx>=1+(\/f) + o +N6?) L

By Exercise 74 of Section 3.5, the derivative of an odd (even) function is even (odd); hence all
odd-numbered derivatives of an odd function are even, all even-numbered derivatives of an odd
function are odd; a similar statement holds for an even function.

(a) If f(x) is an even function, then f*~1(z) is an odd function, so f*~D(0) = 0, and thus
the MacLaurin series coefficients asx—1 =0,k =1,2,---.

(b) If f(z) is an odd function, then f(?*)(z) is an odd function, so f(¥)(0) = 0, and thus the
MacLaurin series coefficients asp, =0,k =1,2,---.

c? 2¢2’ /T—02/c2 B

v\ 2 v? 1
(1—) ~1+4+ so K = moc? | ———= — 1| = moc?(v?/(2¢*) = mov?/2

o0 1
(a) / ﬁdx < 0.005if n > 4.93; let n = 5.

(b) s, = 1.1062; CAS: 1.10628824



