CHAPTER 8

Principles of Integral Evaluation

EXERCISE SET 8.1

1 1 1
1. u=3-2z,du=—2dz, —§/u3du:—§u4+C’:—§(3—2x)4+C

10.

11.

12.

13.

14.

15.

16.

17.

1 2 2
u =4+ 9z, du = 9dz, §/u1/2du=ﬁu3/2—|—02—(4—|—9x)3/2+0

u =22, du = 2zdz,

27

1 1 1
f/seczuduz Etanu—i—C: itan(:nQ) +C

[\V]

u = 12, du = 2xdz, 2/tanudu: —2In|cosu|+ C = —21n|cos(2?)| + C

1 d 1 1
u =2+ cos 3z, du = —3sin 3zdx, —3 —u:—gln|u|+C’=—§ln(2+0053m)+0
u
3z 3 2 du 1 du 1 1
= —,du==d - == = —tan~! C = —tan"'(3z/2) + C
U= AT o 3/4+4u2 6/1+u2 gt ut O = gtan— (3z/2) +

u=e%, du = e dr, /sinhudu:coshu+0:coshew—l—C

1
u=lInz,du= —dz, /secutanudu:secu+0:sec(lnx)+c
x

u = cotx,du = — csc? zdex, —/e“du:—e“—l—C’:—eCOtI—FC
1 d 1 1
u =22, du = 2xdz, 2/\/iiug_?sin_lu+0_2sin—l(x2)+0
Tz, d 7sin Txd L [wd Lsyo L o724 C

= S = — S111 _ = = —— = —— S

u = cos 7x,du sin Txdzx, - [ wdu ok 13 €08 7%
. du 1+ V14 u? 1++v/1+sin’z
u = sinz, du = cos x dx, —=—h|—— |+ C=—-In|————Mm———
uvu? +1 U sin

u = e%, du = e dr,

/%zln(u—f— u2—|—4)+C:1n<ew+ 621+4)+C

1 _
u:talflfzz,du—7dx7 eudu:e“JrC:etanl“"JrC
1+ 22
1
=1 —2,du= ———dx, 2 [e"du=2e"+C=2eV""24C
vem2du=sor— /

1 1 1
u = 32% + 2z, du = (6z + 2)dx, i/cotuduziln|sinu|+(}':51nsin|3x2+2x|+0

u=+/z,du=

1
NG

dx, /QCoshudu:2Sinhu+C:251nh\/E+C’
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+C
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18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

d d
u:lnm,du:f, /?u:ln|u|+0:1n|lnx\+0

Chapter 8

uzx/f,du:%dm, /23#:2/6_“1“3&;:—%6_“1“3—#0— ES Ve
u = siné, du = cos 0do, /secutanudu =secu + C = sec(sinf) + C
ufg,du:f%dw, *E/CSChQUdUZECOthU+C:ECOthg+C

T T 2 2 2 T

\/573 ln‘x—i—\/ ‘—i—C
u=e * du=—e "dz, —/4iuu2 :—iln‘;jz —|—C’=—iln 3_1_272 +C

1
u=Inz, du= —dx, /cosudu:sinu+0:sin(lnz)—|—C
x

et dr

d
7 7u:sin_1u+czsin_le$+c
= e

u = e” du = e"dx,

23/2

1
uw=ax"1? du=———7dx, - /2sinhudu = —2coshu 4 C = —2cosh(z™/?) + C

1 du 1 1 1
2 :2 — = — S = — 51 = — 51 2
z°, du rdr, 2/secu 2/005udu 251nu—|—0 251n(£ )+ C

e
I

2u = €%, 2du = e*dz, =sin"tu+ C =sin"'(e”/2) + C

/ du
V4 — 4u?

477" = 4 = —2%In4,du = —2zIn4de = —21In 16 dz,

1 1 1 1 2
- Udy = — u C=_—_—"_ —2%In4 C=_——"—_4¢* C
mie) ¢ T e T 16" + mie. T
27rx:ewxln2 /Qﬂxdx: 1 eﬂzln2+C: 1 2ﬂm+0

’ mln2 mln2

EXERCISE SET 8.2

u=uz,dv=e %z, du=dr,v=—e"% /xefxda: =—ze ¥+ /eﬂ”dac =—ze—e+C

1 1 1 1
u=zx, dv=e3*dx, du=dzx, v= g@Sm; /me3”’daz = gme&’ ~3 /egxdx = gxegx —

u =12, dv=e%dzx, du =2z dzr, v =€ /m%”dw = 22 — 2/:66”6190.
For /mewdx use u =z, dv = e”dz, du = dx, v = e* to get

/xexdx =ze* —e* 4 (7 so /:CQezdx = z%e® — 2ze® + 2¢% + C

1
§€3z + C
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10.

11.

12.

319

1 1
u=2a% dv=e"**dx, du =2xdzr, v= —56_21; /xQe_%dm = —§$26_2I + /xe_%dx

For /:ce*%d:c use v =z, dv = e~ 2%dx to get

1 1 1 1
—2x T2 - —2x — _ T2 _ 2
/a:e dx = er + 5 /e dx Qxe 46 +C

SO /xQe_dex =

1
u =z, dv=sin2zxdx, du =dzr, v = ficos2x;

1 1
—§x26_2” - ixe_% — e 4O

1 1 1 1
/zsin2xd:c: fixcos2:c+§/cos2xd:c: 7§x(}082$+181n21‘+c

u =z, dv=-cos3xdr, du =dx, v= %sin?)x;

/xcos3acdx: %xsinSx— %/sin?)mdx: %xsin?)x—l—%cos?)x—i—c

u=2x2, dv=coszdr, du=2xdx, v=-sinz; /;v2cosxdx:x2sinx—2/xsinmdx

For /:csinzdx use u = x, dv = sinx dx to get

/xsinxdm: —xcosx +sinx + C; so/x2cosxdx:x2sinx+2mc0sx—28inx+6'

uw=2% dv=sinzdr, du=2zxdzr, v=—cosx;

/$2Sin$d$= —x2005x+2/xcosxdx; for /xcosxda: use u = x, dv = cos x dx to get

/xcosxdx::csinx+cosx+01 so/xzsin:cdx:fx2cosx+2xsinm+2(zosx+0

1 2
u=Inz, dv=+adr, du= ;dm, v = §x3/2;

2 2
/ﬁlnxdm:gmg/anx—g/xl/ZdaE:
1 1,
u=Inz, dv =2xdx, du = —dzx, v = —z*;
T 2

u= (Inx)? dv=dx, du =2——dx, v = x;
x

Inx

2
2302

4
Inx — 5303/2 +C

2 2

1 1 1 1
zlnzdr = §x21nx— f/wdx =-2?lnzx — Za:Q—i—C'

/(1nx)2dx =z(lnx)? - 2/lnmdx.

Use u =1Inz, dv = dzx to get /lnxdx:xlnx—/dx:xlnx—x—FCl SO

/(lnx)Qdm =z(lnz)? —22zlnx + 2z + C

u=Inz,dv=

f

—dz, du = dacva\/»/

Inx

——dr =2v/rlnz— 2/ —dz =2y/zlnz—4/z+C
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13. u=1In(2x +3), dv =dz, du = dx

2x+3dm,v:x;/1n(2x+3)dx:xln(2x+3)—/

2z 3 3
but dr = 1-— der =z — —1In(2
u /230—1—3 x /( 236_'_3) r=z-3 n(2x +3) + Cq so

/111(2:17 +3)dz=zln(2r+3) —x + %ln(?z +3)+C

2x + 3

2 2
14. u = 1n(x2 + 4)7 dv = dx, du = 2714(1.%, V= /1H($2 —+ 4)d$ = .’EIH(SCQ + 4) — 2/ Ldl’
X

2 +4
2 4 -1
but/de:/<1—xz+4>dx:x—2tan 5—1—0150

/hﬂ(ﬂc2 +4)de = zIn(z® +4) — 22 + dtan~ ! g 1C

15. w=sin"'z, dv =dz, du=1/y/1— 22dz, v = z;

/sinflxdﬂc =xsin tx — /x/\/l —22dx =xsin 'z +/1-22+C
. 2
16. u=cos™ *(2z), dv =dx, du = ————=dx, v = x;

V1—4ax?
1
/cos_l(Qa:)dx =z cos” dx = xcos™ ! (2z) — 3V 1—4224+C

1 2z
et [

17. u=tan"'(2z), dv = dz, du = dx, v = x;

2
1+ 42
2x
1+ 422

1
/tan_l(Qx)dx = rtan~!(2z) — / de = ztan™'(2z) — 1 In(1 4 42%) + C

1 1 1 1 2
18. wu=tan 'z, dv=2xdr, du = ——dz, v= 2% [ ztan 'zdr= -z?tan 'z — = v T
1+ 22 2 2 2 ) 1422

2 1
but/@dw=/<l—w>dx:x—tan_lx+c1 S0

1 1 1
/actan_1 zrdr = 5:32 tan !z — 5.% + §tan_1 z+C

19. uw=¢% dv =sinzdr, du = e*dr, v = — cos x; /ersin:cdx: fe“’cosx+/e””cosxd:c.
For /ezcosxda: use u = €%, dv = cos x dx to get /ercosx:emsinx—/ezsinxdx S0
/e”sinxdm: —excosx—&—ewsinx—/e”sinxdw,

1
2/e$sinxdac:ez(sinxfcosx)+01, /e””sinacd:v: iez(sinxfcosx)+0

1
20. u=e*® dv = cos3zdx, du = 2e*dx, v = 3 sin 3x;

1 2
/e% cos3x dx = 562‘76 sin 3z — 3 /62"’” sin 3z dz. Use u = €%*, dv = sin 3z dx to get
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21.

22.

23.

24.

/62’J sin 3z dx = —%e% cos 3z + % /621 cos 3z dx so

1 2 4
/623’C cos3x dr = gezx sin 3x + 5629” cos 3x — ) / €% cos 3z d,

13 1 1
j/e% cos3x dr = 562£(3sin3x+20083x)+6'1,/ezr cos3x dr = 1—362””(3sin3x+20083x)—|—0

1
u = e, dv = sinbxr dz, du = ae®dx, v = ~3 cosbr (b #0);

—

1
e** sinbxr dr = 756“ cos bx + % /e’” cosbx dx. Use u = e**, dv = cos bz dx to get

/ e cosbrdxr = %e” sin bx — % / e sin bx dx so

/ axr .3 b d 1 ax b Jr a axr 3 b az/ axr 3 b d
esinbrdr = ——-e*® cosbr + e sinbr — — [ e**sinbr dx
b b2 b2 ’
/e‘m sinbx dx = a2€7_~_b2(asinbx —bcosbz)+C
o—30
From Exercise 21 with a = —3,b = 5,2 = 0, answer = ——(—3sin50 — 5cos56) + C
V34

cos(lnx)

u=sin(lnz), dv = dz, du = dz, v =x;

T

/sin(ln z)dr = zsin(lnx) — /cos(ln x)dz. Use u = cos(lnx), dv = dz to get

/cos(ln z)dx = zcos(lnzx) + /sin(ln x)dx so

—

sin(lnz)dz = zsin(lnx) — x cos(Inz) — /sin(ln x)dx,

1
sin(lnx)dz = ix[sin(ln x) —cos(lnz)] + C

—

1
u = cos(lnz), dv = dz, du = ——sin(lnz)dzx, v = z;
x
/cos(ln x)dx = zcos(lnx) + /sin(ln x)dz. Use u = sin(lnx), dv = dz to get
sin(lnz)dz = zsin(lnz) — /cos(ln x)dx so

/cos (Inz)dx = xcos(Inz) + zsin(lnx) — /cos(ln x)dz,

1
cos(lnx)d 2Jc[cos(ln x) +sin(lnz)] + C
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25.

26.

27.

28.

29.

30.

31.

32.

u=uz, dv=se?zdx, du=dzr, v=tanz;

sinx
/xsechdx:xtanzf/tanxdz:ztan:cf/ dxr =xtanz + In|cosz| + C

COs T

u=um, dv=tan?zdx = (sec’x — 1)dx, du = dv, v = tanz — x;

/xtanzxda::xtana:—xQ—/(tanx—x)dm

1 1
=ztanz — 22 + In|cos x| + §x2+C:xtanxf 5932 +1In|cosz| +C

IZ

1
U= xQ, dv = Jjeﬂdaj, du=2zxdzr,v= 5@ ;

1 1 1
/x?’edez = ixQe“"z - /xezzdaz = §x26z2 — 5612 +C

1 1
u=xe®, dv= de, du = (x + 1)e* dx, v = —m;
ze® re® xe” e’

—dr=——— Tdx = — T+ C= C
/(erl)zx x+1+/e “ x+1+€+ x+1+
u=uzx,dv=edz, du=dr,v=—-e"%;

1 Lot
/ zre tdr = xe5"’”} +7/ e 5dx

0 o 92Jo
1

1
u=uz, dv=e**dz, du=dx,v= 56%;

2 2

1

2 4 L o L2, a1 4 4 4
/xemdx:fxem —f/e‘"”dx:e—fe”” =e"——(e"=1)=(3e"+1)/4
o 2 o 4 4

0 2 0

1 1
uw=1Inz, dv=23dz, du = —dz, v = —z>;
T 3

1

€ 1 R Y 1 c 1 1
/ x21nxd:c:x31na:] —f/ demzeS—xﬂ =-e— (e —1)=(2+1)/9
) 3 L3 39 79

. 3 9
1 1 1
u=Inz, dv=—dzr, du= —dz,v=——;
x x T
€1 1 © c 1
/ nfdx:—lnx] +/ —dx
Ve xr xr N \/g.’l?

= — — 71 —_—— = — =
e \/En\f z] s e+2\/é eJr\/é 2e

11 1}6 11 1 1 3/e—4

Chapter 8
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33.

34.

35.

36.

37.

38.

dx, v = x;

1
=1 3), dv =dzx, du =
u=1In(x + 3), dv = dz, du po

2 2 2 2
T 3
1 =zl — =21 2Inl — 1-
[2 n(z + 3)dz xn(x—|—3)}2 [2x+3dx n5+2In /2[ $+3}dx

2
—21n5[:c31n(x+3)]} =2In5—-(2—-3In5)+(—2—-3Inl)=5In5—-4
-2

uw=sin"lz, dv = dz, du:#dx,vzx;
1— 22
1/2 1/2 1/2 1/2
.1 .1 T 1. 41
sin" " xdr=xsin” "z — ———dr=—-sin" = +V1— 22
/0 }0 0 V1—2z? 2 2 0
1 /m 3 s \/§
2(6)+ 4 12+ 2
u=sec V0, dv=db, du = ¥d9, v=20;
200 — 1
4 4 1 4 1 4
/ sec 1 V0dO = O sec? \/5} —f/ — ——df=4dsec '2—2sec V2 VO -1
) s 2Jy VB-1 2
T s %
1(5) -2 ()i = -
3 T V3 + s V3 +
u=sec lz, dv=zxdx du—édaj v—le'
b b) Im b 2 b

2 1 1, 1 21 T
rsec xdr= —x“sec " x —f/ ———dx
/1 L 2 )1 Va2 -1

[\)

2
1 1
— L 10/3) — (VO] - 3V 1] =2m/3- V)2
1
. 1
u=x, dv=sindxdx, du =dx, v = ~1 cos 4x;
/2 1 /2 1 [7/2 1 /2
/ a:sin4xdx:—xcos4x} +7/ cosdrdr = —7/8 + — sindx =—m/8
0 4 0 4 Jo 16 o

s 1 ™ s 2 T
/ (x—i—xcosx)dm:gcﬂ —|—/ xcosxdx:ﬂ——i—/ x cos x d;
0 2 1o Jo 2 0

u==x,dv=coszdr, du =dr,v=sinz

U ™ T T i
/ xcosxdx:a:sinx} —/ sinxdx:cosm] =-2 so/ (x + zcosa)dr = %/2 — 2
0 0 0 0 0

323
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1 2 .
39. u= tanfl \/E, dv = \/Edl’, du = mdl’, v = EIS/Q;
5 2 L B
/1 Vztan™! ﬁdz:3x3/2tan1ﬁ]l—3/l T

3 3
2 4 1/ |
-z _ = 1—
37 tan \/El 3], T dx

2 11 °
= [3x3/2tan1 x3x+3ln|1+x] = (231 —71/2—2+1n2)/3
1

40. u=1In(z?+1), dv =dx, du = dr, v =x;

2x
2 +1
2

SR ) ? 222 ? 1
/Oln(a: + 1)dz=zn(x —i—l)h—/o mdm:21n5—2/0 (1—962_’_1)dx

:21n5—2(x—tan_1x)r:21n5—4+2tan_12
0
41. t= [z, t> =, dv =2tdt
(a) /eﬁdx=2/tetdt; u=t,dv=cldt,du = dt,v = e,
/eﬁdx:Qteth/etdt:2(t71)et+C:2(\/571)e‘/5+C

(b) /cosﬁdx:2/tcostdt; u=t,dv = costdt,du = dt,v = sint,

/cos\/de:2tsint—2/sintdt:2tsint+2cost+0=2\/5sin\/5+2cos\/5+0

42. Let ¢1(x), g2(x), g3(x) denote successive antiderivatives of g(x),
so that ¢4(x) = q2(2), ¢4 (z) = 1 (), ¢} (z) = q(z). Let p(x) = ax® + bz + c.

Repeated Repeated
Differentiation Antidifferentiation
az? + br +c q(x)
\
20z +b q1(x)
\
0 q3(z)

Then /p(ac)q(;v) dr = (ax® + bz + ¢)q1(z) — (2ax + b)gz(z) + 2aq3(x) + C. Check:

% [(ax? +-bx + ¢)q1(x) — (2az + b)ga () + 2aq3(z)]

= (2az + b)qi (2) + (a2® + bz + c)q(x) — 2aga(x) — (2ax + b)q1 (z) + 2ag2(x) = p(x)q(x)
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43. Repeated Repeated
Differentiation Antidifferentiation
32—z +2 e *
\
6x — 1 —e "
0 \F\ie N
/(33:2 —242)e P =382 —x+2)e T — (6 —1)e " —6e T +C=—e 322 +5x+ 7 +C
44. Repeated Repeated
Differentiation Antidifferentiation
[y | sinx
Jr
20 +1 —Ccosx
2 —sinzx
0 Ccos T

/(x2 +a+1)sinrdr=—(22+ 2+ 1)cosz + (2z + 1)sinz + 2cosx + C
=—(22+ 2z —1)cosz + (2x + 1)sinz + C

45. Repeated Repeated
Differentiation Antidifferentiation

=~

8z cos 2%

32z

1
Zgin?2
251nx

1
96x 1 cos 2x

FIf

1
192z 3 sin 2x

1
19 6 cos2x

Ff

1
ED) sin 2x

/8:54 cos 2z dx = (4" — 122% 4 6) sin 2z + (82° — 122) cos 22 + C
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46. Repeated Repeated
Differentiation  Antidifferentiation
x3 Vz +1

1
312 3o+ 1)3/2

1
—(2z 4 1)%/?

bz 15

1
— (9 1)7/2
705 (2 +1)

s

1
— (9 1)9/2
0 o15 22+ 1)

1

Chapter 8

1 2 2
/xS\/2x +1de =232z +1)%? - 5x2(2x +1)%2 4 gx(Qx +1)7/2 - %(Qx +1)2 4+ C

3

47. (a) A:/‘lnacdx:(xlnx—w)} =1
1 1

(b) V= ﬂ/le(lnx)de = ﬂ[(m(lnx)Q —2zlnz + 2x)K =7(e —2)

/2 1 /2 /2 71'2
48. A:/ (xxsinx)dexz} —/ fsinxdng—(—zcostrsinx)
0 0

0

T

49. V = 27r/ xsinzdr = 2n(—zcosx + sinx)} = 27°
0 0

/2 /2
50. V= 27r/ xcosx dr = 2n(cosx + x sin x)} =7(m—2)
0 0

5
51. distance = / t2e7tdt;u =t dv = e tdt, du = 2tdt,v = —e ¢,
0

5 5
distance = 7152671 + 2/ te tdt;u = 2t,dv = e tdt,du = 2dt,v = —e ¢,
0

0

5 5 5
distance = —25¢~°% — 2te‘t} + 2/ e7tdt = —25¢7% — 10e™°® — 271
0 0 0

=-—25¢ % —10e°—2e%+2=-37¢"%+2

/2

0

=7?/8 1
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1
52. wu =2t dv = sin(kwt)dt, du = 2dt, v = i cos(kwt); the integrand is an even function of ¢ so
w
T/ w /w 2 /W T/ w 1
/ tsin(kwt) dt = 2/ tsin(kwt) dt = ——t cos(k‘wt)] + 2/ — cos(kwt) dt
0 0

o w kw o kw

B 27T(71)k+1
B kw? + k2w?

/w k41

) 27 (—1)
kwt =—

sin(kw )]O e

1 2 1 2
53. (a) /sin?’xda::—gsin2zcosx—|—§/sinxdx:fgsin2xcos:c—§cosm+0

1 . . 3 1 1
(b) /sin4xdx: —Zsin‘sxcosa:—i-z/siandx, /sinzxdx: —§sinxcosx+§a:+01 SO
w/4

/4 1 3 3
.4 .3 .
Sin l‘dCC: — — Sln ICOS£E7*SIHLECOSI‘+*1‘
/0 { 4 8 8 h

1 3
= _1(1/\@)3(1/@ - g(l/ﬁﬂl/\/i) +37/32 =31/32 — 1/4
5 1 4 4 3 1 4 . 411 9 . 2 .
54. (a) cos’zdx= —cos“zsinz + - [ cos”xdx = —cos*xzsinx + - |- cos“zsinx + =sinz| + C
5 5 5 513 3
—lcos4xsinx+—cos2xsinx+ésina:—&—C
5 15 15
6 1 5 o o 4
(b) cos® xdx = g oo xsmx—i—é cos® xdx
_ 1 5, o5 (1 3 3 2
= 6cos xsmx—i—G {4005 xsmx—l—4/cos xdm]

L os® wsing 2 co wsing + 2 |1 RN B
= =< COS TSI — COS TSI xT — |z COST ST =X
6 24 8|2 2 ’

1 5 5 5 17
[6 cos® zsinx + ﬂcos3xsinx+ 1—6cosxsinx+ 1640 = 57/32

2

55. u=sin""'z, dv =sinzdz, du = (n —1)sin" 2z cosz dx, v = — cosx;

/sin” rdr=—sin" 'zcosz+ (n—1) / sin" "2 z cos? x dx

= —sin" txcosx + (n—1) / sin" %z (1 — sin? z)dx

= —sin" tzcosx + (n— 1)/sin"_2 xdr —(n— 1)/sin" xdx,
n/sin" zdr=—sin" 'zcosz + (n—1) /sin’“2 xdx,

. 1. .- n—1 e
/sm"xdx:—fsm" Yypcose+ —— [ sin" 2 zdx
n n
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56. (a) wu=sec" 2z, dv=sec®vrdr, du = (n—2)sec" ?rtanxdr, v=tanuz;

/sec" zdr=sec" ?ztanx — (n — 2) / sec" 2 ztan® z dx
=sec" ?ztanz — (n — 2) / sec" 2z (sec® x — 1)dx
=sec" 2ztanz — (n — 2) / sec" xdx + (n—2) /sec"_2 xdr,

(n—1) / sec v dr = sec" ?wtanx + (n — 2) /sec"*2 xdx,

1 -2
/Sec" rdr = T sec" 2z tanz + Ll sec" 2z dx
n— n—

(b) /tan"xdx = /tan”’2 z(sec?x — 1) dr = /tan”*1 zsec? zdr — /taun”*2 x dx

1
= 1 tan" ' x — /tan”_2 rdr
n—

() u=2a" dv=e"dx, du = nr""‘dr, v=e% /:v"exdm =z"e” — n/xn_lexdx
4 Lo 3 2 Lo 3 Lo 3
57. (a) tan acd:c:gtan T — [ tan :cd:vzgtan T —tanz + dngtan z—tanz +2+C
4 L 2 2 2 Lo 2 2
(b) sec” xdx = 3 Sec rtanx + 3 | sec xdx = 3 sec xtanx + gtanx +C
(c) /xgef”dx: r3e® — 3/%‘26:661.’12 = 2%e” — 3 [aﬂem - 2/3:6”%33}
=2%e® — 3x%e” + 6 {xem - /ezdaj] = 2%e® — 3x2e” + 6xe” — 6e” + C

58. (a) u =3z,

(b) w=—V7,

1 ~1
/ ze Vidr = 2/ udetdu,
0 0
/u36“du: ule? — 3/u26“du = e — 3 {uzeu — 2/ue“du}

=ule® — 3ue" + 6 [ue“ - /eudu] = ule — 3ue" + 6ue® — 6e* + C,
-1

—1
2 / udedu = 2(u® — 3u® + 6u — 6)e“] =12 — 32!
0 0
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59.

60.

61.

62.

u=zx,dv=f"(z)dz, du =dz, v = f'(x);

= af@)| - [ @
/. |-/

1
=)+ f(-1) - f(w)} T FfO+ 1) - fA)+ (=1

(a) u=f(z),dv=dzr,du= f’(x),v =

/abf(x)dx:xf(x)}z—/abxf’(x)dx:bf(b)_af(a)_/abmf/(x)dx

(b) Substitute y = f(z),dy = f'(x)dz,z = a when y = f(a), z = b when y = f(b),

b r(®) F(b)
/ xf’(x)dx:/ xdy:/ £ () dy
a f(a) f(a)

(c) Froma= f~'(a)and b= f~1(5) we get y
bf(b) —af(a) =Bf1(B) — af (a); then

/jf dm-/ /o dy—/f(:)fl(y)dy, .

which, by Part (b), yields a=f"(a) b=fF(B)

/jfl(:c) —bf(b) — af(a /f ) dz

|
|
|
|
|
|
| X

~HB)
3@ e @ [ s
F=H )
s ()
Note from the figure that A; = / fHz)dx, Ay = / f(x)dz, and
a f=Ha)

A+ Ay = Bf~HB) — af 1(a), a "picture proof”.
(a) Use Exercise 60(c);

1/2 1 1 sin~1(1/2) 1 1 /6
/ sin'zdr==sin"'(=]—0sin"? O—/ sinzdr = =sin” ! = —/ sin x dx
0 2 2 sin=1(0) 2 2 0

(b) Use Exercise 60(b);

2

e In e? 2 2
/ lnxdaxzezlneQ—elne—/ fﬁl(y)dy=2e2—e—/ eydy=262—e—/ e’ dx
e Ine 1 1

(a) /udv:uv—/vdu:x(sinx—i—Cl)—i—cosx—Clm—l—Cg:xsinx+cosac+02;

the constant C cancels out and hence plays no role in the answer.

(b) u(v+C’1)7/(U+Cl)du:uv+Clu7/vdqulu:uvf/vdu
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dx
63. u=In(zx+1),dv=da,du=——,v=2x+1;
z+1
/ln(x—!—l)dx:/udv:uv—/vdu:(x—&—l)ln(x—&—l)—/dxz(x—i—l)ln(x—i—l)—x—l—c
2d,
64. u:ln(2z+3),dv:dx,du:2xf3,v:x+g;
3
/ln(2x+3)dm:/udv:uv—/vdu:($+§)ln(2m+3)—/dm
1
:5(2x+3)1n(2x+3)—x+0
65. u=tan"'z,dv=zdz,du= do,v= (2% + 1
. u=tan 'z, dv = zdz, u-m :L‘,v—i(m +1)
-1 Lo s -1 1
ztan” xdr= [ udv=uv — vdu:§(x + 1) tan z-3 dx
= 1(:1:2—&-1)‘5:;)&1_136—lav—i—C’
2 2
1 1
66. =— dv=—dz,du=—————dx,v=1Inx
Inz x z(Inx)?
/ 1 dx:1+/ L dx.
zlnz rlnx
This seems to imply that 1 = 0, but recall that both sides represent a function plus an arbitrary
constant; these two arbitrary constants will take care of the 1.
EXERCISE SET 8.3
5 L 6 : 1 4 L .5
1. u=cosz, — | u du:fgcos xz+C 2. u =sin3z, 3 U du:ﬁsm 3z +C
. 1 1 .5
3. w=sinazr, - [ udu= —sin“ar+C, a#0
a 2a
9 1 1 1.
4. cos®3xdxr = = [ (14 cosbx)dr = —x + — sinbx + C
2 2 12
5 /sin250d0— 1/(1—cos109)d9— 1a—ism1oe+c
' 2 220
6. /c053 atalt:/(lfsin2 at) cos at dt
. 9 1. 1 .3
= [ cosatdt — [ sin atcosatdt:asmat—gsm at+C (a#0)
7. /cos5 0d9:/(1fsin2 6)> cost()dQ:/(17251r120+sin4 ) cos 0d6

2 1
:sin9—§sin39+gsin59+0
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8. /sin3xcos3xdx: /sin3 x(1 — sin? ) cos z dx

1 1
= /(sin?’xfsin‘r’:r)cosxdx = Zsin4x7 ésinﬁerC

9. /sin2 2t cos® 2t dt = /sin2 2t(1 — sin? 2t) cos 2t dt = /(Sim2 2t — sin 2t) cos 2t dt

1 1
:ésin32t—1—osin52t+0

10. /sin3 2z cos? 2x dx = /(1 — cos? 2z) cos? 2 sin 2z dx

1 1
= /(0052 2z — cos* 2x) sin 2z dx = 5 cos® 2z + 0 cos® 2z + C

1 1 1 1
11. /siancoszxdx: i/sin22xda§= §/(1 — cosdx)dr = ride 3—QSin4x+C

1 1
12. /sin2 zcost xdr= 3 /(1 — cos 2z)(1 + cos 2z)%dx = 3 /(1 — cos? 2z)(1 + cos 2z)dx

1 1 1 1
= §/Sin2 2z dr + g/sin2 2x cos 2z dx = E/(l — cosdx)dx + &sin?’ 2x

1 1 . 1 .3
—1—6m—6—451n4x+@sm 22 + C

1 1 1
13. /sinzcos2zd:z:: 5/(sin3x—sinx)dz: —écos3x+ icosx+C

14. /sin3900529d9 = %/(sin59+sin9)d9 = —% cos 50 — %cosﬁ—i— C

15. /sinxcos(x/Q)dx = % /[sin(3x/2) + sin(x/2)]dz = —é cos(3x/2) — cos(x/2) + C

5 5
16. u =cosz, —/ul/"du = *ECOSG/SerC

/4 ) w/4
17. / cosdxd:c:/ (1 —sin® z) cos z dx
0 0

n/

= (V3/2) - 5(V3/2)° = 5V3/12

. I .3
= [sinz — =sin’z
3
/2 1 /2 1 /2
18. / sin?(z/2) cos?(z/2)dx = Z/ sin z dr = g/ (1 — cos2z)dx
0 0 0

/2
1 1
=—|2z—=sin2z =m/16
8 2 .

/3 w/3 1 1 /3
19. / sin® 3z cos® 3z da = / sin? 3z(1 — sin” 3z) cos 3z dz = | — sin® 3z — — sin” 3z =0
0 0 15 21 0
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20.

21.

22,

23.

25.

26.

28.

29.

30.

31.

32.

33.

34.

35.

Chapter 8

T 1 [ 1 1 T
2 P — — —qi =
/ cos* 50 df = 5 / (1+ cos106)d6 3 (9 + T 109)} - T

—T —T

1 [/ 1 1 /6
5/0 (sin 6z — sin 2z)dz = [—12 cos 6z + 708 2x] .

= [(=1/12)(=1) + (1/4)(1/2)] = [-1/12+ 1/4] = 1/24

w/6

/ sin 2z cos 4x dx
0
27 ) 1 27 1 1 27 1

/o sin® kx dx = 5/0 (1 = cos2kx)dx = B (x - %sin%xﬂo =7 — @sinélﬂk (k#£0)

1 1
3 tan(3z + 1) + C 24. — In|cosbz|+C

—2x —2x 1 1 1 —2z
u=e % du=—2e **dx; ~5 tanudu:§ln|cosu|+C:§1n|cos(e )+ C

1 1
gln\sinSx\—&—C 27. §ln\sec2x+tan2x|+0

1
u=+/T,du = ﬁdx; 2secudu = 2In|secu + tanu| + C = 2In [sec /z + tan x| + C

1
u = tanz, /quu: gtanga:—&-C

1 1
tan® z(1 + tan® ) sec® z dx = /(tan5 x + tan x)sec’ v dx = 6 tan® 2 + 3 tan® 2 + C

1 1
tan® 4z(1 + tan? 4z) sec? 4z do = /(tan3 4 + tan® 4z) sec? 4o dr = T tan® 42 + 21 tan® 4z 4+ C

1 1
tan 0(1 + tan? ) sec? 0 df = E tan® 0 4 - tan’ 6 + C

6

— Y — —

1 1
sec* z(sec? x — 1) sec x tan x dx = /(sec x — sec* x) secx tan x dx = = sec’ r — 5 sec’ z + C

1 2 .
/(seczﬂf 1)? sec f tan 6df = /(sec497256020+1)sec9tan9d9 = gSGC597 gsec‘39+sec0+0

/(sec2x—I)QSecxd:v:/(sec5x—2sec3x+secx)dx:/sec5:1:das—2/sec3xdaﬁ+/secmdx
1 3
= Zsec?’mtanx—i—Z/SeCBxdx—Q/sec3xdx+1n|secx+tanx|
1 9|1 1
= Zsec?’xtanxf 1 {2 secx tanx + 21n|secx+tan:c|} +1In|secz + tanz| 4+ C

1, 5 3
= ¢ xtanz — gsecxtanx—i— §1n|secx+tanac| +C
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36. /[secQ(x/Q) — 1] sec®(z/2)dx = /[sec5(x/2) —sec®(z/2)]dx

:2[/sec5udu—/sec3udu] (u=1/2)
L3 3 3 3 -
=2 75 utanu + Y udu | — [ sec®udu (equation (20))
1 1
= isec3utanu ~3 /sec3udu

1 1 1
=3 sec® utanu — 1 secu tanu — 1 In|secu + tanu| + C (equation (20), (22))

1 3%, % 1 T on® 11 ’ I+t x’JrC
= —sec’ = tan — — — sec — tan — — = In [sec — + tan —
g SO g tally Ty seey tally o A seey Al G

1 1
37. /sec2 2t(sec 2t tan 2t)dt = 6 sec’ 2t + C 38. /sec4 x(sec x tan z)dx = E sec’ z + C

1
39. /sec4 rdx = /(1 + tan? ) sec? x dx = /(se(;2 x + tan® rsec? x)dr = tanx + 3 tan® 2 + C

40. Using equation (20),

1 3
/secsxdx: Zsec?’;vtanx—i—z/sec?’xdx

s 3 3
= 5e¢ xtanx + gsecmtanx—k gln|secx—|—tana:| +C

1
41. Use equation (19) to get /tan4 rdr = 3 tan® x — tanz + 2 + C
42. u = 4z, use equation (19) to get

1 111 1 1
i/tan?’uduzz [2tan2u—|—lncosu|] +C:§tan24a:+zln|cos4x|+0

2 2
43. / Vitan z(1 + tan? z) sec? x do = 3 tan®/2 2 + = tan™/ 2z 4+ C

2
44. /secl/2 z(secx tanz)dr = 3 sec® 2z + C

/6 1 /6
45. / (sec? 2z — 1)dx = {2 tan 2x — x} =3/2 - 7/6
0 0

/6 /6
46. / sec? f(sec f tan 0)df = %sec?’ 9} = (1/3)(2/V3)* —1/3 =8V3/27 - 1/3
0 0

47. u=1z/2,

w/4 1 /4
2/ tan® udu = [2tan4u—tan2u—21n|cosu|] =1/2-1-2In(1/v2) = -1/2+1n2
0 0



334

48.

49.

50.

51.

52.

53.

54.

55.

56.

Chapter 8

1 [/ 1
u=mx, 7/ secutanudusecu] =(2-1)/x
™ Jo ™

1 1
/(0502 x — 1) esc? z(csc x cot x)dx = /(csc4 x — csc? x) (esc x cot x)dr = — csc x + 3 escd x4+ C

cos? 3t 1 1
— ——dt = sc3tcot3tdt = —= 3t+C
/ 730 cosdt / cse 3t co 3 08¢ +

CcoST 1 .
x = —icsc2x—1n|smx| +C

/(csc2 x—1)cotxdr = /csc x(cscx cot x)dx — /

sinx

1
/(cot2x+1)csc2xda: = —gcot?’x—cotx—i—c

2 2
1 —
(a) / sin ma cos nx dx = B / [sin(m-+n)z+sin(m—n)z]dx {— cos(m +n)z _ cos(m —n)x
0 0

2m
=0, cos(m — n)x] =0.
0

2w

but cos(m + n)x]
0

2 1 27
b cosmxcosnrdr = = cos(m + n)x + cos(m — n)x|dx;
2
0 0

since m # n, evaluate sin at integer multiples of 27 to get 0.

2m 2m
1
(c) / sin ma sinnx dr = 3 / [cos(m — n)x — cos(m + n)x| dx;
0 0

since m # n, evaluate sin at integer multiples of 27 to get 0.

2m 27 2
1
(a) / sinmx cosmz dx = = / sin2mx dx = ——cos2mz| =0
0 2 Jo 4m
0
2m 1 2m 1 1 2
(b) / cos? mx dr = ~ / (14 cos2ma)dr = - | x + — sin2mx =
2w 1 2 1 1 2
(c) / sin? mx dr = = / (1 —cos2mz) de = = | £ — — sin2mx =7
0 2 Jo 2 2m

0

y' =tanx, 1+ (v)? =1 + tan?z = sec? z,

w/4

/4 w/4
L:/ \/sechdz:/ secxd:z:ln|secx+tanx] =In(v2+1)
0 0

0

w/4 m/4 1
V= 7T/ (1 — tan?z)dz = 71'/ (2 — sec® x)dx = w(2x — tanx)} = 571'(77 -2)
0 0
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/4 /4 1 /4
57. V= 7r/ (cos? x — sin® x)dx = 77/ cos2x dx = o sin 2$‘| =m/2
0 0
0

s s 1 T
58. V:W/ sin%z:daczz/ (1—(?052;10)dgc:E x — = sin2x =n%/2
A 2 J, 2 2 .

L

B
L (7 L
59. WithO<a<ﬁ,D:D5—Da:—/ secxdr = — In|secx + tanz| | =
21 Jqo 27 27
[e3

1
60. (a) D= g In(sec25° + tan 25°) = 7.18 cm
77

100

(b) D=0 sec 50° + tan 50°
o

sec 30° 4+ tan 30°

=7.34 cm

n

61. (a) /cscxd:c:/sec(wﬂ—x)d:v:—1n|sec(7r/2—x)—l—tan(7r/2—x)\—|—C
= —In|cscx +cotz| + C

335

sec 3 + tan 3
seca + tan «

1 — cot
(b) —Inj|cscz + cotz|=1n =In |esez = co 2x| =In|cscx — cot x|,
| csc x + cot x| | cse? z — cot? x|
1 coszT sin
—In|cscx +cota|=—In|— + — =
sinz  sinz 1+ cosz

I ‘ 2sin(z/2) cos(x/2)

2 cos2(1)2) ‘ = In|tan(z/2)]

62. sinz 4 cosz=V?2 [(1/\/5) sinz + (1/\/§)COS$:|

= V2 [sin z cos(m/4) + cos zsin(n/4)] = V2sin(z + 7/4),

d 1 1
/m = ﬁ/csc(;v—&—w/él)dm = —%ln|csc(x+7r/4) + cot(x +7/4)|+ C
:7L N V2 + cosx —sinzx LC

V2

sinx + cosx

sinx +

63. asinz+bcosz = /a2 + b2 [

a b
N Va1

cos x} = v a? + b%(sinx cos O + cos z sin 6)

where cosf = a/va? + b? and sinf = b/va? + b? so asinz + beosz = Va? + b2 sin(z + 0)

a d/ du L /csc( +6)d !
el = —_
asinx +bcosxr /a2 + b2 . * VaZ £ b2
1 Va2 +b2+acosx —bsinz

= — In -
asinz + bcosx

+C

In | csc(x + 0) + cot(x + 0)| + C
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7T/2 1 77/2 n*l 71'/2 n*l 7\'/2
64. (a) / sin” z drx = ——sin™ ! x cos x} + / sin"?xdr = / sin" "2 z dx
0 n 0 nJo 0

(b) By repeated application of the formula in Part (a)

/2 _ o /2
/ sin”xdx:(n 1) (n 3)/ sin"*z dx

0 n n—2)J

n—1\[/n-3\(n-5 1 /“/2

R dx,n even

n n—2 n—4 2) Jo

-1 _ _ 92 /2
(nn )(Z 2) (Z i)(i’))/ sinz dz,n odd

- - 0

1.

3-5---(n—1) =«
- —,n even
B 2.4-6--n 2
2.4.6---(n—
6 (=1 ad
3.5.7---n
/2 2 1-3 =
.3 “ - _ . _ =
65. (a) / sin :cdxfg (b) / sin® x da 543 3m/16
2.4 1-3-5
(c) / sin Lcd:vfﬁ78/15 (d) / sin® acdx72 16 - — =5m/32

66. Similar to proof in Exercise 64.

EXERCISE SET 8.4
1. = =2sin#, dr = 2cosf db,

4/00529d0:2/(1+00529)d9:20+sin20+C
1
229—1—2511190089—1—022sin_1(x/2)+§x\/4—x2+0
2 Ly 0,d _1 6do
-z =gsin, dv = cosddb,
1/<;os29d¢9—1/(1+cos29)de—19+1s,' 20+ C
2 T TR

1 1 1 1
= 19+ Zsin@cosﬁJrC: Zsin_1 2z + ix\/l — 422 + C
3. x=3sinf, dx = 3cosfdb,

9/sin29d9: g/(l—cos%)d@: 99— %sinQ@—i—C’: 29— gsinecose—i—C

fsm L(x/3) —fx\/9—x2+C’
4. x =4sinf, dr = 4cosf db,

1 1 1 1 V16 — z2
~ [ = 20df = ——coth+C =Y L ¢
16 ) sin20 16 ] ¢ 16 OtV 160 T
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10.

11.

12.

13.

14.

15.

z =2tanf, dz = 2sec? 0 db,

1/LdG ;/COS 9d9—i/(1+60820)d9——9+ism29+0

8 J secZf 16 32
9+ L infcosf+C= ~tantZy T L@
— — sin =—tan " — + ——
T 6 8(4 + 22)

T = \/5‘5&119, dr = \/gseCQGdH,

- 1 1
5/tanzesec9d9:5/(secdﬁfsecﬂ)d9:5 <25ec9tan6’21nsecf)+tan9|) + 4

1 vV 2 1
=3 5+x2—gln$+01=§x\/5+x2—gln( 5+a224+x)+C

x = 3sech, dr = 3secHtanf db,
3/tan29d9:3/(sec29—1)d9:3tan0—39+C’: \/x2—9—35ec_1§+0

x =4sech, dex = 4secOtan6db,

1 1 1 1 vaZ —16
ﬁ se09d9 16 COSHde 76S1n9+0 1671'—1—0

z =+/2sinb, dz = V2 cos 0 db,
2\/§/sin3ed9=2f2/ [1 - cos® 0] sin 6 df
:2\[2<—00s9+§00539>+02—2 2—x2+%(2—x2)3/2—|—0
x:\/gsinf), dx:\/gcosﬁde,
25\/5/511139(:0529(19:25\/5 (—;00539—1—;00559) +C = —2(5—332)3/24—%(5—:52)5/2—&—0

2 _
g/cos@dﬁz%sin&—f—CZM_FC

3 3 2 1
LC—§SGC6‘7 dx—ﬁseCHtanedﬁ, §/@d9— 9 9z

t =tand, dt = sec® 0 db,

B 2 1
/bec edHZ/wsecedﬁz/(sec@tan@+csc€)d0

tan 6 tan 6
VIFE -1
—secO+In|escl— cotd] + C =1+ +In +|t| e,

1
T =siné, d:z::cosﬂcw,/Tedﬂz/sec20d9:tan0+0:x/\/1fx2+0
cos

1 3 1 1 V242
x =5tand, do = 5sec?0db, %/t;erffﬁ = %/cscecotHdez —%CSCH—FC: —% +C

x =secl, dr = secltan 6 db, /sec0d0 = In|sect + tan 0| —&—C:ln‘x—i— V2 — 1‘ +C
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16.

17.

18.

19.

20.

21.

22,

23.

24.

25.

14222 +2% = (1 +2%)?, 2 =tand, dov = sec? 0 df),

1 , 1 11
/mdﬂf/cos oda—5/(1+C0820)d9—§9+ZSIH29+C

1, 1. Lian—t i
:§9+§Sm90089+c:§tan $+m+c

T = %sec&, dx = %secﬂtan@dﬁ,

1 0 1 1
7/ €7 49 */CSC@COt9d9:7§CSC9+C:7&5/\/9([271+C

3/ tan26" 3
x = 5sech, dx = 5secltan 6 do,

25 25
25/sec30d0= ?secﬁtanﬁ—k ?ln|sec9—|—tan9\ +

1 2
=52 x2—25+351n|m+\/m2—25|+6'

e’ =sinf, e*dx = cos 6 db,

1 1 1 1 1
/cos20d0 = 5/(1 + cos 26)dl = §9+ Zsin20+C’ = isin_l(ei) + 56“"\/1 —e® 4+ C

u =sin0, /ﬁdu =sin~? (i}?) +C

x =4sin6, dr = 4cos db,

5

w/2 1 ) 1 /2
1024/ sin® @ cos? 0 df = 1024 {3 cos® @ + = cos® 9] =1024(1/3 — 1/5) = 2048/15
0

0
T = gsin& dx = gcosHalG,

1% g L
24 [, cos36 24

1 1 /2 1
- @[(2/\@)(1/\/3) +1In2/V3+1/V3|] = = < 4 21n3)

3

/3

/3 /3
x =sech, de = secftanf db, ! d0:/ cos@d&zsin@} = (V3-v2)/2

x/4 sect

/4 /4

/4

w/4
z =+/2sech, de = /2secftanb db, 2/ tanZ 6 dh = [Qtanﬁ — 20]
0 0

z =+/3tan6, dr = v/3sec? 0 db,

1 /3 9 1 /3 3p 1 w/3 1 —sin26 1 V3/2 1—
7/ %dazf/ %d@zf/ #cosﬁd@zf/
9 Jx6 tan®0 9 Jx/6 sin® 6 9 )z sin” 0 9 /1,2

1/@2( g o L[ V32043 418
== ut—u u=—|——= =
9/, 9 2 243

/2 3ud  w

71'/6 1 1
/0 sec® 0 df = [%secetanﬁ—i—48111|se(:9+tan0|}

Chapter 8

du (u = sinf)
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26. = = \/gtanﬂ, dr = /3 sec? 0do,
/3 30 w/3 /3
\/g/ tan d@:“/g/ sin39d9:\/§/ [1— cos? 0] sin 0 df
3 Jo 3 Jo 3 Jo

sec? 6
V3 1 L1 VB[ 1 1 1
=3 |:—COS€+3COS 9]0 =3 {(—2—&-%) - (—1—1—3)] =5V3/72

27. u=2?+4, du=2xdz,

1 1 1 1
i/ﬂdu: 51n\u| +C = iln(ac2 +4) + C; or x =2tan6, dz = 2sec? 0 db,

va?+4

5 +Cy=In(z?+ 42 —1In2+ 0y

/tan0d9:1n|sec6‘\ +Ci=In

1
ziln(x2+4)+0withC:Cl—ln2

28. 1z =2tané,dr = 2sec?0db, /2tan20d0:Qtan9—20+C:x—2tan*1g—l—C; alternatively

x? dx LT

1 1 2241
20. = 14+ (Y) =1+ 5=

b

x2

T
2 2 1 2 /-3 1

L:/ “x —; d:c:/ Ldm;x:tan& dx = sec? 0 db,
1 T 1 €T

tan~1(2) 30 tan~1(2) tan20 + 1 tan~1(2)
L :/ ¢ V9 = / uscc@d& :/ (sec@tan @ + csc6)db
_— tan 6 _— tan 6 n/4

tan—1(2) 1
= [sec&+ln|csc€—cot9|] =v5+1In (?—2> - {\/§+ln|\/§—1\]
/4

B 2+2v2
—\f—\/i—&-lnm

30. ¢ =2z, 1+ (v)? =1+ 422,

1
1 1
L:/ V1+4x2dr; x = §tan9, dr = Qsec29d9,
0

-1 tan— ! 2
1

tan™ " 2 1 1
L= / se039d9:(secﬂtan@—i—1n|sec9+tan9|>}
o 2 2 2

N =

0

1 1 1 1
= 1(\/5)(2) + Zln|\/3+2\ = 5\/5—# Zln(2+\/5)

31. ¢y =2z, 1+ (v)? =1+ 422,

1
1 1
S = 277/ 22\ 1+ 4a22de; © = §tan0, dxr = iseczﬂdﬁ,
0
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32.

33.

34.

35.

36.

37.

38.

39.

Chapter 8
T T tan~—1!2 T tan~! 2
— / tan2 Osec® §df = — / (sec? @ — 1) sec® 0 df = f/ (sec® O — sec® §)df
1 1), 1/,
T 1 tan~t 2 T
- sec Htane—fsecetane—71n|se(:9+tan9\ = —[18V5 — In(2 + V5)]
T 1 8 8 . 32
1
_7T/ y? /1 —y2dy; y = sin b, dy = cos 6 db,
0
w/2 /2 /2 1 /2 2
V:ﬂ'/ sinQGcosQGd@:I/ Sin229d9:E/ (1 —cos40)df = T (o >sindg =T
o 1/, 8 J, 8 4 . 16
(a) x =3sinhu, dr = 3coshudu, /du =u+C =sinh ' (z/3) +C

(b) z =3tan, dr = 3sec? 6 db,
/sec&d@ =In|secf 4+ tanf| + C =In (\/x2 —|—9/3—|—x/3) +C
but sinh™!(z/3) = In (x/3 +/x2/9+ 1) =1In (/3 4+ V22 + 9/3) so the results agree.

(¢) x = coshu, dr = sinhudu,

/ sinh? u du =

1 1
/(cosh 2u —1)du = 1 sinh 2u — FU +C

N = N =

1 1 1
sinh u coshu — §u+C = éx\/:cQ —1- icosh_lm—i—C

_ ; — 2 — 2
because coshu = z, and sinhu = Vcosh“u —1=+va? -1

4b [
:;/ Va2 —z22dr; x =acosb,dr = —asinf db,
0
4b 0 /2 /2
A=—— azsin29d9:4ab/ sin29d6:2ab/ (1 — cos20)df = mab
a Jr/2 0 0

1 1. (z-2

dr =sin Yz —1)4+C

1
x>+c

/mdxsin_l< 3

dz = & dz = ~ tan™!(4a + 2
/16(w+1/2)2+1 ! 16/(a:+1/2)2+1/16 z=gtan” (4 +2)+C

/de-ln(m3+\/m>+c
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40. /md$7 let U:l’+37

u—3 U 3 1 9 .
[iron= [ (@ - ) =g+ s

1
= §1n(m2 + 62 +10) — 3tan™ ! (x +3) + C

41. /\/4—(x—|—l)2daz, let z +1=2sin#,
4/00529619:29+sin29+C:29+2sin00059+0

1 1
= 2sin~* (H) +§($+1)\/3—25L‘—(E2+C

2
42. / ¢ de, let u=e*+1/2,
V(er+1/2)2+3/4
1 _ (2" +1
du:sinhIQu\/g—l—C:sinhl( )—l—C
/\/u2+3/4 (2u/v3) V3

V3

Alternate solution: let e® +1/2 = - tan g,

/sec9d0: In|secd + tan 6] +C’ln<

=In(2ve** +e*+1+4+2"+1)+C

1 1 1 1
43, [ dr=- dz = —— tan~! /2 1
/2(m+1)2+5 v 2/(x+1)2+5/2 RV T plz+)+C

2\/621+e$+1+26m+1 Lo
V3 V3 '

2x 4+ 3
44. - dz,let u= 1/2
/4u+1mﬁ+4$’e“ T+1/2

2u+ 2 1 U 1 1 9 1 1
du= - -+ 55— |du=-1 )+ -t o
/4u2+4u 2/<u2+1+u2+1> u 4n(u+)+2an u +

1 1
=7 In(z? + 2 4 5/4) + 3 tan"!(z 4+ 1/2) + C

2
—2
45. v = sin ! x] = /6

2 2
1 1
[t [
1 Vdx — 2? 14— (x—2)2 2 |
1 1
46. / \/4I7I2dl’:/ V4 — (x—2)%dz, let £ —2 =2sin0,
0 0

—7/6 —7/6 9
4/ cos? 0dh = {29+sin29} :Ifﬁ
—m/2 —n)2 3 2

47. u=sin?z,du = 2sin z cos z dz;

1 1 1
5/\/1 —u?du= - [ux/l —u2 4 sin~! u} +C = 1 {sian\/l —sin® z + sin ™! (sin? a:)] +C

4
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48. u=zsinz,du = (x cosz + sinx) dx;

1 1 1 1
/\/1+u2du:§u 1+u2+§sinh_1u+0:§xsinx 1+x2sin2x+isinh_l(assinz)+c

EXERCISE SET 8.5
., A B X 5 A, B C
T (z-2)  (z+5) Tz -3)(x+3) 2z -3 x+3
3 ﬂ_é_i_ﬁ_i_ ¢ 4 A + B + ¢
Cox2(r—1) oz 22 -1 x4 2 (2422 (v+2)3
A B C Dz+E A Bz +C
5. S 4o 4=y 6. — 4+ -~
x+x2+x3+ z2+1 m—1+ z2+5
. Azx+B Cx+ D 8 A +BJ:+C Dz +E
o245 (224 5)2 -2 2241 (a241)2
1 A B 1 1
9. = ~A:_, B:—
(x+4)(x—1) x+4+x71’ 5’ 5>
1 1 1 1 1 1 1 z—1
S R dr = — =1 A+ -In|zr—1+C=21
5/$—|—4 “T+5/a;—1x et +glnje—1+C 5nx—|—4‘+c
1 A B 1 1
10. = 'Azf B:_iw
Gt D@+?) o+l a1 776 6>
1 1 1 1 1 1 1 z+1
——dr — = | ——=dzx = =1 1]—=1 7N+C==1 C
6/x+1x 6/:84—736 glule +1l = glnfe+71+ 6nx+7‘+
11z + 17 A B
11. = 'A:5 B:3
2z — 1)(z +4) 2:10—1_|—9L'—&—47 ’ 50
5[ a3 de=dmpe—1|+3mlz+d+C
20— 1" zra g e e
5r — 5 A
@—3Bz+1) -3 3z+1 ’ %0
/ ! d+2/ ! dr =1n| 3|+21\3 +1|+C
=Inl|x — —In
z—3" T R 3
2 _ _
13. —236 9z — 9 :é+ B +7C i A=1,B=2,C=—-1so

z(z+3)(x—3) = x+3 x-3

x(r +3)2

z—3 +C

1 1 1
/fdm—&—Q/ d:lc—/ de=l|z|+2In|lz+3|—Injz—3|+C=In
T T+3 =3

Note that the symbol C' has been recycled; to save space this recycling is usually not mentioned.
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1 A B C
14, —M ——— = — - . A=-1.B=
z(z+1)(z—1) 33%_3:—!—1—&_93—17 ’

1 1 1 1 1
‘/5“*5/5:?“*5/mf1

1
Cziso

1
2’

1 1
dxz—1n|x\—|—51n|x+1|—|—§ln|x—l|—|—C

1, [(z+1)(z—-1) 1. |2?—1]
:5111 —{I;Q +C:§1n4x2 +C
z? 42 6 6 1
15. =z-2+—— dv=-2” —22+6 1 2|+ C
z+2 " +x+2’/< x+2>x 57 T2 46 nfe+2]+
24 3 3 1
16. = —x—i—l—i z+1-— dr = -2 +r—3 Injz - 1|+ C
x—1 1’ z—1 2
322 - 10 120 — 22 12x — 22 A B
17. = - . A=12, B=2
2?2 —dx+4 3+x2—4x—|—4’ (x —2)2 x—2+(x—2)2’ ’ %
1 1
/3dm+12/x72dﬂc+2/mdx:3x+l2ln|x—2|—2/(x—2)+C
z? 3r—2 3 —2 A B
18. =1 = ;A=-1B=4s
22 —3z+2 +x2—3x+2’(:v—1)(:r—2) =1 z=2 ’ %
1 1
/d:cf/ dx+4/ dr=xz—Iln|lz—1|+4ln|z—-2|+C
z—1 x—2
x5+ 222 +1 9 222 + 2 +1
19. ﬁ:x +1+ﬁ’
20° +x +1 A B C
z(z+1)(z—1) x+:c—|—1+ -1 ’ ¢ %0

Jasnae- [ Lans [

1
dx+2/ dx
r—1

:%x3+x—ln|x|+ln|x—|—1|—|—21n|x—1|+C:%SL‘B—I-JL‘—&-IH W e
20. 723613_ _362;1—2 2474 iga:li,
/(2$2+7)d:c+i/édx—587 ﬁdw—k% xi2da:
:§x3+7x+%ln\x|f%ln|x+2\+58—5ln|x72\+0
21. 213274_3:%—}— B + ¢ i A=3,B=—-1,C=5s0

zz—1)2% 2z x-1 (z-—1)72%

3/ldz—/ !
T T —

1d$—|—5/(x_11)2dx—31n|33—1n|x—1|—5/(x—1)—|—0
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22,

23.

24.

25.

26.

27.

28.

29.

30.

Chapter 8

32 —-x+1 A B C
- =—+—=+—3A4=0,B=-1,C=3
x2(x —1) x x2+x—1’ ’ ’ 50

1 1
- —de—i—?)/ de=1/x+3njx -1+ C
T rz—1

22 +2—16 A B C
(z 4+ 1)(z — 3)? a:+1+a:—3+(a;_3)2’ ’ e S0

1 1 1
_ 9 _
/x+1dx+ /szdx /(x—3)2dm
(x —3)? 1

1
=—Injz+ 1|+ 2In|z — 3|+ 3+C:1n + +C

x— le+1]  z-3

2x2—2x—1_é E C

— Y L A=3,B=1,0=-1
x2(x—1) x a:2+x—1 %0
1 1 1 1
S/fdx—l—/—zdx—/ dr=3ln|z|— - —Injz -1+ C
T T z—1 T
z? A B C
- L A=1B=-4,C=4
(x+2)3 x+2+(x+2)2+(x+2)3 %0
1 1 1 4 2
dr —4 | ——=dr+4 | ——=dr =1 2 — c
/w+2 * /(:C+2)2 v /(x+2)3 T =nje+ |+x+2 (x—|—2)2+
2% + 3z +3 A B C
- 'A:2 B:—l C:Z‘
@+1? z+l @ri2  @rP ’ ’ i
1 1 1 1 1
2| —der— | ———=d 2| ———=dr =21 1 — C
zr1™ /(a:+1)2 v /(x+1)3 v nle+ |+x+1 ($+1)2+
222 — 1 A B
- = B A it B —12/17, ¢ = 3/17 so

(4 —1)(2241) 4dx-—1 x22+17

222 — 1 7 6 3
T dr= -1+ —In@? 1)+ —tanlz+C
/(4x—1)(:§2+1)x gq e 1+ g in(e” 4+ D4 g tan™ o +

1 A Bzx+C
AP A1, B=-1,0=0
z(z2+1) =z * 22 +1 0

1 B 1, 1, a?
7x3+xdxfln|x|f§1n(x +1)+C’f§1n7x2+1+6'

2 +32+x+9 Azx+B Cx+D
= i A=0,B=3,C=1,D=0
(22 +1)(22+3) 22+1 * r2+3° 50
/x3+3x2+m+9
(x2+1)(x2 +3)

1
dr = 3tan"'x + ilrl(x2 +3)+C

»+22+2+2 Ar+B Cx+D
= A=D=0,B=C=1
@02 +2) 2+l 2y : 50
/173+:172+x+2
(24 1)(22 +2)

1
dx =tan 'z + §ln(x2 +2)+C
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23 =322 +22 -3 x
31. —r -3+ "
z?2+1 v +x2—|—1’
23 -3z +2x—3 1, 1 9
/ 21 da:zix —3x+§ln(a: +1)+C
39. x4+6x3+10x2+m:x2+ x 7
22 + 62 + 10 22 + 62 + 10

x T u—3
/x2+6x+10 v /(x+3)2+1 v /u2+1 th U=TT

1
=3 In(u? +1) = 3tan"tu+ Cy

z* 4+ 623 + 1022 + x 145 1 ) »
SO/ Zaiorr10 W37 Tyl +br10) = dtan (w4 3)+C
1 A B

——d d —
2 +4x -5 %, alt (x+5)(x—1) x+5+x—1

1)1 171 1 |z-1 1. /1—sing
B=1 ML N dr =1 —im (%Y e
/6 80 we ge 6/x+5 x+6/w—1 T x+5‘+c 6 n(5+sin0>+C

33. Let x =sin6 to get/ ;i A= —1/6,

t
1
_ ot €
34. Letx—e,then/ezt_4dt—/mdx,

1 A B
= + i A=—1/4, B=1/4s0
(x4+2)(xz—-2) 42 z-2

1 1 1 1 1 rx—2 1 et —2

1) z+2 x+4/m—2x 4nx+2’+ 4net+2‘+
2 4 ’ 2
T z 18z — 81

”/O O- 222 18?181 |zt — 1822 1 81’
18281 &*-81 A B C D
(9—22)2  (x+3)2(z-32 2+3 (z+3)2 2-3 (v-3)%

9 9 9 9
—_Z,B—Z,C—Z,D—ZSO
9 9/4 9 9/4 1? 19 9
—rlz— 21 I e = 2 (22
\% 7T|:33 4n|x—|—3| x+3—|—4n|x ] x—SL T\ 4n5
Inb In5 5
d *d d
36. Letu:eztoget/ i:/ i:/ 711’
s 1 Fe€” “ms e (1+e?) 175 w(1+u)

1 A B 5 5
72*4-7;14:1,3:—1;/ du:(lnu—ln(l—i—u))] =1Inb
u(l+u) uw 14w 175 w(1+w) s

2?41 Az + B Cz+D

37I = .
(@2 +22+3)2 2242243 (224224 3)%

/x2+1 dx—/il dx—/—2$+2 dx
(z24+2x+3)2 " ) (z+1)2+2 (22 + 2z + 3)2

1 1
= —tan! T

V2 V2

A=0,B=1,C=D=-2s0

+1/(2* +22+3)+C
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38.

39.

40.

41.

Chapter 8
x5+x4+4x3+4z2+4x+47A9:+B Cx+ D Ex+F
(224 2)3 Coa?+2 0 (22422 (2242)%
A=B=1,C=D=FE=F=0so0
z+1 1., 1,
2t =323 — 722 4+ 272 — 18 = (v — 1)(z — 2)(z — 3)(x + 3),
1 _ A, B C D
(z—-1)(z-2)(z-3)(x+3) -1 -2 -3 x+3
A=1/8, B=—-1/5,C=1/12, D = —1/120 so
dx 1
=-1 1—71 -2 —1 -3 1 3|+ C
/x4—3x3—7x2+27z718 ginle == gnje =2+ pinje =3[ = 5onfz+ 3]+

1623 — 422 + 4z — 1 = (4o — 1)(42? + 1),

1 A Bx+C
= A=4/5,B=—-4/5C=—1/5
(4 —1)(422 +1) 4x—1+4x2+1 / / /5 so
dx 1 1 1
=-Inldz — 1] — —In(4z®> + 1) — — tan~ (2
/16:103—4:1:2—1—41‘—1 5n|x | 10 n(dz” +1) 10 an (2z) +C

(a) zt+1=(2*+222+1)—222 = (22 +1)? — 222
(2 + 1) + V][22 + 1) — V3]
= (x2+\/§x+1)(x2—\@x+1);a: V2,b=—2

(b) T Az +B L Cx+D
(22 +V22x + 1) (22 =22+ 1) 22 ++22+1 22 —\2zx+1’
2 2
A:O,B:—§7C:0,D=§so

/1xdx:_ﬁ/11dw+ﬁ/lldm
o Th4+1 4 Jo 22 +V2x 41 4 Jo a2 —V2z+1

v V2 .
S /0 (x+\/§/2)2+1/2dx+ 4 / x—ﬂ/2)2+1/2d

V2 1+v2/2 1 \f 1-v2/2 1
=—— — s du+ / du
4 Sz ur+1/2 N R u?+1/2
1 1+v2/2 1 1-v2/2
= ——tan" ' \/iu} + —tan~! \/iu}
2 V22 2 V32
1 1 1/m 1 1 1 s
= — tan (\/§+1)+2(4)+2tan (V2-1) 2( 4)
1
= % - §[tan_1(\/§+ 1) —tan~ (V2 — 1)]
1
= % - i[tan*1(1 +v2) +tan™! (1 — V2)]
1 1 2 1—-+2
=T _ " tan L+ v2)+(1-vY (Exercise 78, Section 7.6)
4 2 1—(1+v2)(1-+2)
LN SN E_l(z)_z
12t 4 2\4/ 8
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1 A B 1 1
42. a2 — 22 a—x+a+x’A_%7B_%SO
1 1 1 1 1
— ( + )dx:(—1n|a—x|+ln|a+a:|)+0:1n “rriL o
2a a—r a+x 2a 2a —
EXERCISE SET 8.6

1. Formula (60): 13—6{49:+1n|71 +4x\} +C

1
3. Formula (65): gln

x
C
5—!—2%‘—'—

1
5. Formula (102): g(x +1)(=3+22)%%+C

1 V4 —3x -2
7. Formula (108): —1In A BRYG
2 V4 —3x+2
1 5)
9. Formula (69): —=1In T+ V5 +C
25 |z -5

11. Formula (73): gx/ﬁ -3- gln ’er \/ﬂ’ +C

2
12. Formula (93): —%4_5

13. Formula (95):

x? =2
14. Formula (90): e +C 15.
)
16. Formula (80): SYE T sin? g +C
x
NP
17. Formula (79): V3 — 22 —/31In M
x
67 — 22
18. Formula (117): —% +C 19.
1 1
20. Formula (40): 11 cos(7x) + g cos(3x) +C
4
21. Formula (50): 16 dAlnz —-1]+C 22.

—2z

23. Formula (42): %

10.

+In(x +V22+5)+C

%\/x2+4—21n(1‘+\/m27—|—4)+0

(—2sin(3z) — 3cos(3x)) + C

+

1
Formula (62): 9 { +1In|2 — 3:17@ +C

2—3x

1 1-5
‘ Iy

Formula (66): —— —51In
x

2
Formula (105): g(—x —HV2—z+C

vir—4

5 +C

Formula (108): tan—!

r—3
x4+ 3

1
Formula (70): 8 In

4o

9
9— 224 2sin 'L 4

Formula (74): % 5 3

C

1 1
Formula (38): 1 sin(5x) + 5 sinx +C

Formula (50): 4v/x B Inz — 1} +C
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24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

Chapter 8

Formula (43): %(cos(?z) + 2sin(2z)) + C

" . 1 wdu 1 4 9

u = €2 du = 2e**dx, Formula (62): i/m =13 {W—i—ln’él—?)e x@ +C
d 1 in 2
u = sin 2z, du = 2 cos 2zdx, Formula (116): /Wu—u) = 6111‘3?21;23; +C
2 d 1
u=3yz,du = %dw, Formula (68): §/u23—4 = gtarr1 ¥+C’
. 1 du 1 _, sindx
u = sindx, du = 4 cos4zdzx, Formula (68): E/W = ﬁtan 3 +C
3z, du = 3dz, Formula (76) 1/ du 11’3 + /922 4‘+C’

u = 3z, du = 3dz, Formu o | ———==-In|3x x2 —

) ) 3 /7,“2_4 3

u = v2x2, du = 2v/2zdz, Formula (72):

1 x? 3
— [ Vu2+3du= "2 +3+ ——In(V22?+ V224 +3) + C
2\/5/ 4 42 ( )

u = 322, du = 6xdx, u*du = 542°dr, Formula (81):

1 u? du x? 5 32
~ B T st st 4o
51) V5o 36 ST R
d 1
u = 2x,du = 2dz, Formula (83): 2 Y ——V3—4x2+C

B—w? 3w
.2 1 1.
u=1Inz,du = dx/z, Formula (26): [ sin®udu = 3 Inz + Zsm(2lnaﬁ) +C

1 1 1
u=e 2" du= —2e2*, Formula (27): —3 /0052 udu = —167290 ~3 sin (2¢7%) + C

1 1
u = —2zx,du = —2dx, Formula (51): Z/ue“ du = Z(—2a: e 4+ C

1 1 1
u = bx —1,du = 5dx, Formula (50): g/lnudu: g(ulnu—u)—l—C: g(5m—1)[ln(5x—1)—l]+0

du 1 1 cos 3T
= 3x,du = —3sin 3z, F la (67): — | ——5 =—2 C
U= con e, au sin 3z, Formula (67) /u(u+1)2 3 [1—1—(:05336 n‘l—&-cos?)x ]+
u=Inz, du= ldcz: Formula (105): _udu i(211r1:10—|— Dvdlnz —14C
T e ) VA—T 12
1 d 1 422 —1
u = 422, du = 8xdz, Formula (70): §/u2731 = Eln 4i2+1‘+0
1 d 1 2e”
u = 2%, du = 2¢”dx, Formula (69): 7/ “ 5 = In | = V3 +C
2/ 3-u 43 |2 — /3
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41.

42.

43.

44.

45.

46.

47.

48.

49.

50.

51.

u = 2¢e%, du = 2e¢"dx, Formula (74):
1 1 3 . 1 1 x 3 . 1 z
3 \/37u2du:iu 37u2+1s1n (u/\/§)+0:§e 374e2z+181n (2¢%/V3) + C

u = 3z, du = 3dx, Formula (80):

V4 — 2 4 — 2 4 — 2
3/ u2u du =-3 Y —3Sin71(u/2)—|—C: —7%

u x

—3sin~'(32/2) + C
u = 3z, du = 3dz, Formula (112):

1 /5 1 5 5 25 uU—25
- S a2 —— _ Y S 2 2 g2 Y
3/ 3u udu—6<u 6) 3u U +21651n < 5 >+C’

18z — 5 25 18x — 5
= — 2 —gi -1
36 5x — 9x —|—21651n ( )—!—C’

u = v/5x, du = /5 dz, Formula (117):

du (u/V5) — u? v — 5x?
- c=2YI"" o
/ e wem T e

u = 3z, du = 3dz, Formula (44):

1 1 1
§/usinudu = §(sinu— ucosu) + C = §(Sil’l3l‘— 3z cos3x) +C
u = /z,u? = z,2udu = dz, Formula (45): 2/ucosudu =2cos /T + 2v/Tsin/x + C

u = —+/x,u? = x,2udu = dr, Formula (51): 2/ue"du = -2(vx + 1)6_\/5 +C
u =2 — 322, du = —6xdz, Formula (50):
1 1 1 ) oo 1 ,

~5 Inudu = fé(ulnufu) +C = 76((2 —3z7)In(2 — 3z°) + 6(2 —3z°)+C

22 +4x —5=(z+2)? —9;u =1z +2,du = dz, Formula (70):

/ du 1
——— ==-In
uw?—9 6

22 +2r—-3=(z+1)?2—4,u=2z+1,du = dz, Formula (77):

1
/\/4 —u?du = iu\/ll —u2 +2sin" ! (u/2) + C
1
= §(x+1)\/372zf:c2+2sin_1((z+1)/2)+C

rz—1
T+5

u—3 1
C=-1
u+3‘+ 6

o

22 —4x —-5=(x—-2)2-9,u=1x—2,du = dz, Formula (77):
u+ 2 udu

du U
—du= 7+2/7:—\/9—u2+2sin_17+0
V9 — u? V9 —u? V9 — u? 3
-2
:—\/5+4x—x2+2sin1<x3 )+O
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52. 22 +6x+13=(z+3)?+4,u=x+ 3,du = dz, Formula (71):

(u—3)du 1 2 o3 _1 2 I -
/ A —21n(u +4) 2tan (u/2)+C’—21n(x + 6z + 13) 2taun (x+3)/2)+C

53. u=+1r—2,z=u®+2, dr=2udy

2 4 2 4
/2u2(u2 +2)du = 2/(u4 + 2u?)du = gu5 + §u3 +C= 5(3& —2)%% 4 g(x —2)%2 4 ¢

54. u=+r+1,z=u?>—-1, dr=2uduy

2 2
2/(u2—1)du=§u3—2u+0— 3(3:—|—1)3/2 2vVe+1+4C

55.

56. u=+vz3—1, 23 =u?>+1, 322dz = 2udu;

2 1 2
f/idu:ftan u—&—C’—ftan VT 1+C

3 u2+1 3

57. u=2x6 z=uS dr=6udu;

6u ud 1
/u3—|— 2du /u+1du—6/[u —u—i—l—_'_l]du

=212 — 3213 4+ 626 — 6 In(2¥® + 1)+ C

5ut )
58. u=ax'% x=u’, dm:5u4du;/Lduzf)/Ldu:flnp:Q/‘r’—l\—i—C
ud — u3 u2 2

-1
59. w=ax'4 2 =ul, do = 4udu; 4 Lo [ Y e awm - e
. U= , L =U", ar = 4U"au; mu— E—f-m U = nm+
u? u
60. u:x1/3,x:u3,dx:3u2du;3/ du:3/ u— ——— | du,
ud +1 ud 4+ 1
u o u _—1/3 (1/3)u+1/3
w4+l (u+Dw2-u+1) u+l w2-u+l
U 1 u+1
3 —— |du= 3 — d
/(u u3+1) “ /<u+u—|—1 u2—u+1) "
1 2u—1
:gu2+1n|u+l|filn(u27u+1)f\/§tan*1 u\/?: +C
3 1 2z1/3 — 1
:§x2/3+ln\x1/3+1\—iln(x2/3—x1/3+1) V3tan™! x\/g +C

61. u=2z"5 z=uS dr=6udu;

3
1
6/ 4 ldu:6/[u2+u+1+1 du = 22?4+ 3213 + 62Y/° 46 In|z/® — 1|+ C
% —

u —
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62. u=/z,r=1u? dr=2udy;

2 2
,2/“ +f‘du2/<u+2+1>dux4\f4111|\/51|+0
-

63. u=+V1+22 22=0u’-1,2zdr =2udy, zdr = udy;

/(“2 — 1)du = %(1 +22)32 — 1+ )24+ C

64. u=(z+3)/5 z=ud -3, dx=>5udu;

) 15
5/(u8 — 3u®)du = §(m +3)%/5 — Z(x +3)45 4 ¢
65. u =z, v =u? dr = 2udu, Formula (44): Q/usinudu = 2siny/xz — 2v/xcos/z + C

66. u= /7, x =u? dr = 2udu, Formula (51): Q/ue“du = 2/zeV® —2eVT 4 C

1 2 1
67. du = du =In|t N+ 1|+ C
/1+ T e R /u+1“ n|tan(z/2) + 1]+
1+u2  1+u?
1 1
68. / 2 du:/idu
2 2u 14w w+u+1
+
1+ u? 1 ) 2 (/2) 1
tan(z +
= dy= ——tan 1222 ) L ¢
/(u+1/2)2+3/4“ g3 ( 3 >
o 1 1
69. u:tan(‘g/Z)v/m:/ﬁdu:—aJrC’:fcot(ﬂ/Z)JrC

70. u = tan(z/2),

2 2 1 2 1
—_— = — = — Y - < - 4
/3u2+8u—3du 3/(u+4/3)2—25/9d“ 3/z2—25/9dz (z=u+4/3)

1

=—-In
5

tan(z/2) —1/3

1
tO =5 w2 3

5

z—5/3
z+5/3

+o

1—u?

3u2 1 1)(u2 + 1)

du;

71. u:tan(x/2)72/(

1—u? Ou+2 Ou-—-1_ 2 1

B+ D)W +1) 32+1 " w41  32+1 w41’

O

cosx 4 1

1 [1—w? 1 1 1,
72. uztan(m/?),i " du=§ (1/u—u)du=iln\tan(m/Q)\—Ztan (x/2)+C
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73.

74.

75.

76.

7.

78.

79.

80.

Chapter 8

/w#dt—llnL ’ (Formula (65), a =4,b=—1)
5 t(4 4 T

—1) 1—t],
1 x 1 z 1 z x
4|:1n4_x1n1:|4IHH,4IH4_xO5,1n4_x2,
1 ToZ e, o =4e* — 2z, x(1 +€?) = 4e?, 2 = 4e? /(1 + €?) ~ 3.523188312
-z
xr 1 x
——dt=2tan ' V2t — 1 F la (108), a = —1,b =2
/1t\/2tj an ]1 (Formula (108), a )

=2(tan ' V22 —1—tan™'1) =2 (tan~' 2z — 1 — 7/4),
2tan ' V2 — 1 —7/4) =1, tan "2z — 1 = 1/2 + 7/4, V2x — 1 = tan(1/2 + 7 /4),
z = [1+tan®(1/2 + 7/4)]/2 ~ 6.307993516

5

4 4
1 25
A= / V25 —x?dr= (255 25 — 22 4+ 5 sin~! x)] (Formula (74), a = 5)
0 0

=6+ % sin™! % ~ 17.59119023

2
A= V922 —4dx; u = 3z,

2/3

6
A:%/ Vu2 —4du = % (;u\/u2—4—21n‘u+\/u2—4D}
2

1 2
=3 (3\/33 —2In(6 + V/32) + 2In 2) =4V2 — (3 + 2v/2) ~ 4.481689467

1
1
A= | ——  dryu=4

/0 95 — 1622 T 00

6
(Formula (73), a* = 4)
2

po—— — In9 & 0.054930614 (Formula (69), a = 5)

u+5 4_ 1
o 40

1 1
A=- — du=—1
4/0 95 —u2 40

4

* 4
A= / Vrlnzde= §x3/2 <:25 Inz — 1)} (Formula (50), n = 1/2)
1 1

4
= §(12 Ind —7) ~ 4.282458815

/2 /2
V= 27r/ x cosz dx = 2m(cosx + x sin as)} = m(m — 2) ~ 3.586419094  (Formula (45))
0 0

8 4 8
V= 27r/ v —4ddr= 1—7;(338 +8)(x — 4)3/2} (Formula (102), a = —4,b=1)
4 4

= %w ~ 214.4660585
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3
81. V= 271'/ re dr; u = —ux,
0

_3 -3
V= 271'/ uedu = 2me™ (u — 1)} =27(1 — 4e7%) ~ 5.031899801 (Formula (51))
0 0

5 5
82. V=2ﬂ'/ xlnxdx:gx2(21nx—1)]
1 1

= m(25In5 — 12) ~ 88.70584621 (Formula (50), n = 1)

2
83. L:/ V141622 dx; u = 4z,
0

1 /8 1 1 8
L:f/ Vitw@du= - (2 1+u2+fln(u+ 1—|—u2) (Formula (72), a® = 1)
1/, 1\2 2 .
3+ 10
—3v2 - 10+ 31 11 g~ BSOIIGH (Formula (89), 0 =)

1
=65+ (s + V/65) ~ 8.409316783

3
3 S Va9 3+VeZ+9
84. L:/ \/1+9/x2dx:/ Hdmz(x/x2+9—3ln+x+
1 1 X X

1

85. S:27r/ (sinx)v/1+ cos? z dx; u = cosz,
0
-t ! u 1 !
S:—Q?T/ \/1+u2du:47r/\/1+u2du:47r(2 1—|—u2—|—§ln<u+ 1+u2>>} a?=1
1 0

0

= o [\/5 Fln(l+ \/5)} ~ 14.42350945 (Formula (72))
4 4
1 Va1
86. S:27T/ f\/1+1/x4dx:27r/ m73_’_dac;u:202,
1 T 1 X

16 /0,2 1 2 1
S = u;_du:ﬂ'<—uu++ln(u—|— u2—|—1)>]

1 u

16

1

(v V257 o 16 + /257
16 14+v2

) ~ 9.417237485 (Formula (93), a® = 1)

¢

87. (a) s(t)=2+ / 20 cos® u sin® u du (b) 5()
0 al

166

20 02 tcos” t — 20 o7t 4
= ——— SIn COS — — COS —_—
9 63 63 3W
2




354 Chapter 8

! 1 1 1 3 11
88. (a) w(t) = /0 a(u) du = —Toe_t cos 2t + 5e_t sin 2¢ + ﬂe_t cos 6t — ﬁe_t sin 6t + 7
6 e 'sin 6t + Et + 313866
1369 185 34225
(b)
89. (a) /secxda:—/ ! dm—/idu—ln Lt +C =1 L+ tan(w/2) +C
) ) ocosz ) 1—-uw2 T T |1-u |1 —tan(z/2)
I cos(z/2) + S%n(x/Q) cos(z/2) + s%n(z/2) L O 1+sinzx e
cos(x/2) — sin(x/2) | | cos(z/2) + sin(x/2) cos &

=In|secz + tanz| + C

tan ~ 4+ tan —~ 1+ tan —
an — an — an —
1 2 2

s xT
(b) tan(2+§):1 o o 1 tan®
anz an§ an§

smx

1
90. /cscxda::/ - dx:/1/udu:ln|tan(x/2)|+0but

1, sin*(z/2) 1, (1—cosx)/2 1. 1—cosx
In|tan(z/2)] = = In oo L2 _ 2 =1 ;al
ntan(z/2) 2 ncos2(z/2) 2 n(1+cosz)/2 2 " Thcosz’

1—cosz 1—cos’z 1 1, L—cosz In| + cotal
= = so0 —In ———— = —In|cscx + cotx
1+cosz (14cosxz)? (escx+cotx)? 2 14 coszx

91. Let u = tanh(x/2) then cosh(x/2) = 1/sech(z/2) = 1/4/1 — tanh?(z/2) = 1/v/1 — u2,
sinh(z/2) = tanh(z/2) cosh(x/2) = u/v/1 — u2, so sinh z = 2sinh(x/2) cosh(z/2) = 2u/(1 — u?),
cosh z = cosh?(2/2) + sinh?(x/2) = (1 +u?)/(1 — u?), z = 2tanh™ ' u, dz = [2/(1 — u?)]du;

dz 1 2 L 2u+1 2 _4 2tanh(z/2) +1
/2005hm+sinhx /u2+u+1 Y V3 an V3 + V3 a V3 -
EXERCISE SET 8.7
1. exact value = 14/3 = 4.666666667 2. exact value = 2
(a) 4.667600663, |E| ~ 0.000933996 (a) 1.998377048, |Ej| =~ 0.001622952
(b) 4.664795679, |Er| ~ 0.001870988 (b) 2.003260982, |Er| ~ 0.003260982

(c) 4.666651630, |Es| =~ 0.000015037 (c) 2.000072698, |Eg| =~ 0.000072698
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3.

10.

11.

12.

exact value = 2 4. exact value = sin(1) ~ 0.841470985
(a) 2.008248408, | Ey| ~ 0.008248408 (a) 0.841821700, | Ea| ~ 0.000350715
(b) 1.983523538, | Er| ~ 0.016476462 (b) 0.840769642, |Er| ~ 0.000701343
(c) 2.000109517, |Eg| = 0.000109517 (c) 0.841471453, |Es| &~ 0.000000468
1
exact value = e~ — e™3 & 0.318092373 6. exact value = 3 In5 ~ 0.804718956
(a) 0.317562837, |Ep| =~ 0.000529536 (a) 0.801605339, |En| =~ 0.003113617
(b) 0.319151975, |Er| =~ 0.001059602 (b) 0.811019505, |Er| =~ 0.006300549
(c) 0.318095187, |Es| ~ 0.000002814 (c) 0.805041497, |Es| =~ 0.000322541
i 1 —3/2 £(4) 15 —7/2
F@) = VETL /(@) =~ @+ )7 (@) = @ )T K = 174, K = 15/16
27
= 1/4) = 0.005625000
(a) |Eum| < 2400(1/4) 0.002812500 (b) |ET| < 1200( /4) =
(c) |Es| < ﬂ(m/m) ~ 0.000126563
) IESI= 180 % 108 =
” —5/2 p(4) 105 _g/9
()*U\[f()* i (x):T6I ; Ky =3/4, Ky =105/16
27
FE 4) = 4 E 3/4) = 0.016875000
(a) [Bwl < 50 (3/4) = 0008437500 (b) Br| < o (3/1) =
(c) |Es| < 2473(105/16) ~ 0.000885938
) ESI= 180 % 108 =
f(z) =sinz, f"(z) = —sinz, fY(z) =sinz; Ky =K,=1
3 3
E ~ 0.012919282 b E ~ 0.02 64
(a) | M|_2400() 0.01291928 (b) | T\_1200() 0.0258385
7
E —— (1) ~ 0.000170011
© 1Bs| < ()
f(z) =cosz, f"(x) = —cosz, [P (z)=cosz; Ko=K;=1
1 1
~ 0.00041 b < =~ 0.000833333
(@) |Em|< 2400( ) ~0.000416667 (b) [Er|< 1200( )
1
P — =~ 0.000000556
(©) 15| € ()
fx)=e, f"(z)=fP@)=e™ Ky=K;=¢e!
- ~0. b E ~ (0.002452530
(8) [Ewl € o (e™?) ~ 0001226265 (b) [Er] < ()
32
(c) |Es|< (e 1) ~ 0.000006540

— 180 x 10%

f(x)=1/2z+3), f'(z) =82z +3)73, fP(x) = 3842z +3)™% K, =8, K4 =384

8
~ 0.02 b ~ 0.
(a) |Eum| < 5200 ——(8) &~ 0.026666667 (b) |Er| < 1200 ——(8) ~ 0.053333333

(384) ~ 0.006826667

3
E - -
(©) 1Bs| = 1g5 5108

355
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13.

14.

15.

16.

17.

18.

19.

20.

Chapter 8

() n> M} et () ns {(12%2(75)(;/1?—4)}1/2% 33.5; n=34
© >[50 1T s

(a) n> :(24()2(75)134?‘*)}1/2 ~4ll;n=42  (b) n> {(12()2(75)(34?3)4)}1/2 ~ 58.1; n=59
(c) n> :m} . 11.5; n = 12

(a) n> :(2(475281_)3)] v ~35.9; n = 36 ®) n> {(1(27;2(01_)3)] v ~ 50.8; n = 51
(©) n> uég)()l(;)g)] Ry

@ s [oDU gt s [0
(c) n> :(185)1))((110)—3)] . 1.5;n =2

(a) n> (2(35;1)6)] . 350.2; n = 351 (b) n> [(Sgg;l)ﬁ)] . 495.2; n = 496
() n> _m] T 15.99; n = 16

(a) n> :(24(;)1(?6)] . 1632.99; n = 1633 (b) n > [(12(5()1(?6)] . 2309.4;n = 2310
(c) n> :m] T 90.9; n = 92

9(Xo) =aXg +bXo+c=4da+2b+c= f(Xo) =1/Xo = 1/2; similarly
9a + 3b+ ¢ =1/3,16a + 4b + ¢ = 1/4. Three equations in three unknowns, with solution
a=1/24,b=—3/8,c=13/12, g(x) = 22/24 — 32/8 + 13/12.

4 2
x 3x 13 25
d = _ R d _
/0 9(z) d /(24 8 +12> Y736

%[f(Xo) A4S (X)) + f(Xo)] = % B v % n ﬂ _ %

f(Xo) =1=9(Xo) = ¢, f(X1) =3/4 = g(X1) = a/36 +b/6 +c,
[(X2) =1/4=g(X2) =a/9+b/3+c,
with solution @ = —9/2,b = —3/4,c = 1,g(x) = —922/2 — 3z /4 + 1,

1/3
/ g(x)dx = 17/72
0

%[f(Xo) +4f(X1) + [(X2) = %8 [143+1/4=17/72
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21.

24.

27.

29.

30.

31.

32.

33.

34.

35.

37.

38.

0.746824948, 22. 1.137631378, 23. 2.129861595,
0.746824133 1.137630147 2.129861293
2.418388347, 25. 0.805376152, 26. 1.536963087,
2.418399152 0.804776489 1.544294774
(a) 3.142425985, | Ey| ~ 0.000833331 28. (a) 3.152411433, |Ey| ~ 0.010818779
(b) 3.139925989, | E| ~ 0.001666665 (b) 3.104518326, | Er| ~ 0.037074328
(c) 3.141592614, | Eg| ~ 0.000000040 (c) 3.127008159, | Es| ~ 0.014584495

S14 = 0.693147984, |Es| ~ 0.000000803 = 8.03 x 10_7; the method used in Example 6 results
in a value of n which ensures that the magnitude of the error will be less than 1076, this is not
necessarily the smallest value of n.

.7)2

(a) greater, because the graph of e is concave up on the interval (1, 2)

(b) less, because the graph of e=*" is concave down on the interval (0,0.5)

f(z) =xsinz, f’'(z) =2cosx — xsinz, |f’(x)| < 2|cosz|+ |z||sinx] <2+2 =450 Ky < 4,
4 1/2
n > {(8)(0)_4)] ~ 115.5; n = 116 (a smaller n might suffice)

fz) = e f"(x) = (sin? 2)e“*® — (cosx)e >, | f"(x)| < e (sin® z + | cos z|) < 2e so

(1)(2e)

1/2
Ky <2e,n> [(24)(10_4)] ~ 47.6; n = 48 (a smaller n might suffice)

f@) =V, f'(z) = lim [ f"(z)] = 400

423/27 o+

VISIVTFCOSVE ) = o

423/2 0+

f(@) =sinVz, f'(z) = -

g 3
L= / V' 1+ cos? xdx ~ 3.820187623 36. L= / V14 1/2%dx ~ 2.146822803
0 1

t(s) 0 5 10 15 20
v (mi/hr) 0 40 60 73 84
v (ft/s) 0 58.67 88 107.07 | 123.2
/ vdt ~ M[o + 4(58.67) + 2(88) + 4(107.07) + 123.2] ~ 1604 ft
0

t 0 1 2 3 4 5 6 7 8
a 0 [0.02|0.08 020|040 060070 |060]| O

/8 adt~ %[a +4(0.02) + 2(0.08) + 4(0.20) + 2(0.40) + 4(0.60) + 2(0.70) + 4(0.60) + 0]
0

/~ 2.7 cm/s
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180 180
39. / vt (555 10.00-+4(0.03) 4 2(0.08) + 4(0.16) + 2(0.27) + 4(0.42) + 0.65] = 37.9 mi
0
1800 1800 [ 1 4 2 4 2 4 1
40. 1/v)dx =~ ~0.71
/0 (Vfv)de ~ 5765 {3100 * 2008 T 2725 T 2540 T 2370 T 2216 T 2059 ®

41. V = /016 mridy = W/Olﬁ r2dy ~ w%[(&m? +4(11.5)% +2(13.8)% + 4(15.4)% + (16.8)?]

~ 9270 cm® ~ 9.3 L

600 600 )
42. A= /0 hdx ~ W[0 +4(7) + 2(16) + 4(24) + 2(25) + 4(16) + 0] = 9000 ft2,
)

V =754 ~ 75(9000) = 675,000 ft>

b
b—a |l 1 1
43, [ f@)dom A date Ay = T Do)+ S )+ (o + )
b—a
= 5o+ 251+ 292 + o+ 2y + Y]

44. right endpoint, trapezoidal, midpoint, left endpoint

45. (a) The maximum value of |f”(x)| is approximately 3.844880.
(b) n=18
(c) 0.904741

46. (a) The maximum value of |f”(x)| is approximately 1.467890.
(b) n=12
(c) 1.112062

47. (a) The maximum value of |f()(x)| is approximately 42.551816.
(b) n=38
(c) 0.904524

48. (a) The maximum value of |f(*)(z)| is approximately 7.022710.
(b) n=38
(c) 1.111443

EXERCISE SET 8.8

1. (a) improper; infinite discontinuity at x = 3
(b) continuous integrand, not improper
(c¢) improper; infinite discontinuity at z =0
(d) improper; infinite interval of integration
(e) improper; infinite interval of integration and infinite discontinuity at x = 1
(f) continuous integrand, not improper

2. (a) improper if p >0 (b) improperif 1 <p <2
(c) integrand is continuous for all p, not improper
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¢
. lim (—e )| = lim (—ef+1)=1
3 g_}gloo( e )] im (—e " 41)

¢
4. lim fln(l +x )} = lim f[ln(l + ¢*) — In2] = +oo, divergent
-1

—>+oo

¢
5. lim lnac_1 = lim lng_l—ln§ :—ln§:1n§
L—+o00 x+1 {— 400 3

4
1 1 1 1
7. lim — 5 :| = lim |:_2+:| ——
t—+too 2In“x], t—too| 2In“f 2 2

8 lim 2\/111:5] = lim (2vIn¢—2vIn2) = 400, divergent

{— 400 {— 400
0
9. lim # = lim 1[—1+1/(2£—1)2]=—1/4
A, 4(2x — 1) l——o0 4

1 ,1x27_ 1[n 0] 1 B

0
1 1 1 1
11.  lim -€**| = lim |- — =e%| = =
l——00 3 Y f——00 | 3 3 3

0
1 1
12.  lim —fln(3 2e” )] = lim §ln(37264):§1113

L— —o00 ¢ £——o00

+oo 0 “+oco
13. / z3dx converges if / z3dx and / z3dz both converge; it diverges if either (or both)
0

— 00 — 00

+oo 1 14 1 too
diverges. / 23dr = lim :c4] = lim —¢* = +o0s0 / 23dx is divergent.
0 {——+o0 0 {——+oo 4

— 00

14

+oo T
14. ———dz = lim x2+2] = lim (V2 +2—+2)=
0 A /.’1,'2 + 2 £——+o00 0 €—>+oo( )
o0 x
o / ————dx is divergent.
—oo VT2 +2
too g 1 ¢ 1
15. ———dr= lim ——————| = 1l Z1=1/(2 +3)+1/3
/0 @2 +3)° v = lim 2(x2+3)]0 P [—1/("+3) +1/3] =

0 [e'S)
- x
similarly /_OO mdm:—l/fi so/ mdw-l/(i—i—( 1/6) =0
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16.

17.

18.

19.

20.

21.

22,

23.

24.

25.

26.

27.

28.

4
1
] = lim [ 14 H] = 400, divergent

4

lim —ln(cosx)} = lim —In(cos¥) = +o0, divergent
L—m /2~ 0 L—m/2~

lim —2v/9 —x} = lim 2(-v9—-(+3)=6

—9— £—9

¢
lim sin"'z| = lim sin™'¢ =7/2
—1- 0 l—1-

1
elim+—\/9—x2] = hm \f—i—\/9 02)
——3 ¢

)4

lim —\/1—23inx} = lim (—v1-2sinf+1)=1

l—7/6~ 0 l—7/6~
¢
lim —In(l — tan z)] = lim —In(1 —tan¥) = 400, divergent
l—m /4~ 0 L—m/4—

2 ¢

d

/ Y — limn |z — 2|] = lim (In|¢ — 2| — In2) = —o0, divergent
o T — 2 0—2— 0 l—2—

2 2 2
d d
; —xﬁ = gl_l,r(r)1+ —1/x:| = eEr([)l+(—1/2 + 1/@) = +00 SO [2 71; is divergent

8 8
/ z3dz = lim 3352/3} = lim 2(4—62/3) =6,
0

{—0+t

0 3 55" 3
/ 27 V3dz = lim 12/3} = lim (33 —1)=-3/2
1 0—0— 2 1 4—0— 2

8
so/ e Y3dx =6+ (~3/2) = 9/2

-1

14

/Q(d‘r( = lim 3($—2)1/3:| — lim 3[([_2)1/3_(_2)1/3] :3\3/57
0

x—2)2/3 oo 0 =2

x—2)2/3  plot o (z—2)2/3

.. 4 dx . 1/3 * 3 4 dx 3
similarly CEDEE = lim 3(z —2) =3V250 = 6V2
2 ¢

Chapter 8
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1
29. Define / —dw / —dr + / —dx where a > 0; take a = 1 for convenience,
x

+oo 1
/ —dr = hm (— 1/30)} = ghrgl+ (1/¢ —1) = 400 so /0 ﬁdx is divergent.
e e

30. Define

where a > 1,

N v = A =

take a = 2 for convenience to get

2
= lim seclx} = lim (7/3 —sec™ ' ¢) = /3,

T
/1 vl —1 —1t

¢ {—1+
oo dx ¢ +oo dx
———— = lim seclx} =n/2—m/3 so —_— =7/2.
2 xVr?2-1 to+to 9 / / 1 AVE | /
+oo ,—Va +00 ‘
31. de = 2/ e %du =2 lim (—e")] =2 lim (1-e¢ %) =2
0 \/> 0 £—+o00 0 {——+00

feo g too g 1 ¢ ¢
32. Y 2/ U 2 lim —tan~! o lim tan~!= = T
0 \/E(Z‘ + 4) 0 u?2 +4 f—+o0 2 2 f—+oo 2 2

+oo -
33. — dr= = lim 2 = lim 2(1 —V?¢) =2
0 V1—e® T / \f oo f} o ( )
+o0 —x L
e s
34. —dx = limsin"'u| =limsin '¢==
0 1—e2® / V1-— u2 / V1-— u2 =1 ]0 —1 2
¢ 1 ¢
35. lim e Pcosxdr= lim —e “(sinx —cosz)| =1/2
l—~+o00 0 l—+o00 2 0

“+oo 1 Y
36. A= / ve ¥ dy = lim —(3x+1)e—3w] —1/3
0 l—+co 9 0

37. (a) 2.726585 (b) 2.804364 (c) 0.219384 (d) 0.504067

8
=12
0

dy\} 1622 9+ 1222 3219 4 1242
40. 1+ <daz> =1+ 042~ 9_ a2’ the arc length is /0 e dxr ~ 3.633168

41. /lnxdx =zlnx—a+C,

dy 4—23 4 ) 23
39. 1+(dx> _1+W 2/3,thearclengthls/0 mdw-Bx

1 1 1
/ Inzdr = lim Inzdx = lim (xlnx;ﬂ)] = lim (=1 —/{lnfl+?),
0

L—0t Jp {—0+ ) —0t
In¢ !
but hm (In¢ = lim — = lim (—¢) =0so Inzdr=-1
—0t ¢—0+ 1/£ ¢—0+ 0
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42.

43.

44.

45.

47.

48.

49.

50.

Chapter 8
1 1 1
Lar=-2E 40,
x x x
too ‘] 1 1\1 ¢ 1
/ 22 e = lim D= lim (2% 2 = lim —n——f—i—l ,
1 x? b—too J;  x? t—Fo0 T x)], oo 14 L
1 1 tool
but lim = fim 72050/ =2
t—+oc L f—doo £ 1 2

+oo t 1 ¢ 1 1 1
/ e 3dr = lim e 3dr = lim ——e 3 = lim [—ze ¥ +=-)==
0 L—+co Jg f——+o0 3 0 {——+o00 3 9 3

+oo o7t .
A:/ 8 dr = lim 2111x 2} = lim 2|:1I1€ 2—lnl} =2Inb
3

2 —4 £—+o0 T+ 2
+oo T £
(a) V= 7T/ e 2 dr = —3 lim e%] =7/2
0

“+oo
(b) S=2r e "V 1+ e 22dx, let u=e"% to get

0
0 1
1
S:—27r/ \/1—|—u2du—27r{; 1+u2+21n‘u+\/1+u2” :w[\@—l—ln(l—ﬁ—\@)}
1 0

(a) Forz >1,2%> :E,eﬂ”2 <e®

+oo l ¢
(b) / e Pdxr= lim e Pdx= lim —e_w} = lim (e'—ef=1/e
1 L—+oo Jy L—+o00 1 £—~00

+oo 5
(c) By Parts (a) and (b) and Exercise 46(b), / e”® dz is convergent and is < 1/e.
1

1 er
If x >0 th r>1, —< —
(2) Ife=0thene’ 21,577 < o2
4 L
. dx . 1
(b)  tim /0 zxﬂekfﬁ;zln@“l)hm

+oo x
(c) By Parts (a) and (b) and Exercise 46(a), / 2:74_1 dz is divergent.
0

Y/

¢
o . 2 o . _ _ . . _
V= ZEI-FOO . (m/x%) dx = eETw (TF/Q’J)} ) ZET@O(TF T/l)=m

¢
A= , lim 27(1/x)+/1 + 1/2* dx; use Exercise 46(a) with f(x) = 2n/z, g(z) = (27 /x)/1 + 1/a*
— 400 1
and a = 1 to see that the area is infinite.

V3 +1 +o0
(a) ISLfoerZ/ ldx = +o0
€ 2

+o0 +o0 L

x dr 1
b dr < — =1 ———| =1/24
(b) /2 x® 41 x_/Q 2t o 3:03}2 /

©) /°° re® de > /+°° rer < /+°° dx N
C x = +00
o 2z+1 - 2c+1 7 /4 20 +1
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51.

52.

53.

54.

55.

56.

57.

2z

V1 + t3dt > / 324t = 5t5/2] = g(2:c)5/2,
0

0 0

2x “+o0
2
lin t3/2dt = lim g(2:1:)5/2 = 400 50 V14 t3dt = +oo; by L'Hépital’s Rule
T— 100 0 T— 100 0
2x
3
o o mdt_ VAR T  NAVESE S8
m—l»r-ql:loo 355/2 - T—+00 (5/2)%3/2 - xr——+00 5/2 o

400 ) +o0 +o0
(b) u= \/E,/ o8 ﬁdx = 2/ cos u du; / cosu du diverges by Part (a).
0 z 0 0

‘\/>
dx 1 1 . T
Letx:rtanetoget/wxz)m:ﬂ/COSQdHZﬂSIHG‘FC:W‘FC
4
2rNIr T 2rNT
3 _ : _ : 2 2 2 2
sou=-—7 ellﬁlwz\/m—xz]a‘ o dm (02 4+ 2~ a/V/r? + a?)
2nNT
= 7;% (1—a/Vr?+a?).

M
Let a? = SRT to get

(a) 5= L (M 21 M N?® 2 [2RT  [SRT

& v=m\err) 2\err) T mV M ~VNam

by ot — A (M Vi3yE (M NP _8RT  [3RT
s m \2RT 8 \2RT M N M

(a) Satellite’s weight = w(x) = k/x? Ib when x = distance from center of Earth; w(4000) = 6000

4000+¢
so k=9.6 x 100 and W = 9.6 x 10°2~2dz mi.lb.
4000
+o0 ¢
() / 9.6 x 102 2dx = lim —9.6 x 1010/4 =24 % 107 milb
4000 S+ oo 4000
+o00 1 ¢ 1
(a) L{1} = / e *'dt = lim —e_St:| ==
0 l—+oco S 0 S
o0 +oo 1 ‘ )
(b) L{th} _ / 678t62tdt — / 67(872)tdt — hm _ 67(872)16 _
0 0 {—+oo S§—2 0 s—2
Foo e—st )4 1
(c) L{sint}= /0 e *sintdt = ZEI-POO m(—s sint — cos t)} . =21
Fo0 —st y4 s
(d) L{cost} = /O e Stcostdt = eligrnoo 21 (—scost + Sint)} . = a7
+oo Y
(@) L{f(®)} =/ te”*dt = lim —(t/s—l—l/sQ)e_St} =
0 —+o0 0 s
+oo Y 9
(b) L{f(t)} = / tPem"dt = lim —(t/s+2t/s* + 2/s3)est} =
0 —+00 0 s

© etroy= [ eta= i tew] 2

{—+o00 8 3 S
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58. 10 100 1000 10,000
0.8862269 | 0.8862269 | 0.8862269 | 0.8862269
oo 2 2 +oo 2
59. (a) u:\/ﬁx,du:\/adx,Q e dI:T e du=+/7/a
aJo
(b) \[ d \f d /+OO —z? /20 d 2 /.»,_oo 7u2d 1
x = +20u,dr = /20 du, e r=— e u =
\ﬁa VT Jo
3 2
60. (a) / = d ~ 0.8862; \/7/2 ~ 0.8862
Foo 3 2 oo 2 Foo 2 +oo 2 1
(b) e * das—/efz d;l:+/ e " dr soEz/ e’ * dx</ ve " dr=—e? <7x107°
0 0 3 3 3 2
61. (a) / da ~ 1.047; 7/3 ~ 1.047
b ——dx = d —d
(b) /0 B +1 " /0 6+135+/4 b1
e e 1
E = ———dx < —dz =
/4 641 A 26 5(4)°
+oo 4
62. If p=0, then / (1)dr = lim ;v] = 400,
0 L—+o0 0
+o0 1 4 1 B
if p # 0, then / e’?dr = lim epz} = lim —(e’'—1)= { L/p. p<0 .
0 f—+too P g {t—+oop +oo, p>0
1
d
63. If p=1, then / @ _ lim lnx} = +4o00;
0o X {—0t+
1
: dr _ L I 1-p _J /(A =-p), p<1
ot ten [ 2=t T 0oy gy = { VTP Rt
64. u=+1—-z,u’=1-z,2udu=—dx;
0 1 1
—2/ V2 —u?du= 2/ V2—uldu= [u\/2 —u? +25111_1(u/\/§)]0 =V2+7/2
1 0
1 0 1
65. 2/ cos(u?)du ~ 1.809 66. —2/ sin(1 — u?)du = 2/ sin(1 — u?)du ~ 1.187
0 1 0

CHAPTER 8 SUPPLEMENTARY EXERCISES

1. (a)
(c)
(e)
(8)
(1)

(b)
(d)
(f)
(h)

integration by parts, u = z, dv = sinx dx
reduction formula

u-substitution: u =23 + 1

integration by parts: dv = dx,u = tan™
u-substitution: u = 4 — 2

Ly

u-substitution: uw = sinx
u-substitution: v = tanx
u-substitution: v =z +1
trigonometric substitution: z = 2sin 6
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2. (a)
(d)
5. (a)
(d)
6. (a)
(b)
7. (a)
(b)
8. (a)
(b)

x = 3tand (b) z =3sinfd (c) x=gsinf
x = 3sech (e) x=+/3tand (f) z=3tand
#40 (b) #57 (c) #113
#108 (e) #52 (£) #71
u=2a2dv= v dz, du =2z dz, v=vVa% +1;

Va2 +1
s 2 ! ! 2 1/2
————dr == x2+1] —Z/x;v + 1)/ “dx
/0 va2+1 0 ( )

=2 - %(xQ + 1)3/2]

0
1

—VE-2pVE-1= (2~ VE)3

0

wW =241, 22 =u? -1, 2zdr = 2udu, zdr = udy;

/1x3 dac—/lx2 xdm—/ﬁqﬂ_l
0o Vz2+1 0o VaZ+1 1 u

udu

u =2z,
1 1 1 3
/sin42xdw: 5/sin4udu: 3 [—4sin3ucosu+4/sin2udu]
15 +3 1 . . 1 J
= 8sm U COS U g 2smucosu 5 u

3
3ucosu — I—GSinucoqur —u+C

16

= ——sgin
8

1 3 3
= —gsin?’ 2x cos2x — Esiancoslv—i— ggc—f—C

1 1
/xcos5(x2)dx: 3 /cos5udu =3 /(cosu)(l — sin” u)? du

1 1
= §/Cosudu—/cosusin2udu+§/cosusin4udu

1 1
= isinuf gsin3u+1—osin5u+0
1 1 1
=3 sin(z?) — 3 sin®(2?) + m sin®(z?) 4+ C
With z = sec#:
vz -1

1
/xg_xdz:/cot9d9:1n|sin0|+C’:ln

||
With z = sin0:

1 1

= —1In|csc20 —cot 20| + C =1n|cot | + C =1n

vi-—z®
||

+ C; valid for |z] > 1.

365

xr2
+C, 0<|z| <1
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(c) By partial fractions:

1 1/2 1/2 1 1
/<+ / + / )da:—lnx|+2ln|x+l|+2ln|x1|+C’

r x+1 x-—1

2-1
=In |x|| |+C; valid for all = except x = 0, £1.
x
9. (a) Withu=z:
1 1
———dz =2 | —— du = 2sin" (u/V2) + C = 2sin"}(\/z/2) + C;
| mr=e=r (u/V2) (VD)
with u = 2 — x:

completing the square:

/ 1
V31— (z—1)2
(b) In the three results in Part (a) the antiderivatives differ by a constant, in particular

2sin"!(\/2/2) = 1 — 2sin !} (V2 — 2/V2) = /2 +sin"(z — 1).

du = —2sin" (u/V?2) + C = —2sin (V2 — 2/V2) + C;
dr =sin"H(z — 1)+ C.
3—x 3—-z A B C

2
10. A= d —_—
/1x3—|—x2 “ 22(x +1) x+x2+x+1
2

i A=—-4, B=3,C=4
3

A= —4ln|x|—;+4ln|x+1\

1

3 3 3 3
= (—4ln2—§+41n3)—(—41n1—3+4ln2) = 5—81n2+41n3= §+4ln1

11. Solve y = 1/(1 + 2?) for x to get Ly

1- . . =1/(1 +x%)
T = Y and integrate with respect to :y !
y X
L T—y >
y to get A= / \/ —— dy (see figure)
0 Yy

o g —1 Inz]"
12. A:/ ne dxr = lim _nx} =1/e

—_

2 t—too T |,

+oo ¢
13. V= 27r/ re "dr = 27 lim —e "(z + 1)] =27 lim [1—e ((+1)]
0 {—4o00 0 {— 400

/41 1
but lim e “({+1)= lim —: = lim — =0s0V =27
{—+o00 l—+o0 € l—+4o00 €
oo gy 1 ¢ 1 ™
_ oy -1 _h -1 _ g
14. /0 P R ZBToogtan (x/a)]o—él}glooatan (¢/a) = %—1,01—77/2

2
15. u = cosb, —/ul/Qdu:—§COS3/20+O

1 1 1
16. Use Endpaper Formula (31) to get /tan7 0do = g tan® 6 — 1 tan® 0 + 3 tan?6 4 In|cosf| + C.
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1 1
17. u = tan(x?), 3 /quu =5 tan®(2%) + C

18. =z = (1/v/2)siné, dz = (1/1/2) cos 6 db,

Lo Y0do L)L 0 si 9] " + 3 /W/ 20do
— COS = —= 4 7 COS sin - COS
V2 J 2 V2 |4 —ni2 a2

w/2

1 1 [/ 31 37
cos fsin 0 +—/ do 2 Za="2
4\f{ ]ﬂ/z 2 ) s } W22 82

19. z = \/gtanﬁ, dzx = /3 sec? 0do,

1 1 1 1 T
- df = 0do = - 0+C=—7rc-—=—=+C
3/se09 3/COS 3Sln * 3V3 + 2 *

20. /(,COSQCZG, let w =sin6 — 3, /#du = Ltan_l[(sinﬁ — 3)/\/?:] +C

sinf — 3)2 +3 u? +3 V3
21. x—de, let u=x+1,
Vie+1)2+1
“+2 2 ~1/2 4 }
u(u” +1 du=+\u2+1+2sinh tu+C
Vi +1 [ ( ) \/u2+

= Va2 +22+2+2sinh (2 +1)+C

Alternate solution: let x + 1 = tan#,

/(tan@—&—?)sec@d@z/sec@tan@d@+2/sec€d9:sec9+2ln|secé’+tan9|+0

=vVz2+2z+2+2In(vVa?+2z+2+2+1)+C

1
22. Let x =tanf to get /7dx.

23 _ 22
1 _A B C
o —~ _ A=-1,B=-1,C=1
x2(a:—1) x2+x—1’ ’ S0
1 1
/ dx—/ dx—l—/ r=—-Inlz|+—-+h|lz-1+C
x x
1 -1 tanf — 1
= +In|Z +C =cotf+In| "~ +C =cotf+1In|l —cotd|+ C
T tan 6

1 A B C 1 1 1

23. = -A=—-- B=— C=—
G-D@+@=3) -1 242 z-3 6’ 157 10
1/ 1 1 | 1 |
_é/z—ld ST SR -3

1 1 1
:—61n|a:—1|+Bln\m+2|+ﬁln\x—3|+0
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24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

—z—1 z+1 u+1/2
—  dr=— de = — | —1=d =z41/2
/a:2+a:+1 * /(x+1/2)2—|—3/4 * /u2+3/4 v u=ztl/

= —% ln(u2 +3/4) — % tan’1(2u/\/§) +C

+C

dz 1 1 2r+1
e —— — Zln(z? 1) — — tan~ !
so/x(x2+x+1) n x| 5 n(z*+z+1) 7 an 73

u=+vzr—4, zr=u+4, de = 2udu,

2 22 2 4 ?
/ TduzQ/ [1 2] du = [2u4tan1(u/2)} =4—7
0 U +4 0 u +4 0

u=+/z, z=1u? dxr=2udu,
3 9 3
9 3
2/ Lduzz/ | du:(zu—man—lﬁ) —6-2r
0 U2+9 0 U2+9 3 0 2

2u
u? —1 du,

u=+ver+1,e*=u?—-1,2=Imn0?-1),dr=

2 1 1 ver +1—-1
/ du/[ - ]duln|u1|lnu+1|+ClnH+C
ver+1+1

u2 —1 u—1 w41

2u
u? +1

1 o2 1
2 1
/%duzQ/ 1— —— ) du=(2u—2tan " u) =2 =

¢
I 1 i 1 n 1 1
im ————| = lim |- =
t—too  2(x241) t—too | 2(241)  2(a?+41) 2(a2+1)

a

u=+ver -1, e =u?>+1,2=Imn0?+1),dr= du,

. 1 _q bz . 1 _ bl T
lim —tan™" —| = lim —tan™ — = —
g t—+ooab a 2ab

1 1 1 1
Let u = IE4 to get Z / ﬁdu = Zsin_1u+ C = Zsin_l(z4) + O

/(cos32 zsin®0 z — cos®® zsin? z)dx = /00530 zsin®" z(cos? z — sin” x)dx

.31
_ . 30 . _sin 2x
_2% Sin 2$C052$d]}—m+0

/\/xﬁdm\z/(\/ﬁm)du@\f[( +2)32 —(z -2+ C

1 1 1 1 1
 dr=— [ Cdu=—-1 C=—lnjl+a%+C
/w10(1+$_9) x 9/uu 9n|u|—|— 9n| +z77 +

Chapter 8
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35. (a)

(b)

(c)

36. (a)

(b)

(c)

(d)

(e)

37. (a)

(b)

38. (a)

(b)

A . B +Ca:+D Ex+ F
z+4 -5 22+1  (2241)2
3 2 r—2 3

_x+4+x—5_x2+1_(552+1)2

(x+4)(x —5)(z2 +1)2%

1 3
—3In|z +4|+2In|z — 5|+ 2tan"'z — §ln(a?2+1) ~3 (:vaJrl +tan_1x> +C

+oo ¢
1) = / e tdt = lim —e_t} = lim (—e*+1)=1
0

“+o0
Nx+1)= / tYetdt; let u = t¥, dv = e~ tdt to get
0

“+oo +o00 +oo
Mz+1)= wet} + x/ t" leTtdt = —t%e ™t + al'(x)
0 0 0
t(l)
lim t“e”' = lim — = 0 (by multiple applications of L’Hopital’s rule)
t——+oo t—+4oo et

so (x4 1) = 2l(x)
I'(2)=Ora = 1)1) =1,r@E) =2r2) = 2)(1) =2, [4) =303) = (3)(2) = 6

It appears that I'(n) = (n — 1)! if n is a positive integer.

r (1) _ /;OC 126t gt = 2 /Om e~ du (with u = Vi) = 2(y/7/2) = V7

2
()b ()= () -1

@)
2 2

t=—Inz,z=e"t de=—e"tdt,
1 0 +oo
/ (Inz)"dx = f/ (—t)"e tdt = (71)"/ e tdt = (—=1)"T'(n + 1)
0 “+o0 0
t=a" x=t"/" de = (1/n)t/" Ldt,

+o0 +oe
/ e da = (1/n) / t/ntemtdt = (1/n)T(1/n) =T(1/n+ 1)
0 0

v/ cosf — cosby = \/2 [sin®(6p/2) — sin®(6/2)] \/2 — k2sin? ) = \/2k2 cos? ¢

= V2k cos ¢; ksin¢ = sin(6/2) so kcos ¢ dp = %COS(Q/Q) do = % 1 —sin?(6/2) df

1 2%
SV/1— K sin b, thus df = 2K 14 and hence
V1—k2 sm2

SL/ 2k cos ¢ /
=4
\fk cosaﬁ 1 — k2sin? ¢ 1-— k2 sin?

If L =15 ft and 6y = (7/180)(20) = 7/9, then
7o V3 dg

2 /o \/1 — sin®(7/18) sin® ¢

~ 1.37 s.

369
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CHAPTER 8 HORIZON MODULE

Chapter 8

1. The depth of the cut equals the terrain elevation minus the track elevation. From Figure 2, the

1
cross sectional area of a cut of depth D meters is 10D + 2 - §D2 = D? + 10D square meters.

Distance from | Terrain elevation | Track elevation | Depth of cut | Cross-sectional area
town A (m) (m) (m) (m) £ () of cut (m?)

0 100 100 0 0

2000 105 101 4 56
4000 108 102 6 96
6000 110 103 7 119
8000 104 104 0 0
10,000 106 105 1 11
12,000 120 106 14 336
14,000 122 107 15 375
16,000 124 108 16 416
18,000 128 109 19 551
20,000 130 110 20 600

2000
The total volume of dirt to be excavated, in cubic meters, is / f(x)dx.
0

By Simpson’s Rule, this is approximately

20,000 -0
3-10

= 4,496,000 m?.

Excavation costs $4 per m?, so the total cost of the railroad from kA to M is about

4 - 4,496,000 = 17,984,000 dollars.

2. (a) Distance from | Terrain elevation | Track elevation | Depth of cut | Cross-sectional area
town A (m) (m) (m) (m) f(x) of cut (m?)
20,000 130 110 20 300
20,100 135 109.8 25.2 887.04
20,200 139 109.6 29.4 1158.36
20,300 142 109.4 32.6 1388.76
20,400 145 109.2 35.8 1639.64
20,500 147 109 38 1824
20,600 148 108.8 39.2 1928.64
20,700 146 108.6 37.4 1772.76
20,800 143 108.4 34.6 1543.16
20,900 139 108.2 30.8 1256.64
21,000 133 108 25 875
21000
The total volume of dirt to be excavated, in cubic meters, is /
20000

By Simpson’s Rule this is approximately
21,000 — 20,000

3-10

f(z)dx.

0+4-56+2-96+4-1194+2-0+4-11+2-336+4-375+2-416+ 4 - 551 + 600]

[600 + 4 - 887.04 + 2 - 1158.36 + ... + 4 - 1256.64 + 875] = 1,417,713.33 m?>.

The total cost of a trench from M to N is about 4 -1,417,713.33 ~ 5,670,853 dollars.
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(b)

Distance from | Terrain elevation | Track elevation | Depth of cut | Cross-sectional area
town A (m) (m) (m) (m) F(x) of cut (m?)
21,000 133 108 25 875
22,000 120 106 14 336
23,000 106 104 2 24
24,000 108 102 6 96
25,000 106 100 6 96
26,000 98 98 0 0
27,000 100 96 4 56
28,000 102 94 8 144
29,000 96 92 4 56
30,000 91 90 1 11
31,000 88 88 0 0
31000
The total volume of dirt to be excavated, in cubic meters, is / f(z)dz. By Simpson’s
21000

Rule this is approximately
31,000 — 21,000
3-10
The total cost of the railroad from N to B is about 4 - 1,229,000 =~ 4,916,000 dollars.

[875+4-336+2-24+ ...+ 411+ 0] = 1,229,000 m®.

3. The total cost if trenches are used everywhere is about
17,984,000 + 5,670,853 + 4,916,000 = 28,570,853 dollars.

4. (a)

(b)

(c)

1
The cross-sectional area of a tunnel is A = 80 + §7r52 ~ 119.27 m?. The length of the

tunnel is 1000 m, so the volume of dirt to be removed is about 1000Ar =~ 1,119,269.91 m3,
and the drilling and dirt-piling costs are 8 - 1000A7 ~ 954,159 dollars.

To extend the tunnel from a length of & meters to a length of z + dxr meters, we must move
a volume of Ardx cubic meters of dirt a distance of about x meters. So the cost of this
extension is about 0.06 X A7 dz dollars. The cost of moving all of the dirt in the tunnel is
therefore

1000 l‘2 1000
/ 0.06 x Ardar = 0.06A7 - = 30,000A7 ~ 3,578,097 dollars.
0 0

The total cost of the tunnel is about 954,159 + 3,578,097 ~ 4,532,257 dollars.

5. The total cost of the railroad, using a tunnel, is 17,894,000 + 4,532,257 4+ 4,916,000 + 27,432,257
dollars, which is smaller than the cost found in Exercise 3. It will be cheaper to build the railroad
if a tunnel is used.



