CHAPTER 9

Mathematical Modeling with Differential
Equations

EXERCISE SET 9.1

1. oy =22%e""/3 = 2%y and y(0) = 2 by inspection.

2. y =2 —2sinz, y(0) = 3 by inspection.

d d
3. (a) first order; ﬁ =¢ (14 x)d—z =(14+2z)c=y
(b) second order; y' = ¢y cost —cosint, y”' +y = —cysint — cacost + (¢1sint 4 cacost) =0

d
4. (a) first order; Qd—y+y:2(f§eﬂc/2+1) tee ™ pr—3=x-1
x

(b) second order; y' = cie! — cze™t, ¥ —y = cre’ + et — (cre’ + c2e7!) =0

1dy dy d
— — — — 1— — —_— =
ydx xdz+y’ dx( ) =y

d
6. 2z +1y? +2xydy

— =0, by inspection.
x

d
7. (a) IF:pu= e3fde — g3 e [ye?’x] =0,ye3” =C,y = Ce 3

d
separation of variables: Y _ —3dz,In|y| = =3z + C,y = £e 3% = Ce™3

including C' = 0 by inspection

d
—[ye ] =0,ye % = C,y = Ce*

b) IF: = e 2/dt — =2t
(b) =2 = o

d
separation of variables: Y 2dt, Inly| = 2t + Cy, y = +e“1e = Ce!
including C' = 0 by inspection

d
8. (a) IF:u= e 4 zde — 6*2””2, e [ye*%Q] =0,y= Ce>’

d
separation of variables: P dz, Inly| = 22% + Oy, y = e 2" = (Oe2e”

including C' = 0 by inspection

(b) IF: pu=eld =t % [ye'] =0, y=Ce™*

d
separation of variables: Y —dt, Inly| = —t + Cy,y = +ere t = Ce™?
Yy

including C' = 0 by inspection

9. pu=elddr =3 37y — /eJC dr=e¢"+C,y=e"2" 4+ (Ce 3

d 1 1
10. p=e2fwde — eo® — [ye””2] = xe””2,g/egc2 =z 4 Ciy=-+ Ce™
dx 2 2
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11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22,

23.

24.

p=eld® = et oy = /egC cos(e”)dx = sin(e®) + C, y = e *sin(e”) + Ce™*

1 : 1 1 1
@+2y:§“u:ej2dm:62x’ €2my2/562xdx:1621+07y:Z+O€72m

jﬁ+ 2ily:07u:ef(x/(x2+l))dx:e%ln(xz-i-l) = $2+1>

A

i[y J:Q—I-l}:O,y\/xQ—i— ZC,yZL

dx ‘/$2+1
ﬁ"'y:1+er’Nze-fda::ewaewy:/1—iezd‘r:1n(l+ez)+cvy:eiajln(l"_ew)"_ceix

1 1
—dy = —dzx, In|y| = In|z| + C, ln’g‘ = C’l,g =+ =C,y=Cx
Yy x x x

including C' = 0 by inspection

d 1 1
1 +yy2 =z?dz,tan"ty = §x3 + C,y = tan <3333 + C)
dy x _iTaZ —/TTa?
=— de,In|14+y| = —V14+22+Cy, 1 +y=Fe VT = Qe VIte?
T+y ~ vira o mitrvi=oy ity
y=Ce VIte® _ 1.0 +£0
ddr y?* 1 4 2 4
ydy =155 = g0 +ah) + 02" =In(1+2") + Oy = +/[In(1 +2%) + C]/2
1 9 . . . .
— 4y | dy = e®dzx, Inly| +y*/2 = e* + C; by inspection, y = 0 is also a solution
Y
d
Y _ —zdz, Inly| = —2%/2+Cy, y = teCrema/2 = Ce*$2/2, including C' = 0 by inspection
Y
sinx
eVdy = ——dz =secrtanzdr, e¥ = secx + C, y = In(secx + C)
cos? x
W _ (14 2)de,tan~! e tan(z + 22 /2 + C)
= x) dx,tan =r+— = tan(z +
ey : y 5 0y
d d 1 1 —
y__ .x ,/ —_—t — dy:/cscxda:, n|Z =In|cscx — cot x| + C1,
y2—y sinz y y—1 y
—1 1
yT::I:eCl(cscx—cot:v):C(cscx—cota:), y = lfC’(cscxfcotxyO#O;

by inspection, y = 0 is also a solution, as is y = 1.

1 3 cos

dy = dx, — Y
tany secx siny
siny — :I:eSSinz+Cl — i601€3sinm — C€3sinm’0 7& 0,

y =sin"? (C’e3 Si‘””)7 as is y = 0 by inspection

dy = 3coszdzx, In|siny| = 3sinz + C4,
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25.

26.

27.

28.

29.

30.

31.

32.

33.

dy d

dz dx 2

@)2:%D:%+Q022y=xﬂ+W@@
(b) 2=y(-1)=-1/2-C,C=-5/2,y =x/2—5/(2x)

d 2
l:xdl‘7 1n|y|:%—|—ch y:ieclem2/2:cem2/2
Y

(a) 1=y(0)=CsoC=1,y=e"/2

1 =2
- — — ZeT /2
(b) 3 y(0)=C,soy 26

= effxd:v — 67932/2, 67w2/2y _ /$67w2/2dx _ —67w2/2 +C,

y=-14Ce®/2,3=-14+C,C=4,y=—1+4e*/?

p=eldt = ¢t ety:/Zetdt:2et+C,yz?—i—C’e‘t,1:2+C,C:—1,y:2—e_t

2 4 2 4
(y + cosy) dy = 4a? du, % +siny = -2 + C, % +sinT = 5(1)3 +C, 5

3
2
4 .
C’:%—§,3y2+651ny:8x3+37r2—8
dy _ - L o
d—:(z+2)ey,e Vdy = (z + 2)dzx, —e yzix +224+C,-1=0C,
x

1 1 1
—e_y:§x2—|—2x—1, e_y:—§x2—2x+1,y:—1n (1—2x—2m2>

20y — 1)dy = (2t + 1) dt,y?> -2y =t +t+C,1+2=C,C=3,y* -2y =t>+t +3

’ SlIthCy = coshz o= ef(sinha:/ coshz)dx _ 6lncoshz
coshz ’

2

1 - 1
f—l-;y:l, uzej(l/m)‘“:elnxzx, —Jzyl =, xy= 2> +C, y=2/2+C/x

= coshz,

Chapter 9

1 1 1 1 1
(coshz)y = /costhdx = /é(coshQ:ch 1)dz = 1 sinh2z+ -z +C = 3 sinh z coshx + §x+C,

1 1 1 1 1 1
y= §sinhx+ §xsech x+Csechz, - =C,y= -sinhx + ixsech T+ Ksech T

4 2

dy dz 1
—=—,1 =-1
@ L= Iyl = 5nlel +Ci,

lyl = Claf'/?, y* = Cu

by inspection y = 0 is also a solution.

(b) 1=C(2)2,C=1/4,4% =z/4
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34.

35.

37.

39.

40.

Y2 22
(a) ydy:—xdx,?:—?—l—cl,y::t C? — 22
y=1225-x2
b) y= 25— x2
() y =v0.25 - x2
-3
d rdr
gy:fix2+4, 36. y +2y=3el, p=e2 =2t
1 d . )
In|y| = —3 In(z? + 4) + C, T [yezt] =33, ye? = 3 + O,
B C y:6t+0672t
! \/m 100
1.5

/—\ c=2 =12

C=0)e————mT————o |-
=2 . . ‘|12
—_— C=-1
—— | )= ~100
-1
1 2

(1 —y?)dy = 2 du, 38. (y+y> dy = dzx, ln|y|+%:x+C’1,

y3 z? 3 3 y2/2 Ch x ;
y—§=§+Cl,x 4y —-3y=C ye = +e“1e® = Ce” including C' =0

y

1
Of the solutions y = , all pass through the point (O7 _C) and thus never through (0, 0).

1
222 - C
A solution of the initial value problem with y(0) = 0 is (by inspection) y = 0. The methods of
Example 4 fail because the integrals there become divergent when the point z = 0 is included in

the integral.

1 1
If yo # 0 then, proceeding as before, we get C' = 22> — —, C' = 23 — y—, and
Y 0

1
Y= omp_ 222 + 1/yo
last condition will be satisfied if and only if 223 —1/yo < 0, or 0 < 223y < 1. If yo = 0 then y = 0
is, by inspection, also a solution for all real x.

, which is defined for all x provided 2x? is never equal to 223 — 1/yo; this
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41.

42.

43.

44.

45.

46.

Chapter 9

d 2
di’ — el e Vdy = xdz, —e Y = %+C’,x:2wheny=()so 1=240,C=-3,224+2Y =6
XL

d 2 .
—y:g,?ydy:?)o:zdx,f:x‘3+C’,1:1+C,C:0, 2
dx 2y -

y? = 2%, y = 2%/2 passes through (1,1).

0 /1.6
0

dy . . .

i rate in — rate out, where y is the amount of salt at time ¢,

dy Y 1 dy 1

—:42—(—)2:——, — 4+ —y= d 25.

U= @@) — (2) @) =8 520 50 L+ 5y =8 and y(0) =25

o= ef(1/25)dt _ et/257 et/25y _ /8€t/25dt _ 2006t/25 +C,

y =200+ Ce /25 25 =200+ C, C = —175,

(a) y=200—175e"t/?> oz (b) when t =25, y = 200 — 175¢ ! ~ 136 oz
dy Yy 1 dy 1

— = (5)(10) — ===(10) = 50 — — + —y =50 and y(0) = 0.

5 = (0)(10) = 5,5(10) 0¥ dt+ y and y(0) =

W= ef it = et/%, et/QOy = /5Oet/20dt = 1000e'/2° + C,
y = 1000 4+ Ce=*/20, 0 = 1000 4+ C, C' = —1000;
(a) y=1000 — 1000e~*/?% 1b (b) when t = 30, y = 1000 — 1000e ' ~ 777 Ib

The volume V of the (polluted) water is V' (¢) = 500 + (20 — 10)¢ = 500 + 10¢;
if y(¢) is the number of pounds of particulate matter in the water,
1 dy

dy Y 1

then y(0) =50, and — =0— 102 = ——y, — + ——y=0; p=el B =50+ t;
en y(0) =50, and V504 d T sogdl U HRTC *
d

(50 +1)y] = 0, (50 + 1)y = €, 2500 = 50y/(0) = C, y(t) = 2500/ (50 +1).

The tank reaches the point of overflowing when V' = 500 + 10t = 1000, ¢ = 50 min, so
y = 2500/(50 + 50) = 25 1b.

The volume of the lake (in gallons) is V' = 2647r?h = 2647 (15)23 = 178,200~ gals. Let y(t) denote
dy 3Y
1082

the number of pounds ofdmercury j;ults at time ¢, tthen i 0 v - 17 8 o Ib/h and
_ ay _
= 107°V = 1.7827 b; Iny = Oy, y = Ce™t/(178:2m) "and
vo TTs2n MY T TTmsan UMY OC o
C =y(0) = 107> V = 1.7827, y = 1.7827me~t/(178:2™) 1 of mercury salts.
t 1 2 3 4 5 6 7 8 9 10 11 12

y(t) | 5.588 | 5.578 | 5.568 | 5.558 | 5.549 | 5.539 | 5.529 | 5.519 | 5.509 | 5.499 | 5.489 | 5.480
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47.

48.

49.

50.

51.

(a)

(b)
(c)

@ + £’U = —gu=e (¢/m) [dt _ 6ct/rn i |:U€Ct/m:| _ gect/m ct/m _ _@ect/m +C

dt 7dt c )

V= —7—1-06_@/7”', but vy = U(O) — _@_’_070 _ UO+@7U — _@_A'_(UO =+ @) e—ct/m
C C C C C

Replace % with v, and —ct/m with —gt/v, in (23).
From Part (b), s(t) = C — vt — (vo + vT)v—Tefgt/”T;
)

so = s(0) = C—(Uo—FUT)%, C= so—l—(vo—&—vT)%, s(t) = so—th—F%(vo—l—vT) (1 — e_gt/”T>

Given m = 240, g = 32,v, = mg/c: with a closed parachute v, = 120 so ¢ = 64, and with an open
parachute v, = 24, ¢ = 320.

(a)

(b)

dl

dt

(a)

Let t denote time elapsed in seconds after the moment of the drop. From Exercise 47(b),
while the parachute is closed

o(t) = e 9 (vg+v;) — v, = e 3H/120(04120) — 120 = 120 (e=*/1° —1) and thus
v(25) = 120 (6*20/3 — 1) ~ —119.85, so the parachutist is falling at a speed of 119.85 ft/s

120
when the parachute opens. From Exercise 47(c), s(t) = so — 120t + 3—2120 (1 - e_4t/15) ,
5(25) = 10000 — 120 - 25 + 450 (1 - 6*20/3) ~ 7449.43 ft.
If ¢ denotes time elapsed after the parachute opens, then, by Exercise 47(c),

24
s(t) = 7449.43 — 24t + 3 (—119.85 + 24) (1 - e‘32t/24) = 0, with the solution (Newton’s
Method) ¢t = 307.4 s, so the sky diver is in the air for about 25 + 307.4 = 332.4 s.

i

R V()  wyfa_ ryr 4 rynpy V) gy
*I T,/,L—e E = e ,&(6 I)—Te

1/t 1 t
TR = 1(0) + / V(o™ Fdu, 1(1) = (0)e /% 4 o=/ / V(w)eP /Ly,
0
6 L6
It 75t/2/ 1265%/2 4y — 65t/265u/2:| _9Y (1 B 675t/2) A
5 o 5
lim I(t) = § A
t—+oo 5

(b)

From Exercise 49 and Endpaper Table #42,

(a)

1 t 2u t
I(t) = 15e % + gefzt/ 3e?“sinudu = 15¢ 2" + efzt%(Q sinu — cos u)}
0 0

ot Lo Lo

=15e"“" + —(2sint — cost) + —e~".

5 5
d k
@ _ 67fg,v:fcln(mofkt)fgt+C’;v:0Whent:OsoO:fclnmoJrC,
dt mo—k?t

(b)

C = clnmg,v = clnmg — cln(mg — kt) — gt = cln — gt.

mo
mo — kt
mg — kt = 0.2mg when t = 100 so

v = 25001n —9.8(100) = 25001n5 — 980 ~ 3044 m/s.

mo
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52.

53.

54.

55.

56.

57.

58.

(a)
(b)

(c)

(a)

(b)

(a)

Chapter 9

By the chain rule, 20 = 040 _ 20 @02
y the chain rule, — =~ — = —vso m— =mv .
_ T gy = —dz, —hl(kv +mg) = —x+ C;v =vg when z = 0 so
kv2—|—mg 2k g » U— 00 =

m kv +mg
C= % ln(kvg + mg), ok ln(kv +mg) =—x+ % ln(kvg +mg),r = 5 nm.
T = Tmaz When v =0 so

m kg +mg  3.56x107% (7.3 x 1075)(988)% + (3.56 x 1073)(9.8)

mazx — —1 = - ~1298
v o " mg  2(7.3x105) (3.56 x 10-3)(9.8) o

A(h) = m(1)? = w,w% — —0.025Vh, %dh = —0.025dt, 2mvVh = —0.025¢ + C; h = 4 when
0.025

t =0, s0 4w = C, 2mVh = —0.025¢ + 47, Vh = 2 — - hhm(2- 0.003979t).
h =0 when ¢ ~ 2/0.003979 ~ 502.6 s ~ 8.4 min.

A(R) =6 [20/T= (h— 2| =12v/4h — 12, o
dh
4h — h2 = —0.025V'h, 12v4 — hdh = —0.025dt,
| -
—8(4 —h)*? = —0.025t + C; h = 4 when t = 0 s0 C' =0, ”‘2{1//2
(4 — h)3/% = (0.025/8)t, 4 — h = (0.025/8)%/3¢%/3, h
h x4 —0.021375t%/3 ft

8
(b) h=0rwhent= (- 0)3/2 = 2560 s ~ 42.7 min
W 0.0m0%, L dv = —0.04dt, — 1 = —0.04t + C3v = 50 when £ = 0 50— = C
w_ S do = —0.04dt. — > — — — 50w —0so ——
dt 2 ’ v 50 ’
1 1 50 dx dr 50
= 004t - — = ——— . B = — =25In(2t 4+ 1
» 0.04¢ =50 2t_’_lcm/s ut v pridr il vt 5In(2t + 1) + Cy;

x=0whent=0s0C; =0,z =25In(2t+ 1) cm

dv
dt

2,/0 =

—0.02v/, \f = —0.02dt,2v/v = —0.02t + C;v =9 when t =0 s0 6 = C,
9 dr dz 9
—0.02¢t + 6,v = (3 —0.01¢)* cm/s. But v = il = (3 —0.01¢)°,
100 100

x:—7(3—0.01t) + C1; £ =0 when t = 0 so C; =900,z = 900 — ?(3 0.01¢)* ¢

d
Differentiate to get d—y = —sinz + efzz,y(()) =1.
x

(a)

1 dP d
Let y = ;[H(:E) + C] where y = P®), = p(z), —H(x) = pg, and C is an arbitrary

constant. Then

Wb plaly = L) — Lol(0) + €1+ playy = o - Ll (@) + €T+ plaly =
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1
(b) Given the initial value problem, let C' = p(zo)yo— H(x0). Then y = —[H (x)+C] is a solution
W

of the initial value problem with y(z¢) = yo. This shows that the initial value problem has
a solution.

To show uniqueness, suppose u(x) also satisfies (5) together with u(zg) = yo. Following the
arguments in the text we arrive at u(z) = —[H(x) + C] for some constant C. The initial

condition requires C' = p(xo)yo — H(zg), and thus u(z) is identical with y(z).

dH d dH dG

59. Suppose that H(y) = G(z) + C. Then d—y% = G'(z). But e = h(y) and = g(x), hence
y(x) is a solution of (10).

60. (a) y ==z and y = —z are both solutions of the given initial value problem.

(b) /ydy = —/xdx,y2 = —2? + C; but y(0) = 0, so C = 0. Thus y*> = —x?, which is
impossible.

61. Suppose I; C I is an interval with I; # I,and suppose Y () is defined on I; and is a solution of (5)
there. Let zo be a point of I;. Solve the initial value problem on I with initial value y(xo) = Y (x0).
Then y(x) is an extension of Y (x) to the interval I, and by Exercise 58(b) applied to the interval
I, it follows that y(x) = Y (z) for « in I;.

EXERCISE SET 9.2

1. AY 2 Y 3. Y
b)) AN\ 2K Y0) =2
: : y0) =1
2 ,//// 2 __
S VN fooiffoi oy A R 5\)‘
x x
T T 2 3 4 B
b0 =1
d d
4. —y+y: Lp=el & =¢ [ye®] =e®, ye* =e* + C,y=1+4+Ce™*

dzx " dx
(a) -1=14C,C=-2,y=1—2e""
b) 1=1+C,C=0,y=1

(¢) 2=1+C,C=1l,y=1+e"*
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_ 672] de _ ,—2z

6. ——2y=—x, u e ", —[ye

dz

1 1
ye 2% = Z(QI +De ™ +C, y= 1(2m +1) + Ce*

(a) 1=3/4+Ce% C=1/(4e?), y= i(2x+ 1)+ ieQH

1 1
(c) 0=—-1/4+Ce2, C=¢€2/4, y= Z(Qac +1) + 162”2

+oo ifyo >1/4
—o0, ifyy<1/4

Ty o o-{
9. (a) IV, since the slope is positive for z > 0 and negative for z < 0.

(b) VI, since the slope is positive for y > 0 and negative for y < 0.

(c) 'V, since the slope is always positive.

(d) TI, since the slope changes sign when crossing the lines y = +1.

(e) 1, since the slope can be positive or negative in each quadrant but is not periodic.

(f) 1III, since the slope is periodic in both z and y.

11. (a) wo=1, no 1 2 3 4 | s

Ynt1 = Yn + (@n + ¥5)(0.2) = (5, + 6yn)/5 X, 0 02 04 06 08 10

Yo 1 120 148 186 235 298
! - d —x —x
(b) v —y=z, p=c", Az [ye™] = we™, X, 0 (02 04 06 | 08 10

ye = —(z+1)e"+C, 1=—1+C, y(x,) I 124 158 204 265 344

C=2y= —(:C + 1) 4 2e” abs. error 0 0.04 | 0.10 0.19 030 0.46
perc. error | 0 3 6 9 11 13

I I I I
02 04 06 08 1

X
>

12. h=0.1,y,.1 = (z, + 11y,)/10

n 0 1 2 3 4 5 6 7 8 9 10
X 0 0.1 02 03 04 05 06 07 08 0.9 1.0
Yo 1.00 0 1.10 | 1.22 136 | 153 172 194 220 249 282 3.19

In Exercise 11, y(1) ~ 2.98; in Exercise 12, y(1) ~ 3.19; the true solution is y(1) ~ 3.44; so the
absolute errors are approximately 0.46 and 0.25 respectively.
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13. Yo = 1,yn+1 =Yn+ \/yn/2

n 0 1 2 3 4 5 6
Xp 0 0.5 1 1.5 2 2.5 3
Yn 1 1.50 | 2.11 | 2.84 3.68 4.64 5.72

14. Yo = 1ayn+1 =Yn + (xn - y721)/4

n 0 1 2 3 4 5 6
Xn 0 025 050 0.75  1.00 | 1.25 1.50
Yn 1 0.75 | 0.67  0.68 0.75 0.86 0.99

1 .
15. yo=1,yn41 =Yn + 5 Sinyn

n 0 1 2 3 4
Ih 0 0.5 1 1.5 2
Yn 1 142 192 239 273

16. Yo =0, Yny1 =Yn +e ¥ /10

n 0 1 2 3 4 5 6
Iy 0 0.1 02 03 |04 |05 |06
Yo 0O 0.10 | 0.19 | 027 | 035 042 049

1
17. h=1/5 yo=1, Ynt1 = Yn + gcos(27m/5)

n 0 1 2 3 4 5
In 0 02 | 04 H 06 @ 08 1.0
Yn 1.00 0 1.06 | 090  0.74  0.80 1.00

d
18. (a) By inspection, d—y =¢ ™ and y(0) =
x

(B) Yns1 = Yn + €% /20 = y,, + ¢~ (/207 /20 and y5 = 0.7625. From a CAS, y(1) = 0.7468.

7 8
35 4
691  8.23

7 8
1.75 | 2.00
1.12 | 1.24

7 8 9 10
07 |08 |09 1.0
0.55 1 0.60  0.66 0.71

0.

1.5

1¢

0.5

381
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19. (b) ydy = —adw, y?/2=—2%/2+ Cy, 2> +y? = C; if y(0) = 1 then C = 1 s0 y(1/2) = /3/2.

20. (a) yo=1,Ynt1=yn+ (VUn/2)Az
Az =0.2: Yny1 = Yn + /Un/10; y5 ~ 1.5489
Az =0.1:ypy1 = Yn + /¥n/20; y10 ~ 1.5556
Az =0.05: Ynt1 = Yn + /Un/40; y20 =~ 1.5590

dy 1
c) —==-dzr,2/y=x/2+C,2=0C,
€ = e 2 =a/
Vi=z/4+1Ly=(z/4+1)%
y(1) = 25/16 = 1.5625

EXERCISE SET 9.3
dy 9 dy 2
L (a) — =ky" y(0) = yo, k>0 (b) — = kv y(0) =yo.k >0
ds 1 d?s ds
3. -~ == b) — =2—
@) 5 =3¢ (b) Tz =%
dv d?s ds\?
4. — = —? by — =_-2(2=
@) % v (b) Gz (dt)
dy t/100
5. (a) - =0.01y, yo = 10,000 (b) y = 10,000¢!
1 1
(c) T= z In2= X In2 = 69.31 h (d) 45,000 = 10,000e!/190,
' 45,000
t=100In ——— ~ 150.41 h
10,000
1 1
. k=—In2=—In2
6. k T n 20 n
d
(a) S5 = ((n2)/20)y, y(0) =1 (b) y(t) = et /20 = pt/20
(c) y(120) =25 =64 (d) 1,000,000 = 2t/20,
In 106
¢ =201 398,63 min
In2
dy B 7. a1 _ In2 N
7. (a) o =—ky, y(0)=50x 107383 =T = -In2 50 k = - ~ 0.1810
(b) y=5.0x 107 0-181¢
(c) %(30) =5.0 x 107e~ 0181069 ~ 219,000
In0.1
d t) = (0.1)yo = yoe ", —kt =In0.1, t = — =12.72d
(d) y() = (0.1)yo = yoe ™, n0.1, 01310 72 days
1 1 dy
8. (a) k= T In2= 140 In 2 ~ 0.0050, so i —0.0050y, yo = 10.

(b) y = 106—0.0050t
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10.

11.

12.

13.

14.

16.

17.

18.

19.

(c) 10 weeks = 70 days so y = 10e793° ~ 7 mg.
In0.3

d) 03y =yoe ™, t=——T—
(d) 0.3yo = yoe ", 0.0050

~ 240.8 days

1
100e%-92 = 5000, €202t = 50, t = 03 In 50 ~ 196 days

1
y = 10,000e*t, but y = 12,000 when ¢ = 10 so 10,000e'°* = 12,000, k = — In1.2. y = 20,000 when

10
In 2 In 2
9= eh, t = HT = 1olnn1 5 ~ 38, in the year 2025.
1. 35 1
y(t) = yoe * = 10.0e =%, 3.5 = 10.0e ¥, | = - In oo~ 0.2100, T = z In2 =~ 3.30 days

1
y = yoe *t 0.6yo = yoe K, k= —% In0.6 ~ 0.10

In2
(a) T:%%&er

(®) y(t) ~ yoe 010 Y nr 7010 5 =010t % 100 percent will remain.
Yo

In2
(a) k= % ~ 0.1386; y ~ 2e01386¢ (b) y(t) = 50015t
1
(c) y=1yoe", 1 =yoeF, 100 = ype'®*. Divide: 100 = %%, k = 5 In100 ~ 0.5117,
y ~ yoe" T also y(1) =1, so yo = ™17 & 0.5995, y &~ 0.5995¢% 117"
In2
(d) k= nT ~ 0.1386, 1 =y(1) ~ yoe”'?%, yo ~ e7 % ~ 0.8706, y ~ 0.8706¢% 125

_1n2

(a) k T~ 0.1386, y ~ 10e0-1386¢ (b) y = 10e~0-015

. 1
(c) 100 = ype ", 1 = yoe 1%, Divide: e =100, k = g In 100 = 0.5117;
yo = €' ~ >~ 166.83, y = 166.83¢ 11T,
In2
(d) k= nT ~ 0.1386, 10 = y(1) =~ yoe 1380 4o ~ 101386 ~ 11.4866, y ~ 11.4866¢O-1386¢

(a) None; the half-life is independent of the initial amount.
(b) kT =1n2, so T is inversely proportional to k.
In2 . . ,
(a) T= 7 and In2 ~ 0.6931. If k£ is measured in percent, &' = 100k,
In2 69.31 70
henT = — = ~—.
then 2 N %

(b) 70 yr (c) 20yr (d) 7%

Let y = yoe** with y = y; when t = ¢; and y = 3y; when t = t; + T; then yoe*** = y; (i) and
1
yoeP 1+ T) = 3y, (ii). Divide (ii) by (i) to get T =3, T = Z In 3.

t In0.27
From (12), y(t) = yoe~2-000121¢ Tf (.27 = v _ e 0000121t oy 4 — 0

Yo ©0.000121
t In0.30
if 0.30 = @ then ¢t = — —— 0 9950, or roughly between 9000 B.C. and 8000 B.C.
o 0.000121

~ 10,820 yr, and
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20.

21.

22,

23.

24.

25.

26.

27.

Chapter 9
(a) ! (b) ¢ = 1988 yields
y/yo = ¢~ 0-000121(1988) ., 707
0 Y/ 50000
0
~ ~ ] s 2-8 he boi 16
Yo =~ 2, L = 8; since the curve y = S passes through the point (2,4), 4 = G
1
6e 2k =2 k= 5 I3~ 0.5493.
400,000
yo ~ 400, L =~ 1000; since the curve y = —————— passes through the point (200, 600),
400 + 600e—*?
400,000 _o00r 300 1
= = — = — .25 ~ (0.00405.
600 100 T 600c—200%” 600e 3 k 200 In 2.25 = 0.00405
(a) yo=5 (b) L=12 (c) k=1
60 4

(d) L/2=6= STt 547¢ " =10, t = —1n(5/7) ~ 0.3365

dy 1

2o ya2- 0)=5
(&) = y(12y), y(0)
(a) yo=1 (b) L =1000 (¢) k=09

1000 1
_ 9 —0.9t =4 t=—1 . ~ 8.894

(d) 750 T3 999¢00%" 3(1 4+ 999¢ ) , 09 n(3-999) ~ 8.8949

dy 0.9

— = ——y(1000 — 0)=1
()~ = 1000 y), y(0)
See (13):
(a) L=10 (b) k=10

d
(c) dit/ = 10(1 — 0.1y)y = 25 — (y — 5)? is maximized when y = 5.

1

(a) L = 50,000 (b) k=50

(c) % 1s maximized when 0 = d%lg (ﬁ) =50 — /500,y = 25,000

Assume y(t) students have had the flu ¢ days after semester break. Then y(0) = 20, y(5) = 35.

dy

(a) e ky(L —y) = ky(1000 — y), yo = 20
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28.

29.

30.

31.

32.

385

. 20000 1000
(b) Part (a) has solution y = 20 1+ 9800 F — 11 490
1 1
35 000 k=0.115, y ~ 000

T 1+ 49¢ 5k 1 4 49¢—0-115¢°

(¢ [slol1l2l3lalslel 78 901112/ 13]14

¥(® 2022 25 28 31 35 39 44 49 54 61 67 75/83|93

(d) Y
100~
751
50
25
\\\\\\\\\\\\\\l
3 6 9 12
dp
L kp, p(0) =
(a) ah p, p(0) = po

() po=1,s0p=e " but p=0.83 when h = 5000 thus e~590% = (.83,

In0.83 —0.0000373h
= — ~ U. =~ : tm.
£000 0.0000373, p~e atm
dT dr
(a) o= —k(T — 21), T(0) = 95, T —kdt, In(T —21) = -kt + C4,

T=21+e%e =214Ce* 95=T(0)=21+C,C =74, T =21+ T4e"*!

64 32 32\°
b) 85=T(1)=21+T7de * k=—In— = —In——=, T =21 + 74et™B2/37) — 91 y 74 [ ==
(b) (1) =21+ Tde™", Do =-lng, +Tde +T( )

=~ 6.22 min

30 (32)t7 . _ In(30/74)

T =51 when 2o — (22 4= WY/
Wt 7 T \37 n(32/37)

dr

i E(70 = T),T(0) = 40; —In(70 = T) =kt + C, 70 — T = e *e~C T = 40 when t = 0, so
70 — 52 5

30 = e™C, T=70—30e7M; 52 =T(1) = 70— 30, k= —In =" = In 3 ~ 05,

T ~ 70 — 30e -5

Let T denote the body temperature of McHam’s body at time ¢, the number of hours elapsed after

dT dT
10:06 P.M.; then — = —k(T — 72), ———— = —kdt, In(T —72) = —kt + O, T = 72 + e,
dt T—72
3.6

77.9=72+4+¢%, =59, T=72+59 % 756=72+59¢"" k=—In @ ~ 0.4940,

In(26.6/5.
T = 72+5.9¢~ %4949 McHam’s body temperature was last 98.6° when t = _%ﬁgg) ~ —3.05,

so around 3 hours and 3 minutes before 10:06; the death took place at approximately 7:03 P.M.,

while Moore was on stage.

dT dT
If Ty < T, then i k(T, —T) where k > 0. If Ty > T, then i —k(T — T,) where k > 0;

both cases yield T'(t) = T, + (To — T,)e™** with k > 0.
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33. (a) y=yobt = yoe!™? = ype!* with k =Inb > 0 since b > 1.
(b) y=yob' = yoe!'"? = yoe ** with k = —Inb > 0 since 0 < b < 1.
(c) y=4(2") = 4¢t!n? (d) y=4(0.5") = 4¢t05 = ge—tin2
34. If y = yoe®* and y = y1 = yoer™ then yi /yo = e, k = %; if y = yoe ¥t and
y=y1 =yoe * then yy /yo = e 1, k = —W'
EXERCISE SET 9.4
1. (a) y=¢e%, 9y =22 oy =4e**;y" —y/ —2y=0
y=e "y =—ety =y -y -2 =0.
(b)) y=c1e®® +coe™®, Y =2c1€%* — e, Y =4c1e® dcre %y —y —2y=0
2. (a) y=e 2 oy =272 ¢ =de 2y + 4y +4y =0
y=xe 2 y = (1 —-2w)e 2 y' = (4o —4)e 2%, y" + 4y + 4y = 0.
(b) y=cre 2 4 come™* ' = —2c1e72% + cp(1 — 22)e 2%,
Y’ =dc1e7% + co(dr — 4)e 2% " + 4y’ + 4y = 0.
3. m*+3m—4=0,(m—-1)(m+4)=0;m=1,—-450y=cre® + cae **.
4. m*+6m+5=0,(m+1)(m+5)=0;m=—1,-5s0oy=cre ¥+ coe %
5 m?—2m+1=0,(m—-1)2=0;m=1,s0y = c1e® + cowe®.
6. m2+6m+9=0,(m+3)2=0;m=-3850y=cre 3+ core 3",
7. m2—|—5:O,m:i\/gisoy:clcosﬁx—i—czsin\/gx.
8. m?+1=0, m==2isoy=cycosz+cysinz.
9. m?—m=0, mm—1)=0;m=0,1s0y=rc; + cze”.
10. m2+3m =0, m(m+3)=0;m=0,-3s0y=cy+cee 2.
11. m?+4m+4=0,(m+2)2=0;m=—2s0y=cre 2 + cate™ 2.
12. m?2—10m+25=0, (m—5)2=0; m =5 so y = c1e’ + cate™.
13. m?—4m+13 =0, m =2+ 3i so y = €**(cy cos 3z + ca sin 3).
14. m? —6m +25=0, m =3 £ 4i so y = e3*(cy cos 4z + ¢ sin 4x).
15. 8m>—2m—1=0, @m+1)2m —1)=0; m= —1/4,1/2 50 y = cre~%/* + cye*/2.
16. 9m?> —6m+1=0,(3m—1)2=0;m=1/3s0y = c1e*/3 + cowe®™/>.
17. m?*+2m—-3=0, (m+3)(m—1)=0;m = —-3,150 y = c1e 3% + cze” and y = —3c1e 3% + cpe®.

Solve the system ¢; +cy =1, —=3c; +co =5toget ¢; = —1, 3 =250 y = —e 3% + 2¢%.
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18.

19.

20.

21.

22,

23.

24.

25.

26.

27.

28.

29.

m2—6m—7=0,(m+1)(m—-T7)=0;,m=—1,780y =cre ®+coe™, 3y = —cre™% + Tcze™
Solve the system ¢1 +co =5, —c1 +Tca =3 toget c1 =4, co =150y =4e ™ +¢e™®.

m?2—6m+9=0 (m—32=0;m=3s0y=(c1 +cx)e’® and y = (301+02+302x) . Solve
the system ¢; =2, 3¢y +co =1to get ¢ =2, co = —5 50 y = (2 — 5x)ed”

m24+4m+1=0,m=—-2++v3s0y=cre” 2+V3)z 4 ye(—2- ‘f)r

Y = (=24 V3)er e VT L (=2 — \/3)cpe(-27 V)2 Solve the system c1+c2 =5,
(- 2+\/§)cl+( 2—\/3)02—4t0get01 5+7 3,c2=32—1V3s0
y=(3+5V3) eI+ (3 - 5V3) e
m?2+4m+5=0,m=—-2+is0y=e 2%(c;cosx + czsinw),

y' = e 2%[(cy — 2¢1) cosx — (c1 + 2¢o) sinx]. Solve the system ¢; = —3, ¢a — 2¢; =0
toget c; = =3, co = —6 80 y = —e 2%(3cosx + 6sinx).

m? —6m+13—0 m =3+ 2i so y = e3*(cy cos 2z + ¢ sin 2z),
y' = e3*[(3c1 + 2¢a) cos 2z — (2¢1 — 3cg) sin 2z]. Solve the system ¢; = —1, 3¢y + 2¢2 = 1
to get ¢ = —1, ca = 2 s0 y = €3%(— cos 2z + 2sin 2z).

(a) m=5,-2s0(m—>5)(m+2)=0,m%—3m—10=0; y’ — 3y — 10y = 0.
(b) m=4,4s50 (m—4)?=0,m*>—-8m+16=0; y’ — 8y’ + 16y = 0.
() m=—-1%x4diso(m+1—4i)(m+1+4i)=0,m?>+2m+17=0;y" + 2y + 17y = 0.

is the general solution, but coshz = %ew + %e‘w and sinhx = e — 5e77

cre® 4+ coe™ "

so cosh z and sinh x are also solutions.

m? +km+k=0m=(—k+Vk?—4k) /2
(a) k% —4k >0, k(k: )>O k<Oork>4
(b) k2 —4k=0;k= (c) kK2—4k<0,k(k—4)<0;0<k<4

dy dydz 1ldy
:1 — = —— = — —
FTUY G T dzde zdz and
?y d <dy> d <1 dy>1d2y dz 1dy 1 d% 1 dy

dz? ~ dzr \dz dr \z dz r dz?2 de 22 dz 2% dz? 22 dz’
d
substitute into the original equation to get sl —|— (p— 1)d—y +qy =
2
d?y dy
(a) F+2d—+2y—0 m?+2m+2=0;m=—-1%1iso
1
y=-e “(c1cosz+ cogsinz) = —[¢; cos(lnx) + co sin(Inx)].
x
d? d
M) “Y 2% 9y m2-—2m-2=0;m=1+3s0
dz2 dz
y = 11TV 4 0pe(1=V)z = ¢ g 14V3 | () 1-V3
m24+pm+q=0 m= %(—pi VP2 —4q). If 0 < g < p?/4 then y = c1€™% + c2e™2% where

my < 0 and my < 0, if ¢ = p?/4 then y = c1e /% 4 cywe P*/2, if ¢ > p? /4 then
y = e P%/2(cy cos kz + ey sin kx) where k = 1/4g — p2. In all cases liIE y(z) = 0.

(a) Neither is a constant multiple of the other, since, e.g. if y; = kyo then ™% = ke™2%
elmi=m2)z — L But the right hand side is constant, and the left hand side is constant only
if my = mo, which is false.
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30.

31.

32.

33.

34.

Chapter 9

(b) If y; = kyo then e™® = kxe™® ka = 1 which is impossible. If yo = y; then ze™® = ke™?,
x = k which is impossible.

y1 = e*® cosbx, y} = e (acosbr — bsinbr), y] = e**[(a® — b?) cos bx — 2absin bx] so

v+ pyl +qyr = e**[(a* — b + ap + q) cos bz — (2ab+ bp) sinbz]. But a = —3p and b = §/4q — p?
so a? —b*+ap+q =0 and 2ab+ bp = 0 thus y} + py} + qy1 = 0. Similarly, yo = €*® sin bx is also
a solution.

Since y1 /y2 = cot bx and yo/y1 = tan bz it is clear that the two solutions are linearly independent.

(a) The general solution is c;ef® 4+ coe™®; let ¢; = 1/(p—m), co = —1/(n — m).
eHT _ omT
(b) lim ——— = lim xe!® = ze™".
H—m Iu —m H—m

(a) IfA=0,theny’ =0,y =c +cex. Use y(0) =0 and y(r) =0 to get ¢ = cg = 0. If
A < 0, then let A = —a? where a > 050 3" —a?y =0, y = 1% + coe~*®. Use y(0) = 0 and
y(m) =0 to get ¢; = co =0.

(b) If A >0, then m?> + X =0, m?> = =\ = \i%2, m = £V \i, y = cicosVAz + cosinvAzx. If
y(0) = 0 and y(7) = 0, then ¢; = 0 and ¢; cos VX + casinmV/A = 0 s0 casinmv/A = 0. But
o sinmyv/\ = 0 for arbitrary values of ¢y if sinTvVA =0, VA =nm, A=n2forn=1,2,3,...,
otherwise ¢y = 0.

k/M =0.25/1=0.25
(a) From (20), y = 0.3 cos(t/2) (b) T=2r-2=4ns, f=1/T =1/(4r) Hz
(c)

(d) y =0 at the equilibrium position,

y
0'37 sot/2=m/2,t =T s.
- . (e) t/2 =7 at the maximum position below
1 1
| 2 4

the equlibrium position, so t = 27 s.

—-03F

64=w=—-Mg, M =2, k/M =025/2=1/8, \/k/M =1/(2V/2)
(a) From (20), y = cos(t/(2v/2))

(b) T = QWﬁ = 271(2V/2) = 47mV/2 s,
f=1/T =1/(4n\/2) Hz

VAL
Y

(d) y =0 at the equilibrium position, so t/(2v/2) = 7/2,t = 7v/2 s
(e) t/(2v2)=m,t=21V25

(c)
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35. [ =0.05 k/M =g/l =9.8/0.05 =196 s~

(a) From (20), y = —0.12 cos 14¢. (b) T=2r/M/k=21/14=7/T s,
f=7/m Hz

(d) 14t=mn/2, t=m/28s

y
/\ /\ () lt=mrm t=n/14ds
R'AY

- 7 7

36. =05, k/M =g/l =32/0.5=064, \/k/M =8

(c)

0.15

-0.15

(a) From (20), y = —1.5cos 8t. (b) T =2m\/M/k=2r/8=m/ds;
f=1/T=4/7 Hz
() 47 (d) 8t=7/2, t=n/16s

L (e) 8t=m t=m/8s

37. A ey = 1pCo ﬁt SO *@* ﬁs' ﬁt
. Assume y = yg S”M , v_dt_ ym/M mUM

[k [k
(a) The maximum speed occurs when sin i t =41, i t=nn+m/2,

| k
—t=0,y=0.
50 cos |/ 5 , Y
(b) The mini d hen sin /- £ =0, /-t = VR
e minimum speed occurs when sin /-t =0, 4/ 57t = n7, so cos [ -t = £1, y = Lyo.

M 472 47?2 w A2 w  Ar?w+4
38. T=2 — k="M= —— k=——=——— 25w=09 4
(a) ™ 5 T2 7% 4 % S0 g 25 v (w+4),

472 w 472 1 2

9
2 = = — kzi—zi—:—
bw=w b w= k=g = 1T 3

= ©o

(b) From Part (a), w =

39. By Hooke’s Law, F(t) = —kx(t), since the only force is the restoring force of the spring. Newton’s
Second Law gives F(t) = Mx"(t), so Mz"(t) + kx(t) = 0, 2(0) = xo,2'(0) = 0.

[k [k
40. 0=v(0) =4'(0) =2 M,SOCQZO; yo = y(0) = ¢1, 80 y = yo cos Mt.
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41. (a) m?+24m+144=0,(m+1.2)2=0,m = —1.2, y = Cre~ /> 4 Cote=6/5

6 16 16
Ci=1,2=y(0)= —:C1+ 0y, Co= 2, y= e 0t/5 4 Etefﬁt/f’

(b) o/(t) =0 when ¢ = £, = 25/48 ~ 0.520833, y(t,) = 1.427364 cm
16
(c) y= 5 e 5/5(t +5/16) = 0 only if t = —5/16, so y # 0 for t > 0.
42. (a) mi4+5m+2=(m+5/2)?%—17/4=0,m = —5/2+V17/2,
y= 016(75+\/ﬁ)t/2 + 026(757\/ﬁ)t/2’

—5+\/ﬁ0 —5— 17
- 1

Cr+Cy=1/2, 4 =4/(0) 5 t—p O
17 — 1117 17 + 11V17
Cl = 302 =
68 68

_ m (=5+VI7)t/2 M —(5+VIT)t/2

Yy = (& + €
68 68
y

0.5

04F

031

021

0.1H

-0.1
-0.2
-0.3F
—04k
—-0.5%-

(b) ¥'(t) =0 when ¢t =t =0.759194, y(¢t;) = —0.270183 cm so the maximum distance below the
equilibrium position is 0.270183 cm.

(c¢) y(t) =0 when t =ty = 0.191132, y/'(t2) = —1.581022 cm/sec so the speed is
|y (t2)] = 1.581022 cm/s.



Exercise Set 9.4 391

43.

44.

(a)

(b)

(c)
(d)

(a)

(b)

m?+m+5=0m=—1/2+ (v/19/2)i, y = e~/2 [Cy cos(v/19t/2) + Cosin(v19¢/2)] ,
1= y(0) = 1, ~35 = y/(0) = 41/2)01 T (VI9/2)Ch, Oy = —6/\/T6,
y=e Y2 cos(v/19t/2) — (6/1/19 e~/ ?sin(+/19t/2)

y'(t) = 0 for the first time when ¢ = t; = 0.905533, y(¢1) = —1.054466 cm so the maximum
distance below the equilibrium position is 1.054466 cm.

y(t) = 0 for the first time when ¢t = ¢t = 0.288274, y'(t2) = —3.210357 cm/s.

The acceleration is y”(t) so from the differential equation " = —y’ — 5y. But y = 0 when
the object passes through the equilibrium position, thus y” = —y’ = 3.210357 cm/s%.

m?+m+3m=0,m=—1/2+11i/2, y=e "2 [C; cos(V11t/2) + Cysin(v/11t/2)],
—2=y(0) = C1,v0 = ¢'(0) = —(1/2)C1 + (V11/2)Cs, Ca = (vo — 1)(2/V/11),

y(t) = e7¥/2 [~2cos(V11t/2) + (2/V11)(vg — 1) sin(v/11t/2)]

y'(t) = e /2 [ug cos(V11t/2) + [(12 — vg)/V/11] sin(v/11t/2)]

We wish to find vg such that y(¢) = 1 but no greater. This implies that y'(¢) = 0 at that
point. So find the largest value of vy such that there is a solution of y/'(¢) = 0,y(t) = 1. Note

\/1]. U(]\/].l

that ¢'(¢) = 0 when tan Tt = 1

. Choose the smallest positive solution ty of this

equation. Then

Q\F th 712[(0071)2+11].

Y oty =1+ta =
i 2 " (vo — 12)2

V11
Assume for now that vy < 12; if not, we will deal with it later. Then tan Tto <0, so

RVAT) V11 2v/3y/(vo — 1)2 + 11

— < —tp <, and s to =
5 5 10 7, and sec 5 to v — 12

Vo — 12
V3 /(g —1)2+11’
V11 voV/11

11
to = tan to cos to = , and
0 2 0 2 T 9B/l 12+ 11

V11 2(vg — 1 V11 —1)2+11
y(to) = e~ /2 | —2cos to + (vo —1) sin to| = e’t°/2—<vo s .

2 V11 2 V3
Use various values of vg,0 < vy < 12 to determine the transition point from y < 1 toy > 1
and then refine the partition on the values of v to arrive at v ~ 2.44 cm/s.

11
and cos 5 to =

sin
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45. (a) m?>+35m+3=(m+15)(m+2),y=Cre 32 4 Che 2,
1= y(O) =Cy+Cy,v9 = y’(O) = —(3/2)01 —2Cy, Cy =4+ 2vy,Cy = —3 — 2vy,
y(t) = (4 + 2u0)e 32 — (34 2ug)e 2
(b) o =2,y(t) =832 —Te=2t vy = —1,y(t) = 2e73/2 — =2t
vy = —4,y(t) = —4e 32 4 52
)7
2+
| vy =2
vo=—
| 1 | X
1 \2 3 4 5
1k vy=-4
d d d
46. d—:i +p(z)y = c% +p(z)(cyr) = ¢ [dytl +p(x)y1} =c-0=0
CHAPTER 9 SUPPLEMENTARY EXERCISES
4. The differential equation in Part (c) is not separable; the others are.
5. (a) linear (b) linear and separable (c) separable (d) neither
d 1 1
6. IF: pu= 6_2””2, — {ye‘mﬁ] = xe_2””2, ye_gﬂ”2 =2 4 C,y=—+ Cex’
dz 4 4
Sep of var: —~— =z dx 1ln|4 +1| = x—z—&—C dy+1 = +e2C1e2" = Cpe®’; y = —1—|—C’e2162
P . 4y+ 1 - ' 4 Yy - 2 1, 4Y - — L2 y Y= 4 ’
including C' =0
7.

The parabola ky(L — y) opens down and has its maximum midway between the y-intercepts, that

1 d
is, at the point y = (0 + L) = L/2, where d% = k(L/2)? = kL?/4.
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8.

10.

11.

12.

13.

14.

(a) If y = yoe*, then y; = yoek'r, yo = yoekt2, divide: yy/y; = eFt2—1) | | = P— In(y2/y1),
2— 1
In2 to —t1)In2
— ni — % If y= yoe_kt, then Yy = yoe_ktl’ Y = yoe_ktZ7
k In(y2/y1)
In2 (tg—t1)1n2
— o—k(ta—t1) k= — 1 T=—-—"-=——-—
Y2/y1 =e ) Pa— n(y2/y1), k )
to —t1)In2
In either case, T' is positive, so T' = ’W‘
In(y2/y1)
In2
(b) In Part (a) assume ¢y = t; + 1 and yo = 1.25y;. Then T = nios ™ 3.1 h.
nl.
d AT o d d
d—‘t/ = —kS;but V = gr{ d—‘t/ = 47r1"2d—:, S = 4mr2, so dr/dt = —k,r = —kt + C,4 = C,

r=—-kt+4,3=-k+4,k=1,r=4—tm.

Assume the tank contains y(t) oz of salt at time ¢. Then yg = 0 and for 0 < ¢t < 15,

% =5-10— ﬁm = (50 — 3/100) oz/min, with solution 3 = 5000 4+ C'e =¥/ But 3(0) = 0 so
C' = —5000, y = 5000(1 — e~/199) for 0 < t < 15, and y(15) = 5000(1 — e=15). For 15 < t < 30,
CC% _ O_Wy()o& y = Cre=t/200 00075 — y(15) = 5000(1—e~"13), Oy = 5000075 — 0075

y = 5000(e07 — e70-075)e /100 4(30) = 5000(e 07 — =07 )e 0% ~ 556.13 oz.

(a) Assume the air contains y(t) ft3 of carbon monoxide at time ¢. Then yo = 0 and for

d d 1
>0, % = 0.04(0.1) — —2(0.1) = 1/250 — y/12000, = [yet/lzooo] = ——¢t/12000,

dt 1200 250
yel/12000 — 4get/12000 L () = 0, C' = —48; y = 48(1 — e~ */12990) Thus the percentage
of carbon monoxide is P = 12yw100 = 4(1 — e ¥/12090) percent.

(b) 0.012 = 4(1 — ¢~ ¥/12000) "¢ — 36.05 min

=dr, tan 'y =x+C, n/4=C; y = tan(x + 7 /4)

y?+1

11 dr 1 1
<5+) dy=—, -7y "+ hlyl =Mz +C; -7 =C, y™" +dIn(z/y) =1

vy z’ 4
d 2 : d
EL Sy =dax, p=el /D — g2 — [ya®] = 42®, y2* =2 + C, y = 2° + Ca™?,
dr = dx

2=y(1)=1+C, C=1,y=a>+1/2?



394 Chapter 9

d 1
15. y—g:4se022xdaj, ~=2tan2r+C, ~1=2tan (zg) +C:2tan%+C:2+C, C =3
B 1
y_3—2tan2x
dy dy [ 1 1 } y—S‘
16. =dz, =dr, |—— — ——| dy=dx, In =xz+ (1,
y? =5y +6 (v=3)(y—2) y—3 y-2/" =2 :
y—3 ) In2-3 3—2Ce® 3In2-6-—(2ln2—6)e”
Y72 Cer, y=m2ifz=0, 50 C= —2 2.y = -
y—2 YT e E O T Y T T T Cer T Tn2—2— (In2- 3)e

17. (a) p=e Jd =¢7 % [ye™*] = we~ " sin 3z,

3 3 1 2
ye ¥ = /xe’x sin 3z dx = (—x — > e *cos3z + <—x + ) e *sin3x + C

10 50 10 25
3 53 3 3 1 2 53
]_: = - = — = _— _ _— — 1 —__ T
y(0) 50+C, C 0’ y ( wx 50) cos3x+< 10x—|—25> sm3m—|—5oe
(c) Y
47

In2
19. (a) Let Ty =5730—40 = 5690,k = ;— ~ 0.00012182; T5 = 5730+ 40 = 5770, k2 ~ 0.00012013.
1

1 1

With y/yo = 0.92,0.93, t; = —kflni = 684.5,595.7;ty = —k—ln(y/yo) = 694.1,604.1; in
1 Yo 2

1988 the shroud was at most 695 years old, which places its creation in or after the year 1293.

(b) Suppose T is the true half-life of carbon-14 and Ty = T'(1+4r/100) is the false half-life. Then
In2 In2

point in time a reading of the carbon-14 is taken resulting in a certain value y, which in the
case of the true formula is given by y = y(¢) for some ¢, and in the case of the false formula
is given by y = y1(¢1) for some t;.

we have the formulae y(t) = yoe ™, y1(t) = yoe ¥*. At a certain

1
If the true formula is used then the time ¢ since the beginning is given by ¢ = ~Z L1
Yo

1
the false formula is used we get a false value t; = - In ﬂ; note that in both cases the
1 Yo

value y/yo is the same. Thus t;/t = k/ky = T1/T = 1+ r/100, so the percentage error in
the time to be measured is the same as the percentage error in the half-life.

20. (a) Yni1 =Yn +0.1(1+5t, —yn), Yo =5

n 0 1 2 3 4 5 6 7 8 9 10
Iy 1 1.1 1.2 1.3 14 15 1.6 1.7 1.8 1.9 2
Yo 500  5.10 | 524 542 562 586 6.13 641 672 7.05 739
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(b) The true solution is y(t) = 5t — 4 + 4e! =t so the percentage errors are given by

t, 1 1.1 1.2 1.3 14 | 15 1.6 1.7 1.8 1.9 2
Y 500 510 524 542 562 586 6.13 641  6.72 7.05 7.39
y(t,) 500 512 527 546 568 593 620 6.49  6.80 7.13 747

abs. error 0.00 | 0.02  0.03 0.05 0.06  0.06 0.07 0.07 0.08  0.08 0.08
rel. error (%) 0.00 038 | 0.66  0.87 1.00 1.08 1.12 1.13 | 1.11  1.07 1.03

21. (a) y=Cre® + Cge*® (b) y = C1e®/? 4 Cyze®/?
() y= e~ /% |0 cos gw + Cysin gx

22. (a) 2ydy =dz,y?> =2+ C;if y(0) =1then C =1, 9% =2+ 1,y = Vo + 1; if y(0) = —1 then
C=1y’=z+1y=—Vor+1

y y

d 1
(b) —g:—lvdx, ——=—2?4C, -1=C,y=1/(z*+1)
Yy Y

. . . 1805 1805
23. (a) Use (15) in Section 9.3 with Yo = 19,L = 95: y(t) = W7 == y(l) == W,
- _ _ _ YL —kt_ 5 9
k ~ 0.3567; when 0.8L = y(t) = 19+ 760" 19 + 76e™"" = 0= t =~ T7.77 yr.
dy _ Yy _
(b) From (13), = =k (1 - %) y, y(0) = 19.
k | M [k IM . |k
24. (a) yo=y(0)=c1, vo=9y(0) =c2 M Co = ?"UO’ Y = Yo COS MtJF’UO ?sm Mt

(b) 1=05,k/M =g/l =9.8/0.5=19.6, .

1
1 . i
y = —cos(v19.61) + 0.25\/m sin(v19.6t) /\ /\
/AVAY)
1.1
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25.

26.

27.

28.

29.

Chapter 9

(¢) y=—cos(v19.6t) + 0.25——sin(v19.6t), s

W

25 \°
lymax| = \/(—1)2 + <05> =~ 1.10016 m is the maximum displacement.

v19.6
2mt
yfyocosw/ t T= 271'\/ yocosi
2T
(a) v=9y'(t)= — Y0 sin ? has maximum magnitude 27|yo|/T and occurs when

2nt)T = nmw + /2, y = yo cos(nm + m/2) = 0.

2

27t
(b) a=4vy"(t)= —%yo cos % has maximum magnitude 472|yo|/T? and occurs when

27t /T = jm, y = yo cos jm = tyo.

(a) Int years the interest will be compounded nt times at an interest rate of r/n each time. The
value at the end of 1 interval is P + (r/n)P = P(1 + r/n), at the end of 2 intervals it is
P(1+7r/n)+ (r/n)P(1+7/n) = P(1+7/n)?, and continuing in this fashion the value at the
end of nt intervals is P(1 +r/n)™

(b) Let  =r/n, then n = r/x and
hm P(1+r/n)" = hm P(1+xz)"/® = lim P[(1+ z)'/*]"t = Pe™.

z—0t

(c) The rate of increase is dA/dt =rPe" =rA.

(a) A =1000e90) = 1000e"* =~ $1,491.82
(b) Pe008)(10) = 10,000, Pe%® = 10,000, P = 10,000e%® ~ $4,493.29
(c¢) From (11) of Section 9.3 with &k =r = 0.08, T' = (In2)/0.08 ~ 8.7 years.

The case p(x) = 0 has solutions y = Cry; + Cay2 = Ci1z + Co. So assume now that p(x) # 0.

d*y d d
The differential equation becomes ﬁ + p(x )% =0. Let Y = ﬁ so that the equation becomes
dY

Tr + p(x)Y = 0, which is a first order separable equation in the unknown Y. We get

i

dy

v = —p(z)dz,In|Y| = — /p(ac) dz, Y = +e~ [ P@)de,

Let P(x) be a specific antiderivative of p(z); then any solution Y is given by Y = +e

for some C;. Thus all solutions are given by Y (t) = Coe~P®) including Cy = 0. Consequently
d

d—y = Cpe P@ 4 = C’g/e*P(I) dx + Cs. If we let y1(z) = /e*P(m) dz and ya(x) = 1 then
i

y1 and yo are both solutions, and they are linearly independent (recall P(x) # 0) and hence
y(z) = c1yi (@) + caya(z).

—P(z)+Cl

& |5Hr + 5302

5 = ky(t)y'(t)+My'(t)y"(t) = M y’(t)[%y(t) +y"(t)] = 0, as required.



