CHAPTER 7

Exponential, Logarithmic, and Inverse
Trigonometric Functions

EXERCISE SET 7.1
1. (a) f(g9(x)) =4(z/4) ==z, g(f(x)) = (4z)/4 =z, f and g are inverse functions
(b) f(g9(x))=3Bx—1)+1=92—2+# x so f and g are not inverse functions
(¢) flgx)=3/(x3+2)—2==, g(f(x)) =(x —2)+2 ==z, fand g are inverse functions
(d) f(g9(2)) = (@YH* =2z, g(f(z)) = (x)V/* = |z| # 2, f and g are not inverse functions
2. (a) They are inverse functions. 2
) ﬁb}z
2
(b) The graphs are not reflections of each other 2
about the line y = z. /F/
1 //{/ ‘ |
-2
(c¢) They are inverse functions provided the domain of 5
g is restricted to [0, +00) / 1
.
0
(d) They are inverse functions provided the domain of f(x) 2
is restricted to [0, +00) i ]
0% ! 2
0
3. (a) yes; all outputs (the elements of row two) are distinct
(b) no; f(1) = f(6)
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10.

11.

12.

13.

Chapter 7

(a) no; it is easy to conceive of, say, 8 people in line at two different times
(b) no; perhaps your weight remains constant for more than a year

(c) yes, since the function is increasing, in the sense that the greater the volume, the greater the

weight
(a) yes (b) yes (c) no (d) yes (e) no (f) no
(a) no, the horizontal line test fails (b) yes, horizontal line test

10

|
a8

AW J

-2 -10
(a) no, the horizontal line test fails 8. (d) no, the horizontal line test fails
(b) no, the horizontal line test fails (e) no, the horizontal line test fails
(c) yes, horizontal line test (f) yes, horizontal line test

(a) f has an inverse because the graph passes the horizontal line test. To compute f~1(2) start
at 2 on the y-axis and go to the curve and then down, so f~%(2) = 8; similarly, f~*(-1) = —1

and f~1(0) = 0.
(b) domain of f~!is [~2,2], range is [—8, §] (c) g Y
4
| 1 | X
-2 1 2
4
-8

(a) the horizontal line test fails
(b) —o<z<-1;-1<z<2and2<z<4.

(a) fl(z)=2zx+8; f <0on (—o00,—4) and f’ > 0 on (—4,+00); not one-to-one
(b) f'(z) =10z* + 32% +3 > 3 > 0; f'(x) is positive for all x, so f is one-to-one
(¢) f'(x)=2+4cosxz>1>0forall x, so f is one-to-one

(a) f'(z) =322+ 62 = 2(3z + 6) changes sign at x = —2,0, so f is not one-to-one
(b) f'(z) =52*+242% +2 > 2 > 0; f’ is positive for all z, so f is one-to-one
() fl'(z)= ﬁ; f is one-to-one because:
if x1 <3 < —1then f' > 0 on [z1,22], so f(x1) # f(x2)
if =1 < a1 < x9 then f/ > 0 on [z1,x2], so f(x1) # f(z2)
if 1 < =1 < x5 then f(x1) > 1 > f(x2) since f(z) > 1 on (—oo,—1) and f(z) < 1 on
(=1, +00)

y=f"Ha), z=fly) =y° y=2'" = f1(x)
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1 1 -1
4. y=f"(),2=[fly) =6y, y=co=f"(2)

15 y=fa) o= f) =Ty~ 6,y =2 (x+6)= [ (2)

16. 5= @ha = fl) = T oy =yl - Dy =at oy = T = @)
17. y=f""2), 2= f(y) =3y> =5,y = Y (x+5)/3=f"1(2)
18, y= ) v = fl) = YTy = (- 2) = [ @)
19. y=f"ta),z=fly)=V2y—Ly=("+1)/2=f"(2)
20. y= @) a= 1) =z =y = )
21. y=[f"Yz), 2= f(y) =3/y*, y=—3/z=[f""(2)
o - B 2y, y<0 o B x/2, <0
22. y=f (x)w—f(y)—{yQ, >0 y=1f (w)—{ Vi 250

5/2_y7 y<2

y y>2 y=f""(z)=

23. y=f"la),z=f(y) = { { 5/2—uz, x>1/2

1/z, 0<z<1/2

24. y=p Ha),z=py) =9 -3 +3y—1=(y—17° y=23+1=p71(a)

25. y:f*l(x), :C:f(y) — (y+2)4 for y > 0, y:ffl(:c) — 214 _ 9 for o > 16

26. y=f"Yz),z=f(y)=Vy+3fory>-3,y=f1(x)=2a2—3forz>0

27. y=f"Yz),z=fly)=—v3—2yfory<3/2,y=f"'(z)=(3—22)/2forz <0

28. y=f"Yx),x=f(y) =3y>+5y—2fory>0,3y+5y—2—x=0fory >0,
y=f"1z)=(-5+ 12z +49)/6 for z > —2

29. y=f"'(2),a=fly)=y-5y*fory>15y° —y+aw=0fory>1,
y=f"z)=(14++/1—-20x)/10 for z < —4

5
30. (a) C= §(
(b) how many degrees Celsius given the Fahrenheit temperature

(c) C = -273.15° C is equivalent to F' = —459.67° F, so the domain is F' > —459.67, the range
is C > —273.15

F —32)

4
31. (a) y=f(z)=(6214x 10"z (b) z=f(y) = 6%;)14?}

(c) how many meters in y miles
32. fand f~! are continuous so f(3) = lir% f(z) =7; then f~1(7) = 3, and
lim f~Y(z) = f~! (lim7ac) = Y1) =3

r—T



266

33.

34.

35.

36.

37.

38.

39.

40.

41.

(a)

(c)

Chapter 7

flg(@) = f(Vx) ®)
= (Vo) =m,2>1; i 'I«V:f(x)
9(f(2)) = g(«?) S
=VaZ=a,2>1 - /I y=28@)
/
e

no, because f(g(x)) = x for every z in the domain of g is not satisfied
(the domain of g is = > 0)

y=fY2), x = fly) = ay®> + by + ¢, ay®> + by + ¢ — x = 0, use the quadratic formula to get

Y

(a)

(a)

(b)

 —b+x/b? —4da(c— 1)
N 2a '

f_l(x):_b+ \/b22;4a(c—x) (b) f_l(x):_b_ b22;4a(c—x)
3—z
% 1-—z 3-3x—-3+zx o
Shhe Shes i 1
-z

symmetric about the line y = x

y = m(x — x0) is an equation of the line. The graph of the inverse of f(z) = m(x — x¢) will be the
reflection of this line about y = 2. Solve y = m(x — ) for = to get x = y/m + 29 = f~1(y) so
y=f"Yz) =z/m+ 0.

(a)
(b)

(a)
(b)

f(r) =23 —32%2 + 22 = x(x — 1)(z — 2) so f(0) = f(1) = f(2) = 0 thus f is not one-to-one.

f(z) = 32% — 62+ 2, f'(z) = 0 when z = W =1+V3/3. f'(z) >0 (fis

increasing) if x < 1 —+/3/3, f'(x) < 0 (f is decreasing) if 1 —v/3/3 <z < 1++/3/3, so f(x)
takes on values less than f(1 —+/3/3) on both sides of 1 —1/3/3 thus 1 —1/3/3 is the largest
value of k.

f(x) = 23(xz —2) so f(0) = f(2) = 0 thus f is not one to one.

f(z) = 423 — 622 = 422 (2 — 3/2), f'(z) = 0 when x = 0 or 3/2; f is decreasing on (—oc, 3/2]
and increasing on [3/2, +00) so 3/2 is the smallest value of k.

if f~1(x) =1, then z = f(1) = 2(1)3 +5(1) +3 =10

if f~1(x) =2, then z = f(2) = (2)3/[(2)> + 1] = 8/5

6 42. 10
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43.

45.

46.

47.

48.

49.

50.

51.

52.

53.

44. 6
0\ 6
0
dx dy 1
= -1 = :53 777:152 17:7.
y=f"(x),z=fy)=5"+y Iy R e

dy dy dy 1
heck: 1 =15y~ + —=, 2 = ————
chee 5 derdx’ dr 1592 +1

dz 5 d
y=I"w) e = ) =1y =2 = 2

check: 1 = —2y_3@ dy = —3/2

dx’ dx
dz dy 1
= f! = =2 +y3 +1, — =10y* +3y°, = = ————;
Yy f (33),1‘ f(y) ¥’ +y + ’dy Y+ y’dx 10y4+3y27
dy dy dy 1
heck: 1 =10y*—2 +3y°>°—~2, 2 = ————
chee Viar TV 4z dr T 104% 1 32
dy 1

dx
I — f(y) =5y —sin2y, L =5_2cos2y, Y-~ .
y=[f""(z), = f(y) =5y —sin2y, dy 5 — 2cos 2y, dr  5—2cos2y’

dy d 1
check: 1 =(5—2cos 2y)d£ ﬁ m

f(f(z)) = z thus f = f~! so the graph is symmetric about y = .

(a) Suppose z1 # x2 where x; and x2 are in the domain of g and g(z1), g(z2) are in the domain of
f then g(z1) # g(z2) because g is one-to-one so f(g(x1)) # f(g(x2)) because f is one-to-one
thus f o g is one-to-one because (f o g)(z1) # (f o g)(z2) if 21 # ws.

(b) f, g, and f o g all have inverses because they are all one-to-one. Let h = (f o g)~! then
(fog)(h(z)) = flg(h(x))] = =, apply f~' to both sides to get g(h(x)) = f~'(x), then apply
g " toget h(z) =g ' (f'(x)) = (g7 o f ) (), soh=g "o f!

y

X

-

Suppose that g and h are both inverses of f then f(g(z)) =z, h[f(g(z))] = h(z), but
h[f(g(x))] = g(x) because h is an inverse of f so g(z) = h(x).

Fi(x) = 2['(2g(x))g’ () so F'(3) = 2'(29(3))g'(3). By inspection f(1) =3, s0 9(3) = fi3) =1
and ¢'(3) = (f~Y'(3) = 1/f(f~*3)) = 1/f'(1) = 1/7 because f'(z) = 423 + 322 Thus
P~ 35 @4/ o) (7} = s

F(3) = f(2(3)),9(3) = f1(3); by inspection (1) = 3, s0 g(3) = /= (3) = 1, F(3) = f(2) = 25.
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EXERCISE SET 7.2
1. (a) —4 (b) 4 (c) 1/4
2. (a) 1/16 (b) 8 (¢) 1/3
3. (a) 2.9690 (b) 0.0341
4. (a) 1.8882 (b) 0.9381
1
5. (a) log,16 =log,(21) =4 (b) log, <32> =log,(27°) = -5
(c) logy4=1 (d) logy3 =logg(9'/2) =1/2
6. (a) log,((0.001) =log;((1073) = -3 (b) log;,(10%) =4
(c) In(e3) =3 (d) In(ye) =In(e!/?) =1/2
7. (a) 1.3655 (b) —0.3011
8. (a) —0.5229 (b) 1.1447
1 1
9. (a) 21na+§lnb+§lnc:2r—|—s/2+t/2 (b) Inb—3lna—Inc=s—-3r—t
1 1
10. (a) glnc—lna—lnb:t/?)—r—s (b) §(lna+3lnb—21nc):r/2+38/2—t
1 . 1.,
11. (a) 1—|—10gx—|—§log(:r—3) (b) 2In|z|+ 3lnsinx — iln(x +1)
1 1., 1,
12. (a) 3 log(z + 2) — log cos 5z (b) 3 In(z“+1) — 3 In(z” + 5)
24(1 1
13. log (16) = log(256/3) 14. log vz — log(sin® 2z) + log 100 = log 003\/5
3 sin” 2z
3 1 2
15, mYVEE+D 16. 1+ =103 = 1000, z = 999
cos
17. Jx=10"'=0.1, 2 =0.01 18. 22 =¢*, v =+e?
19. 1/x=e2 x=¢? 20. z=7
21. 2z =8, v=4 22. logoz3 =30, 2° = 103°, z = 1010

23. loggz =5, v =10°
6 4 4 5 5
24. Indr—Inz°=In2,In—=ml2 —=2,2"=2, = /2
x x
25. In22? =1n3, 222 = 3, 22 = 3/2, = /3/2 (we discard —,/3/2 because it does not satisfy the
original equation)

In2
26. In3* =In2, rIn3 =1n2, x:n—
In3
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In3
2Inb

27. In5 % =In3, —2zIn5=1In3, z=—
—2z 1
28. e ** =5/3, —2x =1n(5/3), x:—aln(5/3)

20. ¢ =7/2, 30 =In(7/2), = = S In(7/2)

30. €"(1—2x) =0s0e” =0 (impossible) or 1 —2x =0, x =1/2

31. e “(x+2)=0s0e =0 (impossible) or  +2 =0, z = —2

32. €2 —e® —6 = (e® —3)(e® +2) =0 s0 e® = —2 (impossible) or e¥ =3, z = In3

33. e 3 ?4+2=(e"-2)(e®-1)=0s0e?=2,2=—In20re *=1,2=0

34. (a) A (b) y

- |

S

| | |
[§ I
2k 2
7 X
-2 2

35. (a) y (b) o1

6 -

a4l \ / X

] 2
2,
| \ | | {
) ~— 1
—4
36. (a) oy x (b) ¥
-1 = - /
| | X
3
~10}- —1F
37. log,7.35 = (log7.35)/(log2) = (In7.35)/(In2) ~ 2.8777;
logs 0.6 = (log 0.6)/(log5) = (In0.6)/(In5) ~ —0.3174
38. 10 39. 2
| 0 |3
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40.

41.

42.

43.

44.

45.

46.

47.

Chapter 7

(a) Let X =log,x and Y = log, z. Then b¥ = 2 and a¥ = 2 so a¥ = b¥, or a¥/X = b, which
log,z loe b.1o _log, x
log,z 8a 0,108 T = log, b’
(b) Let 2 = a to get log, a = (log, a)/(log, b) = 1/(log, b) so (log, b)(log, a) = 1.
(log 81)(logs 32) = (log,[3]) (logs[2°]) = (4log, 3)(5logs 2) = 20(log, 3)(logs 2) = 20

means log, b = Y/X. Substituting for ¥ and X yields

(a) z=3.6541,y = 1.2958 (b) z~332105.11,y ~ 12.7132
2 12.7134
2 }6 332085 =/ 332125

0.6 12.7130

Since the units are billions, one trillion is 1,000 units. Solve 1000 = 0.051517(1.1306727)* for z by
taking common logarithms, resulting in 3 = log0.051517 4 2 1log 1.1306727, which yields x ~ 77.4,
so the debt first reached one trillion dollars around 1977.

(a) no, the curve passes through the origin (b) y=2%/4

() y=27" (d) y=(5)"

-1% V2

(a) Asz — +oo the function grows very slowly, but it is always increasing and tends to +o00. As
x — 17 the function tends to —oo.

(b)

5

T T T T2

X

log(1/2) < 0 so 3log(1/2) < 2log(1/2)

Let © = log, a and y = log ¢, so a = b* and ¢ = bY.

First, ac = b*bY = b1 or equivalently, log,(ac) = x + y = log, a + log;, c.
Secondly, a/c = b* /bY = b*~Y or equivalently, log, (a/c) = x — y = log, a — log, c.
Next, a” = (b®)" = b"™® or equivalently, log, " = rz = rlog, a.

Finally, 1/¢ = 1/bY = b~ ¥ or equivalently, log,(1/c) = —y = —log, c.

75¢~t/125 = 15t = —1251n(1/5) = 1251n5 ~ 201 days.
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48. (a) alft=0, then Q = 12 grams
(b) b Q = 12790551 = 127022 ~ 9.63 grams
(c) 1270055t = 6 0055t = 0.5 + = —(In0.5)/(0.055) ~ 12.6 hours

49. (a) 7.4; basic (b) 4.2; acidic (c) 6.4; acidic (d) 5.9; acidic

50. (a) log[H"] = —2.44,[H*] =10"2% ~ 3.6 x 1073 mol/L
(b) log[HT] = —8.06,[HT] = 10789 ~ 8.7 x 1079 mol/L

51. (a) 140 dB; damage (b) 120 dB; damage
(c) 80 dB; no damage (d) 75 dB; no damage

52. Suppose that Iy = 315 and $; = 10log,, I1 /1o, B2 = 101og,y I2/Iy. Then
Il/IO = 3]2/[0, loglo Il/IO = 10g10 3[2/]0 = IOglo 3+ lOglo IQ/I(), 51 = 101Og10 3+ 527
B1 — B2 = 10log;o 3 &~ 4.8 decibels.

53. Let I4 and Ip be the intensities of the automobile and blender, respectively. Then
logy Ia/Io = 7 and log,o I5/Io = 9.3, [4 = 1071 and Ip = 10931, so Ip/Ia = 1023 ~ 200.

54. The decibel level of the nth echo is 120(2/3)™;
log(1/12)  log12

log(2/3)  loglh 6.13 so 6 echoes can be heard.

120(2/3)" < 10 if (2/3)" < 1/12,n <

55. (a) logE =4.4+15(8.2)=16.7,FE = 1067 ~ 5 x 1016 J

(b) Let M; and M> be the magnitudes of earthquakes with energies of E and 10F,
respectively. Then 1.5(Ms — M;) = log(10F) — log E =log 10 =1,
My — My =1/1.5 = 2/3 ~ 0.67.

56. Let E; and Es be the energies of earthquakes with magnitudes M and M + 1, respectively. Then
log By — log By = log(Es/E1) = 1.5, B3/ E; = 10*° ~ 31.6.

57. If t = —2x, then z = —¢/2 and lin%(l —2x)l/T = tlir%(l +1)"t = tlirr(l)[(l + )12 =72

58. If t =3/x, then v =3/t and lim (1+43/2)" = lim (1+ 13/t = lim [(1 + 1P = e,
T— 100 t—0 t—0

EXERCISE SET 7.3

1. %(2) =1/x 2. %(3952) =3/x
3. 2(lnx) (i) = 21;1$ 4. Sirllx(cosx) = cotx
o sec’x 1 1\ 1
- tanx(sec z) = tanx 6. 2+ (2\/§> 2Vx(2+ 2)
. 1 {(1+x2)(1) —z(2zx)] 1—a?
Toxz/(1+2?) (14 22)? -~ z(1+22)

o L (1y_ 1 o 37—l
" lnz\z/) zlhhz T3 — 722 -3
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10.

12.

14.

15.

16.

17.

19.

21.

23.

24.

25.

27.

29.

31.

32.

33.

34.

35.

1
x> (x) + (32*) Inz = 2%(1 + 31Inx) 11.
12(Inz)(1/xz) B Inx 13
1 sin(21 in(In 2
2sin(lnz) cos(lnz)— = sin(2In ) = sin(lnz)
T x €z

—2x3

32? logy (3 — 22) + (In2)(3 — 2z)

Chapter 7

1 1 1
—(Inz)~1/? (> =
2( ) T 2zvInx

1
_sin
- sin(ln x)

3 2 2c — 2
[logy (22 — 22)]” + 3z [logy (22 — 2z)] @2 2 m2
22(1 +logz) — x/(In 10)
18. 1/[z(In10)(1 +1 2
T /[z(In10)(1 + log z)?]
7ol 20. —10ze5%°
Pt 4 302" — 22 (3 + 3) 22. —ﬁel/m

dy (" e )(e" +e ™) (" —e ") —e ")

de (e +e=)2
(6226 + 924+ 67226) _ (621 — 24+ 6721) . a2
= @+ o) =4/(e"+e7 ")
e cos(e®)
dy (Inz)e* —e*(1/z) e*(zlnz—1)
2 t xtanx 26. —2Z — —
(xsec® x + tanx)e dr (Inz)? x(Inx)?
@ 15
(1 — 3¢37)ele=e") 28. a’(1+ 52%) Y2 exp(v/1 + 5x?)
(x—1e* 2x-1 1 )
= 30. —sin(e”)]e” = —e® tan(e”
gy pr—— cos(ef”)[ sin(e”)]e e” tan(e”)
dy 1 dy dy Y
b AT (e A 0 X _-__J
dr zy <Idx * y> " dx x(y+1)
@ = ! xsec? @ + tan d—y ___tany
dr ztany Yz V) e ~ x(tany — sec? y)
d 1 9 3z
T [lncosx — 51n(4 — 3z )} = —tanz + 3.2

d

x

dx(;[ln(a:—l)—ln(erl)]) :;<xi1_l’i1

1 d . 1
Infy] = Infa| + 5 In[1 + 2, dizxm[+

)
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1 dy 1. Je—1[ 1 1
36. Inly| = ~[n|z — 1] —1 1, ¥ = ¢ -
ulyl = Hnfe — 1)<l 1), 2 = 2 x+1[x_1 HJ

1 1
37. 1n|y|:§1n|a:2—8|—|—§ln\z3—|—1|—ln|z6—7x+5|

@_(m2—8)1/3\/:ﬁ3+1 2x N 3z B 625 — 7
dr 25 —-T7x+5 3(x2 —8)  2(x3+1) 26—-Tx+5

1
38. Inly| =In|sinz|+In|cosz|+ 31n|tanz| — glnm

dy sinzcosztan®z

dr Vv

3sec? x 1
cotx —tanx +

tanx B %

1
39. f'(z)=2"In2y=2"Iny=2n2, —y' =In2, 5 =yn2=2"In2
y

1
40. f/(z)=-3""In3;y=3"%Iny=—2xn3, -y = —-In3,y' = —yln3=-3"In3
Y

41. f'(x) = % (In7) cos x;

. 1 .
y =m0 Iny = (sinz)Inm, -y = (Inw)cosz, ¥y = 1% (In7) cosx
Y

42. f'(x) = 7% (In7)(xsec? z + tan x);
t 1 ’ 2
y=n*""% Iny = (ztanz)lnm, —y" = (lnx)(rsec” x + tanx)
Y
y' = 7 (In ) (x sec? x + tan )

1dy 322 —2

— 3 —

43. Iny = (Inz)In(z® — 2z), ydr 1o lnx—i— IH(CE — 2z1),

dy Inx 33"

I = (2% — 2z) p lnx—i— ln(a: —21‘)]

1d i d ’ i
44. Iny = (sinz)Inz, - ﬁ 512:C + (cos ) lnx,i = ™" [snxlx + (cosz)Inw
1d 1

45. lny = (tanz)ln(lnz), — 4 _ tanz + (sec? z) In(In ),

ydr xlnzx

d t
% = (Inz)tn= Lﬁii + (sec? z) In(In :c)}

1d 2z
46. Iny = (Inz)In(2? + 3), - .

ydr 2_}_31na:—|— ln(x +3),

2x
d;y — (I2 + 3)1nm |:x

- Inx+ — ln(x —|—3)]

243

47. f'(z) = ex* !
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48.

49.

50.

51.

52.

53.

54.

55.

56.

57.

58.

59.

60.

Chapter 7

(a) Dbecause z* is not of the form a® where a is constant

1
b) y=2*, lny=zlnz, ¢y =1+Inz, ¢y =2°(1 +1nz)
Y

(@) oge = it = o llog, o] = s

(b) oz, 2= (2 llog, 2 =~

(a) e* (b) Inz

(a) f'(x) = keb®, f"(x) = K2k, " (x) = k3eFe, .., f0)(z) = kneke

(b) f/(.%‘) — —ke_kz, f”(l‘) _ k‘2€_kx, f”/(l‘) — —k?’e_kx, o .,f(")(x) — (_1)nkne—kx

d
di)i = e M(wAcoswt —wBsinwt) + (=A)e M (Asinwt + B cos wt)
= e M[(wA — AB) coswt — (wB + \A) sinwt]
1 d 1 fz—p 2
o L
fl@)= —0—exp dx 2( o )1

a2 )

e e[ 1(55]

y = Aelt, dy/dt = kAekt = k(AeM) = ky

y = Ae®* + Be 4%y = 24e?* — 4Be~**, o/ = 4Ae>*® + 16Be~** so
y" + 2y — 8y = (4Ae?* + 16Be~1%) + 2(2Ae?** — 4Be™4%) — 8(Ae?* + Be 4%) =0

(a) y=—ze"4+eT=e"(1—2a),zy =ze *(1—2)=y(l—21)
(b) ¥ = —g2e /2 4 g=7"/2 = e‘zz/Q(l —2?), 2y = xe‘$2/2(1 —2?) =y(1 —2?)
@) flw)=w; f/(1) =i ln(l—i—h)—lnl_l, In(l+h) 1 _
a W) =mw ) h T Al h Wl
(b) f(w)=10"; f'(0) = lim 0 -1_ d (10") 10“1n 10 In10
w) = ] = 11 = — = =
’ h—0 h dw w=0 w=0
In(e? + Azx) — 2 d 1
(@) f@) =i ) = Jim BHEEEDZE L) P
(b) f(w)=2v;f'(1) = lim 212 i(2“}) =2%In2 =2In2
T Cw—lw—1 dw ot ot
2Inx 4+ 3e* +C

1 1
/ [215_1 - \/iet] dt = ilnt— V2et + C
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61.

62.

63.

64.

65.

66.

67.

68.

69.

70.

71.

72.

73.

74.

75.

76.

7.

79.

1 1 1 1

(a) /fduzln\u|—|—C:1n|lnm|+C (b) —g/e“du:—ge“—l—C:—ge_M—i—C
U
1 /1 1 1

d
(b) /Iu:lnu+0:ln(1+er)+c
=2z, d —2d~3/ Ydu=tet 4 O =1 4O
u =2z, du=2dz; o [ e*du= e = ¢
1 1 1 1
u = 2x, du = 2dx; f/fdu=71n|u|—|—C’:fln|2x|+C’
2] u 2 2
u = sinx, du:cosmdac;/e"du:e“—i—C:eSinx—i—C
1 1 1 .4
_ 4 _ 3 A u — LU _ o
u-x,du-4xdm,4/e du 1€ +C 1€ +C
1 1 1 :
u=—223, du = —622, —é/e“du = —66“ +C = —6672@3 +C
_ _ 1 _
u=e*—e* du=(e*+e ‘r)dz,/fdu:1n|u|+0:1n|exfe |+C
U
/efmdx;uz—x, duz—da:;—/e“duz—e“—i—C’:—e*z—FC’
/ex/Qdﬂc;u:x/Z, du = dx/2; Q/e“du:26“+C:2er/2+C’:2\/e7+C
1

=Y+ 1, du = ———=dy, 2 [ e"du=2e"+C =2eV¥" 4 C
! 21

1 1
u=Vy, du:md%2/6udu:2/e—“du:_26—“4_0:_2@—\/?4_0

1
/<1+t>dt:t+ln|t|+0

2 L.
e2lnz — plnz® — 42 4 5, so/ezm‘”d:v:/xde:§z3+C’

In(e”) + In(e™*) = In(e®e*) =1Inl1 =0 so /[ln(em) +In(e™®)]dz =C

3 1
/ C9bxdx; u = sinz, du = cos zd; /fdu =ln|u/+C =In|sinz|+C
sinx u
3 1
5ef} — 5¢% —5(2) = 5¢% — 10 78. (In x)/Q} s

In2

1! 1Ll
(a) 5/ e“duzie“

—1

= (In2)/2

1 N 2 3
:5(6_6 ) (b) /1udu:§
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80.

81.

82.

83.

85.

86.

87.

89.

/ V36 — u2du = 7(6)*/2 = 187

1 13
u = e + 4, duze“dm,uze_ln?’—kllz§+4:§Whenx:—1n3,

7 7
1
u=e"3+4=34+4=7whenz=1In3, / du:lnu} =In(7) — In(13/3)
13/3 U 13/3

u =3 —4e*, du = —4e”dr, u = —1 when z =0, u = —17 when x = In5

17 —17

1 1
—= / wdu = —-u? = —36
4 —1 8 1

In(x + 6)] =In(2¢) —lne=1n2 84. ;eﬁ] =(e7t—e72))/2

Chapter 7

= In(21/13)

/ dac—f—/ol (e —1)dzx = (z e”)}O —k(e””—ac)}1 =-1-(-1l-eHte-1-1=e+1/e—2

EA -

- 1 2 - \/ 4

(b) flx)=€"/2+1/2

(a) y() = /267tdt =24+ C, y(1) = 72 +C=3- %,C =3; y(t) = 2" +3

(b) y(t) = /t‘ldt |t 4 C,y(—1) = C =5, C =5 y(t) = In|t| + 5

EXERCISE SET 7.4

1.

2.

-——= 0 +++
(a) critical point = = 0; f": o
x = 0: relative minimum
(b) critical point x =1In2: [’ S0 44+
r = In2: relative minimum ln‘ 3
(a) critical points x = —1,1: f": 044+ 4+0——
x = —1: relative minimum,; _‘1 i

z = 1: relative maximum

(b) x = 1: neither 20— -
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3. f'(z) =2%(2x —3)e~ 2%, f/(x) =0 for z in [1,4] when z = 3/2;

2
if  =1,3/2,4, then f(z) =e 2, —76_3,646_8;

27
critical point at z = 3/2; absolute maximum of §6_3 at x = 3/2,

8

absolute minimum of 64e=8 at = = 4

4. f'(x)=(1—In2x)/2?, f'(x) =0 on [1,e€] for z = e/2;
ifz=1,¢/2,e then f(z) =In2,2/e,(In2 4 1)/e;

absolute minimum of

1+1In2
e

at x =e€

)

absolute maximum of 2/e at x = e/2

5. (a)
(b)
6. (a)
(b)
7. (a)
(b)
8. (a)
(b)

lim ze® = 400, lim ze® =0
r— 400 r——00
y = we’;
y = (x+1)e%;

y' = (z+2)e”

lim ze 2 =0, lim ze 2 = —c0

r——+0o0 Tr——00
1

— —2x. ,/ __ —2x, I __

Yy =xe Y == <JE2 € Y=
2 2

. x . x

lim — =0, lim —— =+
z—+oo 2% z——o00 2%

y = a2/e?® = g2e~2%;

y' = 2z(1 — x)e2%;

y" = 2(22% — 4z + 1)e~2%;

y" = 0if 222 — 42 + 1 = 0, when

44+ /16 —
T = # =1+12/2~029,1.71
hrf 22e® = 400, lim z%e?® =0.
y = x262x;

y' = 2x(x + 1)e?*;
y" = 2(22% + 4x + 1)e?*;

y" =0if 222 4 42 + 1 = 0, when
I Vi Uit
=

=—14++2/2~—-0.29,-1.71

277
0.
1 J 4
0
0.76
1 2.7
0.64
y
1,
-5 -3
| | | | |
(-2, —0.27)/ -1t
(-1,-0.37)
y
0.3~ (0.5,0.18)
o011 ®(1, 0.14)
L1 l X
=3 1 3
—03(

(0.29, 0.05)

(=0.29, 0.05)
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9. (a) lim f(z)=+o0, mEIEloof(x) = —00

T—+00 y
(b) 22 100~
= ze”;
y/ o\ g2 (0,0) [
Y = (1+22%)e”; L Ly
y" = 2x(3 + 222)e®” -2 2
no relative extrema, inflection point at (0, 0) i
—-100

10. (a) lim f(x)=1
r—Fo0
(b) f'(z) =22"3¢"1/*" so f'(z) <0 for x <0 and f'(z) > 0
for z > 0. Set v = 2% and use the given result to find
lir% f'(x) =0, so (by the First Derivative Test) f(x)

0.4
has a minimum at z = 0. f”(z) = (—6z~* 4 42=6)e~1/*", (=273, e-302)
so f(x) has points of inflection at x = +4/2/3. L L

-10 -5 T 5 10
0,0

(V273 e-312)

X

11. liI_P f(x) =+o0, lim f(z)=0 y
2T —1 )
fl(z) =e = cflx)=e B — 6

critical point at x = 1;

relative minimum at x =1
no points of inflection 2 13
vertical asymptote x = 0,

_4\
horizontal asymptote y = 0 for z — —o0

12. lim f(z)=0, lim f(z)= -0 Y (1,
r——400 xrT— —00 e 2
£(x) = (L= a)e, (@) = (@ - e~ 02 &
critical point at = 1; relative maximum at x =1 L X
point of inflection at x = 2 |12
horizontal asymptote y = 0 as x — 400 |

08 r

13. lim f(z)=0, lim f(z)=+o0

r——+o0 T——00

fl(x) =22 —2)er=%, f'(x) = (2% — 4o + 2)e!™"
critical points at x = 0, 2;

relative minimum at = = 0,

relative maximum at x = 2

points of inflection at © = 2 + NOXS 0.59, 3.41
horizontal asymptote y =0 as z — 400

““““k
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14.

15.

16.

17.

18.

lim f(z) =+oo, lim f(z)=0

r—+00

f(z) =223+ z)e” L, f(x) = (2 + 62 + 6)e” !
critical points at x = —3, 0;

relative minimum at z = —3

points of inflection at = 0, —3 + V3 ~ 0, —4.7, —1.27
horizontal asymptote y =0 as ¢ — —o0

Inz . 1/x

(a) ili%l_*_y—%li)%l_*_xlnx—%li)%h 1/1’ _xin(;l‘*' —1/1’2 =0;
lim y =400
r——+00
(b) y==zlnx,
y =1+Inzx,
y// — 1/§C7

"= 0 when z = e~!

Inz . 1/x

(a) xll%l+ v xll%l+ 1/x2 T o —2/x3 =0,
lim y =400
r——+00
(b) y=2*Inz,y =z(1+2nx),
y'=3+2Inz,
Yy =0ifz=e /2
y'=0if z = e 3/2
li =0
a0+
Inx
li = lim — = —o0;
(a) om0t ) T om0 22 %
1 1
lim y= lim n—zx: lim ﬂ:
T—+00 z—+oo I z—+oo 2T

_lnm ,_1—211130

(b) y_?vy_ £L’3 9
6lnx —5
7
Yy =T
y =0ifz =e'/?,
y”:Oifx:65/6

279

y

0.8+

04+

0,0\ -
L1 L X

4 2 1
.. T~ (-1.27,-0.21)

T (43,-0.49)

0.2
0.1} ;
_02 -

(e-172, _%gfl)

y
0.4

04 (e1r2, %671)
0.2

(516, 26—5/3)
0.1 T

—0.1 1 2 3

-0.2
-0.3
-0.4

(a) Letu=1/z, lim (Inz)/v/zr= lim —y/ulnu= —oo by inspection,
r—0t U——+00

hrf (Inz)/\/z = 0, by the rule given.

Inz , 2-Inz
(b) y—%»y = Tos82
,  —84+3lnz
y =
Aq5/2
y =0if x = e?,
y'=0if x =83

AY (e2,2le)
\ (68/3’%6—4/3)
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19.
(a) r—0+ r—+00
for x <0
(b) y=22mn2z,y =2xn2z+2
y'=2In2x +3
y =0if z =1/(2/e),
y' =0if x = 1/(2e%/?)
20. (a) lirf f(x) = +o0; lin%) f(x)=0
(b) y=In(z?+1),y =2z/(2* +1)
2
" _ _QL
Y (22 +1)2
y =0ifx=0
y'=0if x = +1
21. (a) 04 (b)
-0.5] A — 3
-0.2
22. (a) 1 (b)
-2 2
0
23. (a) The oscillations of e* cos x about zero in- (b)

crease as £ — —+oo so the limit does not

exist, and lim e®cosxz = 0.
r— —0Q

Chapter 7

lim z?Inz = 0 by the rule given, lim z?Ilnz = 400 by inspection, and f(x) not defined

(71 _3
2637777 8e3
L/

|1 ¥

G5

=

1+

(-1,1n2) (1,1n2)

| | X

-2 (0’| 0) 2

y = (1—bx)e b y" = b*(x —2/b)e%;
relative maximum at x = 1/b, y = 1/be;
point of inflection at z = 2/b, y = 2/be?.
Increasing b moves the relative maximum
and the point of inflection to the left and
down, i.e. towards the origin.

y = —2bze~b7",

Yy = 2b(—1 + 2bx?)e =",

relative maximum at z = 0, y = 1; points
of inflection at * = +1/1/2b, y = 1//e.
Increasing b moves the points of inflection
towards the y-axis; the relative maximum
doesn’t move.
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24.

25.

26.

27.

(c)

The curve y = e cosbr oscillates between y = e®® and y = —e®*. The frequency of
oscillation increases when b increases.

Let P(x0,y0) be a point on y = e3” then yo = e3%o. dy/dx = 3¢3% 50 Myan = 3€3%° at P and an
equation of the tangent line at P is y — yo = 3€3%0(x — x¢), y — 3%0 = 3e3%0 (x — x¢). If the line
passes through the origin then (0,0) must satisfy the equation so —e3%° = —3z0e3%0 which gives
xo = 1/3 and thus yo = e. The point is (1/3,¢).

(b)

(d)

(e)

(a)

(b)

d 1 1 d d
Y (c) £:§—ESO£<Oatx:1and£>0atx:e

-
|

The slope is a continuous function which goes from a negative value to a positive value;
therefore it must take the value zero in between, by the Intermediate Value Theorem.

d
Y _ 0 when z = 2
dx
dC K dc 1 b
P (ae™ — be™"") so o= Oatt= %. This is the only stationary point and
C(0) =0, , liI_El C(t) =0, C(t) > 0 for 0 < t < 400, S0 it is an absolute maximum.
— 100
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(b) ast tends to +oo, the population tends to 19
95 95 95

til+moo P(t) = tilgloo 5 de-t/4 5—4 lim e t/* T 5 19
t—-+oo 0
(c) the rate of population growth tends to zero 0 8
-80
28. (a) 12
0 =~ 9
0
. . 60 60 60
(b) P tends to 12 as t gets large; tl}Ele(t) = t_l}&noo FrTe 54 7t ligl pe 12
(c) the rate of population growth tends to zero
32
-—/ 9
29. t=7.67 1000
0 2/ 15
0
dN —t/20
30. (a) - =250(20 —)e™/* = 0 at t = 20, N(0) = 125,000, N(20) ~ 161,788, and

N(100) = 128,369; the absolute maximum is N = 161,788 at t = 20, the absolute
minimum is N = 125,000 at t = 0.

2

dN d*N
(b) The absolute minimum of —— occurs when —— = 12.5(t — 40)e™*/20 = 0, t = 40.
dt dt?
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LAke "t LAk
31. "(t) = ———=9 "0) = ——~
(a) y'(t) so '(0) 1+ A
(b) The rate of growth increases to its maximum, which occurs when y is halfway between 0 and

L, or when t = z In A; it then decreases back towards zero.

d
(c¢) From (2) one sees that % is maximized when y lies half way between 0 and L, i.e. y = L/2.
This follows since the right side of (2) is a parabola (with y as independent variable) with
1
y-intercepts y = 0, L. The value y = L/2 corresponds to t = T In A, from (4).

32. Since 0 < y < L the right-hand side of (3) can change sign only if the factor L — 2y changes sign,

L 1
which it does when y = L/2. From (1) we have 3 T TrAc 1=Ae ¥ t= - In A.

33. dkkoexp{q(TTo)}( q>: qko p[Q(TTO)}

aT 7ToT Torz) T o™X 2T, T
a3 10
4. B =10log —10log Iy, &£ =
34. 0 =10logI =10loglo, 77 = 1755
ds 1 ds 1
e - db/W /m? by ¥ = db/W/m?
(2) dILZMO Lo P/W/m (b) d]LZlOOIO 107, m10 4P/W/m
s 1
&2 = db/W/m?
(©) dIL_lOOIO 1007, w10 /W/m
d d dy dyd d
35. Solvezdil = 3d—:§ given y = xlnz. Then dZ = ﬁd—i =(1 +lnx)d—j, sol+Inz =3, Inx =2,
xr =e€e".

36.
0.1
0 6
L - 8
. -2
s(t) v(t) a(t)
(a) v=0att=1 (b) s=1/eatt=1

(¢) a changes sign at t = 2, so the particle is speeding up for 1 < ¢ < 2 and slowing down for
O<t<land2<t

3 5 5
1
37. /exdx:ex] =el—e 38. /dm:lnx} =In5—-Inl=1Inb
1 1 T 1
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ed e
40. A:/ i’:my} —1
1Y 1
y

—_

1/e 1

0

41. A=A1+A2=/

-1

1
(1—eg’)dx—|—/ (e —1Ndx=1/e+e—2
0

1 o 2 o
42. A:A1+A2:/ ! xder/ a 1dx—<;ln2)+(1ln2)_l/2
1

1/2 X X

1 1 1 1
43. fave = —/ —dzr = (lne—1Inl) =
e 1 1

— T e— e—1
1 In5 1 5—e !
44. ave — T = 7 o~ Tdx = —_e ) =
f 1115—(—1)/1 ede = 76— = 1
4
1 4 1 1—e8
45.  fove = —— T2y = ——e” | =
f: =0, e x e }O g

k 1,.1" 1
46. / e*dx = 3, 62“‘} =3,-(e*-1)=3,e*=7k=-In7
0 2% |, 2

47. y(t) = (802.137) / et P2t = 524.959¢!9%8 1 O y(0) = 750 = 524.959 + C, C = 225.041,

y(t) = 524.959¢1-528t 4 225041, y(12) = 48, 233, 525, 650

10

10
/ e 01T gt — 161764.7050¢ 017 | = $132,212.96
0 0

275000
48. Vave = 95

49. s(t) = /(25 1060950 4¢ — 25¢ — 200609 | ¢

(a) s(10) — s(0) = 250 — 200(e~%% — 1) = 450 — 200/+/e ~ 328.69 ft
(b) yes; without it the distance would have been 250 ft

3
50. (a) displacement = / (ef —2)dt =¢e* —7
0

3 In2 3
distance:/ lo(t)]dt = —/ v(t)dt+/ (#)dt = ¢ — 9+ 412
0 0 1

n?2
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1 1

3
(b) displacement = / ( - ) dt=1-1n3
L \2 ¢

3 2 3
distance = / lv(t)|dt = 7/ v(t)dt Jr/ v(t)dt =2In2 —
1 1 2

51. (a) From the graph the velocity is positive, so the displacement
is always increasing and is therefore positive.

(b) s(t)=t/24+ (t+1)et

52. (a) Iftg < 1 then the area between the velocity curve and the
t-axis, between t = 0 and t = ty, will always be negative,
so the displacement will be negative.

) st = (E mi+01)— 5L - L
=(——=—=— ) A)——+———In
5 4 720 200

53. x =0; also set
fl@)=1—¢e"cosz, f'(x) = e*(sinz — cos x),
1—e*cosx
Tl = e®(sinx — cosx)
x1 =1, z9 = 1.572512605,

r3 = 1.363631415, z7 = vz = 1.292695719

54. The graphs of y = e™* and y = Inx intersect near x = 1.3;
let f(x) =e*—lnz, f'(z) =—e*—1/x, 1 = 1.3,
e —Inx,
x4 = x5 = 1.309799586

, 72 = 1.309759929,

55. A graphing utility shows that there are two inflection points at z
€T

are the zeros of f”(x) = (z* — 423 + 822 — 4w — 1)m
x

285

In3
v
0.4
02
\ ! X
2 4
U
0.1+
| | | | / !
0.2 0.6 1
-0.1
_02 -
25
0 '\
-5

~ —0.25,1.25. These points

. It is equivalent to find the zeros of

g(z) = 2 — 4234822 —4x — 1. One root is # = 1 by inspection. Since ¢'(z) = 423 — 1222 + 162 — 4,
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56.

57.

59.

61.

Chapter 7

Newton’s Method becomes

4 3 2
Ty —4xy_ +8x;_ —4rp_q —1

dad | — 1222 + 162,17 — 4

n

Tp = Tp—1 —

With zg = —0.25, 1 = —0.18572695, x5 = —0.179563312, z3 = —0.179509029,
x4 = x5 = —0.179509025. So the points of inflection are at z ~ —0.18, xz = 1.

(a) Let h(z) =e*—1—x for x > 0. Then h(0) =0 and h/(x) =e®* —1 >0 for z > 0, so h(z) is
increasing.

(b) Let h(z) =e*—1—z—22? Then h(0) =0 and h/(z) = e —1—z. By Part (a), e*—1—2 >0
for x > 0, so h(z) is increasing.

() ¢ °
0 /2 0 /2
0 0
In3 n3 1
Vzﬂ'/ e*dr = z62:’3] =dr 58. Vzﬂ'/ e dy = z(1 —e
0 2 0 0 4
y
)
X
1
-1
! T V3 2 2 V3
V= 27?/ ———dx 60. V :/ 2rxe” dx = me” =n(e® —e)
o T +1 1 1

1
:7r1n(x2—|—1)} =7ln2
0 20

10

-

-3 -1

(dz/dt)? + (dy/dt)? = [e!(cost — sint)]? + [e'(cost + sint)]? = 22,

/2
L= / V2eldt = v2(e™? — 1)
0
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4
62. (dx/dt)? + (dy/dt)? = (2¢! cost)? + (—2etsint)? = 4e?!, L = / 2¢eldt = 2(e* — e)
1
t
63. dy/dx = W =tanz, \/1+ (y)2 = V1 + tan’z = secx when 0 < x < 7/4, so
x
w/4
L:/ secz dr = In(1 + V/2)
0
cos
64. dy/dx = —— =cotx, /1+ (y)2 = V1+cot? x = cscx when 7/4 < z < /2, so
x
7'!'/2 2 _ 1
L:/ escxdr=—In(v/2—-1)=—1In L(\/ﬁ—l—l) =In(1+V?2)
/4 V2+1
1
65. fl(z)=¢% 1+[f'(2))?=1+€2 5= / 2me®\/ 1+ e2* dx = 22.94
0
66. x=g(y) =y, g'(y) =1/y, L+[d (W] =1+1/y* S = / 2my/1+1/y*Inydy ~ 7.05
1
67. 2’ =e'(cost —sint),y’ = e'(cost +sint), (z')? + (y)* = 2e*
w/2 /2
S = 27r/ (e' sint)V2e2tdt = 2\f27r/ e*sint dt
0 0
/2
1 2/2
=2V2r [562t(2 sint — cost)] = iﬂ'(Qe” +1)
0
EXERCISE SET 7.5
1. Y y
(@) F © |
2r 2
1+ 1
1 ! !
1 2 3 1 e
2. ¥
37
27
17
t
21 3
3 2
ac 1/c
3. (a) lnt] =In(ac) =lna+Inc=7 (b) lnt] =In(l/c) = -5
1 1

a3
1

a/c
(c) lnt}1 =In(a/c)=2-5=-3 (d) lnt] =Ina®=3lna=6
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Va 1 2a
4. (a) 1nt}1 :lna1/2=§lna:9/2 (b) 1nt}1 =In2+9
2/a
1

(c) 1nt} =In2-9 (d) 1nt} =9—-In2

a
2
5. Inb5 = 1.603210678; In5 = 1.609437912; magnitude of error is < 0.0063

6. In3 =~ 1.098242635; In3 = 1.098612289; magnitude of error is < 0.0004

7. (&) 2L z>0 (b) 22, x#0
(c) —2? —o0 <z <400 (d) -z, —oco <z <400
(e) 23, 2>0 (f) mz+z,2>0
(g) z— ¥x, —00o <z < +00 (h) %,m>0

8. (a) f(In3)=e 23 =¢m1/9 =1/9
(b) f(In2)=e"2+3e 2 =24 3em1/2) =243/2=7/2

9. (a) 3" =en3 (b) 2V2 =¢v2n2

10. (a) T = efxlnw (b) x2m — e2zlnm

1 x12 1 12
11. (a) lirf Kl+> } = { m}rl <1+ ) ] =2
r——+00 x xr——+00 x

2
(b) y=2z, lim (1+ y)2/y — lim [(1 + y)l/y} — o2
y—0 y

—0

1 y/3 1 Yy 1/3 1 Y 1/3 i
12. (a) y =3z, lim (1+) = lim KH)} —{lim (1+)] = el/3
y——+o00 y Yy——+o0 y y——+o00 y

1/3
(b) lim (1+ )"/ = lim [(1+x)1/ﬂ = ¢l/3

z—0 z—0

13. ¢'(v) =2~z 14. ¢'(z)=1—cosz
1 2 3 lnr1
1 . 1
16. (a) 2zV22+1 (b) - <3€2> sin <x)
2 .
—(2* 4+ 3)sin x — 2xcosz
17. Flla) = S5 pry = @
7. Fla)= S F) s
(a) 0 (b) 1/3 (c) 0
3z
18. Fl(z) =+322+1, F'(2) = ———
o @)=

(a) 0 (b) V13 (c) 6/V13
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2
d xr
19. (a) %/1 tV1 +tdt = 2*\/1 + 22(27) = 223\/1 + 22

13

2
v 2 2
(b) / t\/l—l—tdt:—g(2+1)3/2+5(x2+1)5/2— 05
1

20. @) < [ j0i=—1 [ =)

g(x)
) o+ / (gc)f(t)dt:—;i | 0t = —fle@)d @)

tan2
21. (a) —sinz? (b) —% sec’z = —tan®z
1 1 3(1
22' (a) _(.'L'2 + 1)40 (b) _COS3 (x) <_x2) - W

3r—1 x? -1

23. -3
02 11 A

24. If f is continuous on an open interval I and g(x), h(z), and a are in I then

9(=) a 9() h(z) 9()
/h ft)dt = f(t)dt+/ ft)dt = —/a f(t)dt+/ f()dt

9(x)
so [ f(tydt = —f (@)W ) + flg(@)g ()
L Jh(z)

25. (a) sin®(2?)(322) — sin?(2?)(2x) = 322 sin’(2%) — 2z sin?(2?)

1 1 2
1) — )=
®) 01D =1"0
1 1
26. F'(z) = 3—:8(3)—;(1) = 0 so F(x) is constant on (0,400). F(1) =1In3so F(z) =1n3 for all > 0.

10

3 5 7
27. from geometry, / f(#)dt =0, / f(t)dt =6, / f(®)dt = 0; and f(t)dt
0 3 5 7

10
:/ (4t — 37)/3dt = —3
7
(a) F(0)=0,F(3)=0,F((5)=6, F(T)=6, F(10) =3
(b) F is increasing where F' = f is positive, so on [3/2,6] and [37/4, 10], decreasing on [0, 3/2]
and [6,37/4]
(¢) critical points when F'(z) = f(x) =0, so z = 3/2,6,37/4; maximum 15/2 at = 6, minimum
—9/4 at x = 3/2
(d) F(x)
6
4 -
2 -
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1 10 1
28. fave = —— — —F(10) = 0.
8. f 10_0/0 (1)t = 15 F(10) =03

29. x<0:F(x):/z(—t)dt:—lt2r :%(1—952),
1

1 2
1-22)/2, <0
(@) {( )/ <

e 11
(—t)dt+/ tdt= -+ =2* F(x
0 22 (1+22)/2, >0

0

xEO:F(x):/

-1

® 1
30. OSxSZ:F(ax):/ tdt:§x2,
0

22/2, 0<ax<2

2 T
x>2:F(m):/tdt+/ 2dt =2+2(x—2)=2zx—-2; F(z) =
0 2 20 — 2, x>2

31. y(x)z?—i—/ t1/3dt:2+3t4/3] =§+§x4/3
. 4 ], T171

¢ 2 2 2 .
32. y(x):/ (t1/2+t71/2)dt:§x3/275+2x1/272:§x3/2+2x1/272
1

x
33. y(z)=1 —l—/ (sec?t — sint)dt = tanx + cosx — V/2/2
/4

34. y(x) = / te’ dt = 56_””2 ~5 35. P(x)=Fy —|—/ r(t)dt individuals
0 0

36. s(T) :sl—i—/Tv(t)dt

37. II has a minimum at x = 12, and I has a zero there, so I could be the derivative of II; on the other
hand I has a minimum near = 1/3, but II is not zero there, so II could not be the derivative of
I, so Lis the graph of f(z) and Il is the graph of [ f(t) dt.

38. (b) lim 1(:lck -1 d

_ 2 _
k=0 k 7dtx]t:0 .

39. (a) where f(t) = 0; by the First Derivative Test, at t = 3
(b) where f(t) = 0; by the First Derivative Test, at t = 1,5
(c) att=0,1or5; from the graph it is evident that it is at t =5
(d) att=0,3or 5; from the graph it is evident that it is at ¢ = 3

(e) F is concave up when F” = f’ is positive, i.e. where f is increasing, so on (0,1/2) and (2,4);
it is concave down on (1/2,2) and (4,5)

(F)  pFo

17
05+
! \ \ \ Ly

=051
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40.

41.

42.

43.

44.

45.

(a) 4 erf(x)

(c) erf’(x) > 0 for all z, so there are no relative extrema
(e) erf”(z) = —4ze=*" /\/7 changes sign only at 2 = 0 so that is the only point of inflection
(g) lim erf(x) =41, lim erf(z)=-1

r——+0o0

C'(x) = cos(mx?/2), C"(x) = —7wxsin(nx?/2)

(a) cost goes from negative to positive at 2km — 7/2, and from positive to negative at
t = 2km + /2, so C(z) has relative minima when 72?/2 = 2km — 7/2, * = £/4k — 1,
k=1,2,..., and C(z) has relative maxima when 7z?/2 = (4k + 1)7/2, x = £V4k + 1,
k=0,1,...

(b) sint changes sign at t = km, so C(z) has inflection points at 72?/2 = kr, * = 42k,
k=1,2,...; the case k = 0 is distinct due to the factor of z in C”(z), but x changes sign at
x = 0 and sin(7z?/2) does not, so there is also a point of inflection at z = 0

v Flx+h) —F 1t

Let F(z) = / Intdt, F'(x) = lim (z+h) (z) = lim — Intdt; but F'(x) =Inzx so
1 h—0 h h—0h J,

lim — Intdt =Inz

h—0 h

x

Differentiate: f(z) = 3e3%, so 2 +/ f@)dt =2 +/ 3e3tdt = 2 + eSt] =243 — 3 =

a a

provided €3* =2, a = (In2)/3.

(a) The area under 1/t for <t <z 4 1 is less than the area of the rectangle with altitude 1/z
and base 1, but greater than the area of the rectangle with altitude 1/(z + 1) and base 1.

z+1 z+1
(b) / tdt:lnt] =In(z+1)—Inz=In(1+1/z), so

1/(x+1) <In(1 ¥ 1/x) < 1/z for x > 0.
(c) from Part (b), !/ (=D < n(141/2) < pl/w ol/(@+1) <1 4 1/2 < e'/?,
e/ @) < (14 1/x)* < e; by the Squeezing Theorem, liI_P (14+1/z)* =e.
T— 100

(d) Use the inequality /1) < (1 4+ 1/z)* to get e < (1+1/x)*+! 50
(1+1/2)* <e< (1+1/x)"tL

1\%
1+ =
e < + 50)

and from the graph y(50) < 0.06 -

From Exercise 44(d) < y(50), 0.2

0 = 100
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46. F’'(x) = f(z), thus F’(z) has a value at each z in I because f is continuous on I so F is continuous
on I because a function that is differentiable at a point is also continuous at that point

EXERCISE SET 7.6
1. (a) —n/2 (b) = (c) —m/4 (d) 0
2. (a) /3 (b) /3 (c) =/4 ) 2r/3

3. 0= —m/3;cos0 =1/2, tanf = —/3, cot§ = —1//3, sec = 2, cscl = —2//3
4. 0 =7/3;sinf = \/3/27 tan@ = /3, cotf = 1/\/3, secl = 2, cscl = 2/\/§

5. tanf = 4/3, 0 < 6 < 7/2; use the triangle shown to
get sinf = 4/5, cosf = 3/5, cotf = 3/4, secd = 5/3,

cscl =5/4
3 4
3
6. sech =2.6,0 <6 < m/2; use the triangle shown to get
sinf =2.4/2.6 =12/13,cos0 = 1/2.6 = 5/13,
tanf = 2.4 =12/5,cot§ = 5/12,csc = 13/12 2.6 24

7. (a) w/7
(b) sin~!(sin7) = sin~!(sin0) = 0
(c) sin~!(sin(57/7)) = sin~*(sin(27/7)) = 27/7
(d) Note that 7/2 < 630 — 2007 < 7 so
sin(630) = sin(630 — 2007) = sin(7 — (630 — 2007)) = sin(2017 — 630) where
0 < 2017 — 630 < 7/2; sin™* (sin 630) = sin~* (sin(2017 — 630)) = 2017 — 630.

8. (a) =/7
(b)
(c) cos!(cos(12m/7)) = cos~*(cos(27/7)) = 27/7
(d) Note that —7/2 < 200 — 647 < 0 so cos(200) = cos(200 — 647) = cos(64m — 200) where
0 < 647 — 200 < 7/2; cos™!(cos 200) = cos™*(cos(64m — 200)) = 647 — 200.

9. (a) 0<z<m (b) -1<z<1
(c) —7m/2<z<m/2 (d) —o<z< 400
10. Let 6 =sin~'(—3/4) then sinf = —3/4, —7/2 < 6 < 0 and
(see figure) sec§ = 4//7
\/7
/6

N\ |3
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11. Let 6 = cos™%(3/5), sin20 = 2sinf cos § = 2(4/5)(3/5) = 24/25

5 4
3
N
12. (a) sin(cos™'x) =1 — 22 (b) tan(cos™'z) = yo-r
x
V1 - x2 1 Nipe
cos~lx
X
V1 2
(a) csc(tan'z) = vita (d) sin(tan'z) = L
x V1+ T2
V1 + a2 x V1 +x2 N
tan—1x tan-1x
! T
1 N
13. (a) cos(tan™'z) = —— (b) tan(cos™'z) = vi-r
V1+a2 T
N1+ 22 . =
tan—1x
1
2 _ 1 1
(c) sin(sec™'z) = veo o (d) cot(sec™'z) = ———
x x?—1
X \/T—l X
x2-1
sec™lx see—1 x
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14. (a)
(b)
15. (a)
(b)

16. (a)

(b)
(c)
17. (a)
18. (a)

(b)

(c)

Chapter 7
z —1.00 | -0.80 | —0.6 | —0.40 | —0.20 | 0.00 | 0.20 | 0.40 | 0.60 | 0.80 | 1.00
sin™tz | —1.57 | —0.93 | —0.64 | —0.41 | —0.20 | 0.00 | 0.20 | 0.41 | 0.64 | 0.93 | 1.57
cos™tx 3.14 2.50 2.21 1.98 1.77 | 1.57 | 1.37 | 1.16 | 0.93 | 0.64 | 0.00
y ,
s T (c) P
¢ o
17<><> 1=
s >\
_k_l_ED L 1 05 1
] —1-
=
o
AV
— y_ _____ 2 3
‘ K,_ x
72 |- 5
| L X \ -
-10 10
The domain of cot™! z is (—00, +0), the range is (0, 7); the domain of csc™! x is

(=00, —1] U[1, +0), the range is [—7/2,0) U (0,7/2].

y=cot tx;if > 0then 0 <y < /2 and x = coty, tany = 1/z, y = tan~!(1/x);
1
if # < 0then 7/2 <y <7 and x = coty = cot(y — 7),tan(y — 7) = 1/x,y = 7 + tan"* —
x

y=sec lx, x =secy, cosy =1/z,y =cos~1(1/x)

y=csc 'z, x=cscy, siny = 1/z, y =sin"*(1/z)

55.0° (b) 33.6° (c) 25.8°

Let z = f(y) = coty,0 < y < 7,—00 < & < +00. Then f is differentiable and one-to-one

and f'(f~(z)) = cot(cot ™! z) cos(cot ™' z) = \/5827 V221 140, and

d 1 1 .
—[cot™ —hmiz—hm\/xz—k = —1.
dm[ } 2=0 z—0 f/(f (QL‘)) z—0

If « # 0 then, from Exercise 16(a),

d cot 'z d tan ! ! ! L ! For x = 0, Part (a) shows the
—_ = — _ = —— = — . =0, Wi
dx dx x 22 /1 + (1/z)2 N
1
same; thus for —oo < z < 400, —[cot ™t 2] = —

dx 22 +1

Lo
VuZ+1dz’

d
For —oo < u < +00, by the chain rule it follows that %[cot_1 ul = —
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d 1 1 -1
19. (a) By the chain rule, —[csc 2] = —— =
o N N
(b) By the chain rule, %[csc_l u] = Z—Z%[csc_l u] = W%ZZ
20. (a) z =7 —sin"(0.37) ~ 2.7626 rad (b) 6 =180° 4 sin~(0.61) ~ 217.6°
21. (a) z =7+ cos (0.85) ~ 3.6964 rad (b) 6= —cos™1(0.23) ~ —76.7°
22. (a) z=tan"1(3.16) — 7 ~ —1.8773 (b) 6 =180° — tan"1(0.45) ~ 155.8°
1 fra—
-z
1 1 1
4 _ - —1/2 — _
24. (a) 2z/(1+z%) (b) 52 (296 ) TN
25. (a) ;(7156) S (b) —-1/ve?* -1
2TV =1 EVCEES:
26. (a) y=1/tanx = cotx, dy/dx = — csc® x
1
—1,3— -1, 32
(b) y=(tan"tz) ! dy/dwx = —(tan" ' x) (1—|-£E2)
1 1 sinx sinz 1, sinz >0
27. () —m—(-1/2%) = —————— b = — = T
(a) ,/1—1/932( /%) |z|v/z2 — 1 (b) V1—cos2z |sinz| { =1, sinz <0
1 1
28. (a) - b) —
(@) (cos™1z)V/1 — 2 () 2Veot ™ z(1 + 22)
e* 322 (sin~ ' 2)?
29. (a) ———— +e®sec ' b) ——7 4 2x(sin" ' x)3
@ v B) == TR
30. (a) O (b) O
x (3z% + tan~1 y) (1 + 4?)

31. z3+xtan~ 'y =eY, 32° + Y +tan 'y =e¥y, y =

ey A+ e — 2
32. sin '(zy) = cos™(z —v) é(ﬂcy’ +y)=— ! (1-1)
T 1= a2y? 1—(x—y)? 7
J = y/1— (2 —y)? + /1 - a2y?
V1—22y2 —2y/1— (x — y)?
1/v3
33. sin! a:] =sin 1 (1/V2) —sin"t 0 =7 /4
0
1 1 1
34. u= 21?, 5 ﬁdu = 5 sin71(2x) + C

1
35. tan ' a:] =tan ' 1 —tan ! (—1) =7/4 — (—7/4) = 7/2
—1
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36.

37.

38.

39.

40.

41.

42,

43.

44.

45.

46.

47.

48.

49.

50.

Chapter 7
1 1 1 _1
2
seclz] =sec !2—sec V2 =n/3—n/4=17/12
V2
—2//3
—sec™! x} = —sec 1(—=2/V3) +sec™H(—V2) = —57/6 + 31 /4 = —7/12
-v2
u=tanx / ;du = sin"!(tanx) + C
") VT =2
V3/2
u=¢e* _/\/3/2 L du=—sin""u ——sin_lﬁ-i-sin_ll——z—kz u
’ 12 V1—wu? 12 2 2 3 6 6
u=e* /71 du = tan"!(e*) + C
") 142
1 1 1
2 1 L 1042
u-t72/u2+1du 2tan t)+C
V3
u=+/z, 2/ du—2tan 1 =2(tan"t V3 —tan~'1) = 2(7/3 — 7/4) = 7/6
1
1 -1
u = cosf, — mdu:—tan (cosh) +C
1 / L gu=—si “Hnz)+C
u=Inz, [ ——=du=sin""(Inz
V1—u?
1
uw=3z, | ————=du=sec '(3z)+Cifx>0; —sec '(3z)+Cifz <0
A -
— asin 6, du = a cos 0 db; M _pic=—sin Yo
u = asinf, du = acos ; ﬁ—a%- = sin g-i-
If w > 0 then asecl,d sec@tan@d@/ 19 1secflu+0
u u= u=a Zp=_ z
u\/uQ—a2 a a a
(a) sin~!(z/3) +C (b) (1/v/5)tan"(z/v/5) + C

() (1/v/)sec(a/v/7) +C

1 1
(a) u:ew,/mduzitan_l(ew/Q)—&—C

(b) UZQI, ;/\/ﬁdu %Sln_1(2$/3)+0
—Uu

(c) u=+/5y, /u\/%du = % secH(V5By/V3) + C
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1 1
du = sin ! u

9 1 V3 Ve 1 T T
oL “:ﬁ“’m/o i—e2" T 21 -5 ) "o

Vi 1v2
u
52. u=./z, 2 ————du=2sin"'=| =2(r/4—7/6)=7/6
JE /1 Ve 3| (w/4=7/6) =/
_2\/3
123 1. _u I 1
53. u=3zx, = ———du = —-tan™ " — =__=__
3 )0 4+u? 6 2] 63 187
173 1 1 ul® 1 ™
54. u::cz,f/ du = tan™! —| = —(7/3—7/6) =
2 )i 34w 2V3 V3], 2\/5(/ /6) 12V/3
55. (b) Ly
R /7 I
X
—

56. (a) sin"'0.9 > 1, so it is not in the domain of sin™!

(b) -1< sin~! 2z < 1 is necessary, or —0.841471 < x < 0.841471

R 6378
57- b 9 =i -1 —  —=si -1 ~ °
(b) sin- g, = sin 16,378 23

58. (a) Ify=90° then siny =1, v/1 —sin? ¢sin®y = /1 — sin? ¢ = cos ¢,
D = tan ¢ tan A = (tan 23.45°)(tan 65°) ~ 0.93023374 so h ~ 21.1 hours.
(b) If v =270°, then siny = —1, D = —tan ¢ tan A = —0.93023374 so h ~ 2.9 hours.

59. sin20 = gR/v? = (9.8)(18)/(14)% = 0.9, 20 = sin~'(0.9) or 26 = 180° — sin~*(0.9) so
0 = %sin7'(0.9) ~ 32° or § = 90° — 1 sin~"(0.9) ~ 58°. The ball will have a lower
parabolic trajectory for 8 = 32° and hence will result in the shorter time of flight.

60. 42 =22+432 —2(2)(3)cosh, cosf = —1/4, = cos™1(—1/4) ~ 104°

61. y =0 when 22 = 600002 /g, x = 10v,/60/g = 1000v/30 for v = 400 and g = 32;
tan 6 = 3000/z = 3/1/30, 0 = tan~'(3/1/30) ~ 29°.

T
62. 0=aua— ta =
(a) a— 3, cota P

X X
§ = cot! — cot™? (7)
CO at b CO b

and cot 8 = % SO

I
1

(b) o _ _ 1 ( 1 >_11
dx a+b\1+4+22/(a+0b)? b1l+ (x/b)?
a+b b

(a+b)2+a2 b2+a?

which is negative for all z. Thus 6 is a decreasing function of x, and it has no maximum
since lim 6 = +4o0.

z—0
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63.

64.

65.

66.

67.

68.

69.

70.

71.

72.

73.

Chapter 7

0.8

0.8 4
A= ———dx =sin"" =sin~'(0.8
(a) /0 A x = sin :UL sin™"(0.8)

(b) The calculator was in degree mode instead of radian mode; the correct answer is 0.93.
A | 1 Y2 1 1/2

= —sin"lu =m/18

A= ———dr = ——du
0 \/1—9$2 3 0 \/1—u2 3 0

k
The area is given by / (1//1 =22 — z)dz = sin"' k — k?/2 = 1; solve for k to get
0
k= 0.997301.

/2

/2
x:siny,A:/ siny dy :—cosy} =1
0 0

The curves intersect at £ = a = 0 and z = b = 0.838422 so the area is

b
/ (sin 2z — sin™! z)dx = 0.174192.

The displacement of the particle during the time interval [0, 7] is given by
T
/ v(t)dt = 3tan™' T — 0.25T72. The particle is 2 cm from its starting position when
0

3tan™! T — 0.2572 = 2 or when 3tan~!'T — 0.25T2 = —2; solve for T to get
T =0.90, 2.51, and 4.95 sec.

2 2
1 T 1 9
V [2W4+$2d$ 5 tan™ " (x/ )} 7w/

-2

b
™

=7 {tanfl(bz) - f]

b
_ x _ —10,.2
(a) V7271'/1 Wdz =mtan” (x )} 1

1

. T w 1,5
(b) lim V=r(5-7)=gm

2
The area is given by / 1/(1 + ka?)dz = (1/VE) tan~* (2VE) = 0.6; solve for k to get
0

k = 5.081435.
1 /2
(a) = / (sin™! 2)2dx = 1.468384. (b) 2n / y(1 — siny)dy = 1.468384.
0 0

=7 —(a+P)
=7 —cot !(x—2)—cot™? STTx,
o 1 —1/4
dr 1+ (z—2)2 + 1+ (5—1x)2/16
3(x? — 22 —7)
1+ (x—2)2][16 + (5 — )2

2+ VIFW _ |, 5
2 - )

df/dx = 0 when x = only 1+ 2v/2 is in [2,5]; df/dx > 0 for = in

2,14 2v/2), df/dx < 0 for = in (1 +2/2,5], 0 is maximum when x = 1 + 21/2.
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74.

75.

76.

7.

78.

79.

80.

0=a—p0
= cot 1(z/12) — cot~1(x/2)

de 12 2

P VY S R g
_10(24 —2?)
(144 + 22)(4 + 22)

df/dx = 0 when x = /24 = 21/6, by the first
derivative test 6 is maximum there.

By the Mean-Value Theorem on the interval [0, z],

“lz—tan'0 tan~! 1
i—()an = anx 96:1_|_C2 for ¢ in (0, x), but

1 1 1 tan™!
m<1+7€2<1f0rcin(0,x)so an x

tan

T
< <1, <tan 'z < z.
14 22 T 1+ a2

i ! Loy 1 .k 1
n2+k2:1+k2/n2580kz e Zf YAz where f(x) = W,mk—ﬁ,andAw—ﬁ

n
. 1 m
fOI'OSl'Sl Thus nll}}}ookg n2+k2 :n*)+00 E fﬂ:‘k AI‘—A md.’ﬁ—z
(a) Let § = sin~!(—z) then sinf = —z, —7/2 < # < 7/2. But sin(—0) = —sinf and

—71/2 < -0 <7/2s0sin(—0) = —(—x) =z, -0 =sin 'z, § = —sin" ' z.
(b) proof is similar to that in Part (a)

(a) Let 6 =cos™!(—xz) then cosf = —z, 0 < 6 < 7. But cos(rm — ) = — cosf and
1

0<m—60<msocos(mr—0)=x, m—0=cos ‘o, =m—cos 'z
(b) Let 6 = sec™!(—z) for > 1; then secfd = —z and 7/2 < § <7 So 0 <7 —60 < 7/2 and

7 — 0 =sec lsec(m — 0) =sec™!(—sech) =sec !z, or sec (—z) =7 —sec” .

x
(a) sin~!'z =tan"! —=— (see figure)
V1—a?
(b) sin'z4cosTtz=7m/2;cos tx=n/2—sin"'x=n/2—tan"} z =
-z
VI — x2
t t
tan(a + 8) = ana £ tan 3

1 —tanatan B’
tan(tan™' 2) + tan(tan~'y) x4y
1 —tan(tan~ ' z)tan(tan—'y) 1 —ay
12ty

1—2y

tan(tan=!z +tan"ty) =

so tan!'a 4 tan! y = tan
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1 1 1/2+4+1/3
81. (a) tan™! 3 +tan~! 3= tan~! 1/(1/—;)(/1/3) =tan '1=n7/4
1 1 1 . 1/3+1/3 .3
b) 2t Lo =4 24t o=t pp— el L=
(b) an”" o = tan 3—|— an”" o = tan 1= (1/3) (1/3) an” -,
1 1 .3 1 L 3/4+1/7
2t o4t o —¢ 1244 o=t e i El
an 3+ an 7 an 4—1— an 7 an 1= 3/4) (1/7)
2
1 2-1
82. sin(sec™!x) = sin(cos™1(1/z)) = 4/1 — () =V
x ||
EXERCISE SET 7.7
24 -2 2 2 2
1. (a) limmizhm(x )z + ):li rve_ =
e—222 +25 -8 s-2(x+4)(z—-2) s-o2x+4 3
2— i —
(b) lim 205 oo 3 _2
rotee 34T g + lim - 3
rx——4o0 I
2. (a) PR ine—el = cosz so lim —— = lim cosz = 1
tanx sin x z—0tanz  z—0
2.1 -1 1 1 -1 2
(b) x3 _ o betl) ot so lim =~ ==
-1 (x-1)(2?42+1) 22+z+4+1 2-123-1 3
. 1/x 2cos 2z
3. }:Lml 1 1 4. v 5cosbr 2/5
5. lim =1 6. lim =1/5
z—0 COS T z—3 6z — 13
29 t t t
7. lim —~ =1 8. lim %
6—0 1 t—0 —et
. CcoST cos T
9. lim =-1 10. = +o00
r—mt 1 z—0+ 2T
1 3x
11. lim ﬁ =0 12. lim 3¢ = lim
r—+o0 1 r—+00 23;‘ r——+00
2
- - -1
13, lim —— % — fm —o = lim —— = 0
z—0t  1/x z—0+ sin“x  x—0+ 2sinzcosz
. —1/x ) x
14. wli]%{r (—1/z2)el/z om0t elfT 0
99 98
sy 1002% (100)(99)2% _ . (100)(99)(98) -~ (1)
z—+oo et T—+00 er T—+00 et

=tan"'1=n/4
9e3® n
=400
2
=0

Chapter 7
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i 2/v/1 — 4x2
16, lim ST g o2y 17, tag 24T
z—0+ sec?x/tanx  x—0+ z—0 1
1
L 1 1 ©
18. lim ———————— =1lim ——— = = 19. lim 2ze = lim —= lim — =0
z—0 32 x—0 3(1 + 1‘2) 3 T——400 r—+oo ¥ r—+oo ¥
20. lim (z — 7) tan(2/2) = lim ——— = li ! 2
. lim(z — 7)tan(z/2) = lim ———— = lim =—
z—m a—w cot(x/2)  a—m —(1/2)csc?(x/2)
: 2
21. lim zsin(r/xz) = lim sin(r/z) = lim (=m/a”) cos(r/x) = lim wcos(n/x)=m
z—+00 x——+00 l/x z—+00 —1/1‘2 z—+00
1 1 —sin® —2si
22. lim tanzlnz = lim —— = lim 7/‘% = lim L oy ORTORT
z—0*t z—0+ cotx z—0+ —cscZx z—0t T z—0t 1
5 —5sinb —5(+1 5
23, lim  secdwcosbr— lim  SOOT gy, Zoswmdr oS(RD 5
z—(m/2)~ g—(n/2)~ c083T  z—(r/2)- —3sin3x  (=3)(—1) 3
. . =T . 1
24. lim (z — 7)cotx = lim = lim —— =1
T r—7 tanx Tz—m SeC” T
. . ln(l — 3/3?) . -3 . -3
25. =(1-3/x)", 1 Iny= 1 _— = =-3, 1 =
R T =T
. . 31n(1 + 2x) 6 . _
= -3/ = B Sl oA _ - _ _ 6
26. y=(1+2x) ’};li%lny alcli% . lim oz 6, 3131—>H10y e
In(e® T+1
27. y=(e® +2)/*, limlny:hmwzlime + =2, limy = €?
x—0 x—0 x z—0 eT +x x—0
bin(1 b
28 y= (oo, lim = tim SOEED — wm  an i ym et
In(2 — 2sin? (/2
29. y=(2—2)?2/2) limIny = lim u = lim m =2/, limy = e/
z—1 z—1 COt(Trx/Q) z—1 71'(2 — J,‘) z—1
1 2 —2/x2%)(—tan(2
30. y= [cos(Q/x)]w2,$Erl1w Iny = IEI-lr-loo ncfj;/x) = xEToo (=2/x )_(2/;;1( /%))
— tan(2 2/x2) sec?(2
= lim 7&“1( /z) = lim —( [27) sec” 2/w) =-2, lim y=e?
Tr— 400 ]_/;U r——+00 —]_/;U2 r— 400
1 1 — si 1 — cos 31
31. lim ( — — > = lim 2 .bmx = lim COM.C = lim S — =0
z—0 \sinz =« z—0 xsinx z—0 xcosr +sinz 2—02cosx —xsinx
. 1—cos3x . 3sin3x .9 9
32 Jimy g =l T = i geosde = 5

2 2
33, lLm Gt T

S 1/2
votoe Vol f ot /

x 1
lim ———— = lim ——— =
zotoo /2 x4 wotoe 14+ 1/z+1

o ef—1—x . e’ —1 . x
34. Ilm —=J]lim ——— = lim ——
z—0 xet —x z—0 et +e —1 2—0 et + 2e*

=1/2
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35.

36.

38.

39.

40.

41.

43.

Chapter 7

X

e )= i e e 1)) =l
. x . 1
lim In = lim hn—=1In(1)=0
z—+c0 14+x zo+00 1/$—|— 1
1 1 1
(a) lim 2 = lim Ll: lim — =0
z—+oo g x—+oo N x—+oc0 N
n n—1
()l g = i S = i e = e
322 -2 1 0
(a) L’Hoépital’s Rule does not apply to the problem lim1 % because it is not a o form.
T— xTre — 2%
322 — 2z 41
b) lim ———— =2
(b) 1 322 — 2
43 — 1222 + 122 — 4 1222 — 24z + 12 . 24— 24

r—1

43 — 922 + 62 — 1

=m —-———-"=1IMM —— =
a—1 1222 — 18z 4+ 6  2—1 24z — 18

. 1/(x1nx) 2 0
m —7 = m — =
z—+oo 1/(24/1)  o—+00 /zlnzw 02
100 ~/ 10000
0
42 © lim 1 lim B2 0, 1 1
L Yy=2 im Iny = lim —/— = lim —z = im y =
y ’ r—0+ 4 r—0+ 1/,’1} r—0+ ’ r—0+ y 1"
0 =/ 0.5
0
y = (sinz)?/ 25
31nsi i
lim Iny = lim “o’ = lim (3cosz)—— = 3,
rz—0t z—0t Inz r—0t sinx
lim y=¢e3
r—0t y
0\ = 0.5
19
4dsec® x

44.

im —F—
z—m/2- secx tanx

z—w/2- SinT



45.

46.

47.

48.

49.

50.
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1 Plnx —1
1nm—ex:1nx——:&; 0
e~ ® e " 0 N 3
. . . Inxz . 1/ .
lim e *lnx = lim = lim —— =0 by L’Hopital’s Rule,
r—+00 z—+oo e¥ r—+oo €T
“Tlnx—1
so lim [lnz—e€]= lim € M7
T——+00 r——+00 e~ T
—-16
li Ine” —In(1+2¢*)] = lim 1 -
z—l»rfoo[ne n(1l + 2e”)] m In oo 00.6 b
1 |
= lim In =1In—; -
x—+oo e~ T 4+ 2 2 |
horizontal asymptote y = —In2
-1.2
y = (Inz)'/= 1.02
In(1
lim lny= lim n(inz) = lim =0;
r— 400 T——+00 x z—+oo xlnx
11111 y =1, y = 1 is the horizontal asymptote L
100 — Y/ 10000
1
n ® +1
1 T n
y = T , lim Iny= Ilim _z+2 1
T+ 2 T — 400 x—+00 1/,’B -
—x2
= lim ——
z—+oo (x 4+ 1)(x + 2) L
lir+n y = e~ ! is the horizontal asymptote
0 =/ 50
0
(a) 0 (b) +o0 (c) O (e) +oo (f) —0
lna)/x
Type 0% y = 20/ (Hn2). i 1y — e, WA e
(@) Type Oy = J =l ST = g = g ma=ine
. _ Ina __
iy = =
(b) Type 0c?; same calculation as Part (a) with x — +oco
R . (Ina)In(z+1) Ina
0. o, — (Ina)/x _ ( — —
(¢) Typel®;y=(x+1) ,ilﬁ%lny 013111%— Im Ina,

limy=e"=aqa

x—0
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51.

52.

53.

54.

55.

56.

57.

58.

59.

Chapter 7
1+ 2cos2x T + sin 2x sin 2z
lim 1 2cosiy does not exist, nor is it o00; lim LA sy = lim (1 + ) =1
r—400 1 r—-+00 x T——+00
2 —cosx 2 —sinx 2 — (sinx)/x 2
lim ———— does not exist, nor is it +oo; lim — = lim M = —
z—+o0 34 cosx g—+o0 3x +sinx  a—+o0 3+ (sinz)/x 3

2 in 2 2 in 2
lim (24 x cos 2z + sin 22:) does not exist, nor is it +oo; lim w = lim M,
z— 400 xr— 400 x+1 z—+oo 1+ 1/:17

which does not exist because sin 2z oscillates between —1 and 1 as x — 400

. 1 1 sin x . ..
lim | —+4 =cosxz+ v does not exist, nor is it +o0;

rz—+o00 \ T 2 x
x(2 + sinx) . 2+4sinz
im =——— — |im ———Y —
z—+oo 241 z—+oo ¢+ 1/x
Vi, —Rt/L
e Vi
lim L = —
R—0t 1 L
2 — -1
(a) lim (7/2—z)tanz = lim T2z = lim ——— = lim sin?z=1
z—s7 /2 z—m/2 cotx r—om/2 —CSC2 T wom/2

1 1 i _ 9 _ .
() lim (——— —tanz )= lim (——— — ST oy S8T (m/2 - x)sinx
Tz—mw/2 71'/2—.13 z—mw/2 71'/2—.13 COoST z—m/2 (W/Q—.I‘)COSZ‘

—(m/2 —x)cosx

= lim
a—m/2 —(7/2 — x) sinx — cosx

— fim (7r/27x)sin1+cos.x _o
a—m/2 —(7/2 — x)cosx + 2sinx

(c) 1/(m/2—1.57) ~ 1255.765849, tan 1.57 ~ 1255.765592;
1/(m/2 — 1.57) — tan 1.57 ~ 0.000265

t t
Bl (nk)k

(b) lim z(kY*—1)= lim Ink
T—+00 t—0+ ¢ t—0+
(c) 0.3 =—1.20397, 1024 ( **3/0.3 — 1) = —1.20327;
In2 = 0.69315, 1024 ( °¥/2 — 1) = 0.69338
(a) No; sin(1/x) oscillates as x — 0. (b) 0.05
-0.35 0.35

-0.05

(c) For the limit as # — 07 use the Squeezing Theorem together with the inequalities
—2? < 2%sin(1/x) < 22. For x — 0~ do the same; thus lim f(x) =0.

k ‘
If k # —1 then lim (k + cosfz) = k+ 1 #0, 50 lip%w — o0 Hence k = —1, and by the
r— xr— x
rule
-1 - ) _ P2 2
lim LTSy, Zhstnbr g, ZOCoslr By irr= 40V

x—0 {EQ x—0 2x x—0 2 2
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—cos(1/x) + 2z sin(1/x)

60. (a) Apply the rule to get lir% p— which does not exist (nor is it +00).
1
(b) Rewrite as lim { = } [zsin(1/z)], but lim L~ lim =1 and lim xsin(l/z) = 0,
z—0 Lsinx z—0sInx z—0 CcosT z—0
x
thus lim [~ [zsin(1/2)] = (1)(0) = 0
us tim [ 2] rsin1/2)] = (1)(0)
. sin(l/z) .. sinz L . . .
61. lim ——~, lim = 1but lim sin(1/z) does not exist because sin(1/x) oscillates between
z—0t (sinz)/z’ z—0+t z—0+
in(1
—land 1asx— +oo,s0 lim M does not exist.
z—0+ sinz
EXERCISE SET 7.8
1. (a) sinh3 =~ 10.0179 2. (a) csch(—1)~ —0.8509
(b) cosh(—2) = 3.7622 (b) sech(ln2)=0.8
(c) tanh(ln4) =15/17 ~ 0.8824 (c) cothl=~1.3130
. —1 _ ~ _ 1
(d) sinh™'(—2) ~ —1.4436 (d) sech—': ~ 13170
(e) cosh™'3~ 1.7627 2
.3 (e) coth™ 3~ 0.3466
(f) tanh Z ~ 0.9730 (f) CSChil(—\/g) ~ —0.5493
1 1 1 4
3. (a) Slnh(ln3) = §(€1n3 —e ln3) = 5 <3 - 3) = 5
1 1/1
(b) cosh(—1n2) = i(e*h12 +eln?) = 3 <2 -|-2> = g
2N _ =25 95 _1/95 312
() tanh(@n5) = Gy s = 354 1/25 313
1 1/1 63
(d) Sinh(—31n2) = 5(6_31112 — 631n2> = 5 (8 — 8> — _TG
1 1 1 x? 41
4. ~(,nz —lnzy _ = ) =
(a) 2(6 +e ) 2<x+x) o , x>0
1 1 1 22 -1
b Z(pnz _ —Ilnzy _ = _ ) =
(b) 2(6 e ) 2(3: x> 5 ,z>0
2lnx _ ,—2lnx 2_1 2 4_1
©) e ei o /x oz >0
e2lnw+e 2lnz $2+1/£L'2 1’4+1
1 —Inz Inzy __ 1 1 _ 1+ xQ
(d) 2(e +e )—2 x—l—x =~ , x>0
5.

sinhxy | coshxy | tanhx, | cothx, | sechx, | cschux,
@ | 2 Vs | ans | s | s | e
(b) 3/4 5/4 3/5 5/3 4/5 4/3
(c) 4/3 5/3 4/5 5/4 3/5 3/4
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(a) cosh®zg=1+sinh®zy =1+ (2)% =5, coshzy =5

2
(b) sinh?®zy = cosh®zy — 1 = 1—2 -1= %, sinhzy = % (because g > 0)
4\? 169 3
(¢) sech’zy=1—tanh®zy=1— <5) =1- 2% = 25 sech zg = 5
1 inh 4 4
coshxg = m = g, from :;r;hiz = tanh xy we get sinhxy = (g) <5) =3
d d 1 coshz
6. e cschx = Jrsoha T niZa = —cothz csch z for z # 0
d d 1 sinh
e sech x = Twcosha _cb;:hfz = —tanh x sech z for all x
d d coshz  sinh?z — cosh? z 9
7 Cothe = - — Sl csch®x for z #
dy d d
7. (a) y=sinh 'z if and only if 2 = sinhy; 1 = e _ oy cosh y; so
de dy dx
d . -1 dy 1 1
— [sinh™ " z] = —= = = = for all x.
dx[ ] dr  coshy \/1 +sinh®y V1422
dy d d
(b) Let 2 > 1. Then y = cosh™ '  if and only if 2 = coshy; 1 = i R sinhy, so
de dy dx
_ dy 1 1 1
J— h 1 = — = = = f > 1.
dx [oosh™" ] de  sinhy  \/eosh?y—1 2*—1 T =
(¢) Let —1 <z < 1. Then y = tanh™ ' z if and only if 2 = tanhy; thus
dyde dy o dy 2 2 d -1 dy 1
1=-">—=—"sech®y=-—"-(1 —tanh“y) =1— 50 — [tanh = =——.
de dy dx seecty dx( anb”y) T80 dsc[ anh™" z] dr 1— 22
1
9. 4cosh(4x — 8) 10. 423 sinh(z?) 11. —=csch®(Inz)
T
sech?2 1
12. zz(;h 25 13. = csch(1/x) coth(1/x) 14. —2¢2® sech(e?*) tanh(e??)
2 h inh
15. + 5 cosh(52) sinh (5z) 16. 6sinh?(2x) cosh(2x)
4 + cosh®(5x)

17. 2%/2tanh(y/x)sech®(y/z) + 322 tanh? (/)

1 1
18. —3cosh(cos3z)sin 3x 19, —— (- | =1/vV9+ 22
( ) 1+22/9 <3) /
20. ;(—l/ﬁ) S 21. 1/ [(cosh ' 2)va? —1]
V1+41/22 |z| V2 + 1
22. 1/[ (sinh—lg;)2—1\/1+x2} 23. —(tanh™'z)72/(1 — 2?)
inh inh
24. 2(coth™z)/(1 — z?) 25. el = 207 :{ L o2>0
Veosh?z — 1 |sinhz] -1, =<0
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x

26. (sech’x 1+ tanh®x 27. ¢ +e%sech™x
echmo)/ v 2T —s
x
28. 10(1 + zcsch™tz)? (— + cschlx)
( ) |z]v1 4 22
L7 L. 2 3/2
31. = sinh’ z + C 32. 3 sinh(2x — 3) + C 33. g(tanh x)*+C
34. -3 coth(3z) + C 35. In(coshz)+C 36. -3 coth® z + C
1 In3 In3
37. —3 sech?’x} =37/375 38. In(coshz)| =1In5—1In3
In2 0
1 1 1
39. wu=3z, - | ——du==sinh '3z +C
3 / V1+ u? 3
V2 1 1
40. x:\@u,/idu:/idu:cosh_ x/V?2)+C
V2u? —2 vu?2 —1 (@/v2)
41 & /71 d ech™(e®) + C
. u=e", u=—= e
uyv1 —u?
42 9 / L4 inh™*(cos @) + C
. u=cosl, — | ———du = —sin cos
V1+u?
43. u =2z /diu = —csch™Hu| 4+ C = —csch™*|2z| + C
‘ it a
5/3 1 / 1 1 1
44. v =5u/3, | ———du= - | ———=du = ~cosh™ (3z/5) +C
/ V25u? — 25 3 vu?2 —1 3 (82/5)

1/2 1 141/2 1
45. tanh™! x]o = tanh™'(1/2) — tanh ™ (0) = 3 In T j 1§2 =3 In3

V3
46. sinh™! t} =sinh ™' V3 —sinh ' 0 = In(vV/3 + 2)
0

In3 In3
1
49. A= / sinh 22 dx = = cosh 24 = —[cosh(2In3) — 1],
0 2 0 2

but cosh(21n3) = cosh(In9) = %(eln9 +e 9 = %(9 +1/9)=41/9s0 A= %[41/9 — 1] =16/9.

In2

In2
50. V = 7T/ sech®z dz = 7 tanh x} = mtanh(In2) = 37/5
0 0

5 5
51. V= 7r/ (cosh? 2z — sinh? 2z)dx = 7T/ dx =57
0 0
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52.

53.

54.

55.

56.

57.

58.

Chapter 7

1 1
1 1
/ coshaxdx = 2, — Sinhax] = 2, —sinha = 2,sinh a = 2aq;
0 a 0 a

sinh a,, — 2a,,

let f(a) = sinha — 2a, then a,11 = a, — a1 =2.2,...,a4 = a5 = 2.177318985.

cosha, —2
y =sinhz, 1+ (/)2 = 1+ sinh? z = cosh? z

In2 In2 1 1 1 3
L= / coshx dx = sinh:c] =sinh(In2) = 5(61“2 —e %) = 3 <2 - > =-
0 0

y' = sinh(z/a), 1 + (y')? = 1 + sinh?(z/a) = cosh?(z/a)

L= /0 " cosh(z/a)dz = asinh(x/a)} = asinh(x1 /)

1
sinh(—xz) = (7% —¢€") = —i(e”J —e 7)) = —sinha
1, _ 1 _

cosh(—z) = i(e T 4e¥) = 5(6JC + e ®) =coshzx

_ 1 _ 1 _
(a) coshz +sinhz = i(ew +e )+ 5(61 —e P)=¢"

. 1 x —x 1 x —T —x
(b) coshz —sinhz = 5(6 +e )—5(6 —e P)=e

1 1
(c) sinhzcoshy + coshzsinhy = i(eac —e ")eY+e )+ Z(ex +e F)(e¥ —e™Y)

—_

= *[(e””ry —e Y 4 Y efxfy) 4 (ea:+y Le Tty Ty efzfy)]

—

= i[e(wﬂ/) — e~ @V)] = sinh(z 4 y)

(d) Let y =z in Part (c).

(e) The proof is similar to Part (c), or: treat = as variable and y as constant, and differentiate
the result in Part (c) with respect to x.

(f) Let y =z in Part (e).

(g) Use cosh®z = 1+ sinh® 2 together with Part (f).

(h) Use sinh? z = cosh? 2 — 1 together with Part (f).

(a) Divide cosh? z — sinh®z = 1 by cosh® z.
sinhz  sinhy
sinhzcoshy + coshzsinhy  coshz = coshy  tanhz +tanhy
coshx coshy 4 sinhxsinhy 1 sinhxzsinhy 1+ tanhztanhy
cosh x cosh y

(b) tanh(z+y) =

(c) Let y ==z in Part (b).

1
(a) Let y = cosh™ z; then 2 = coshy = i(ey +e V), eY—2x+e ¥ =0,eY—2zeY +1=0,

2z + 4x? — 4
eV = % = x + v/x2 — 1. To determine which sign to take, note that y > 0

soe V< eV x=(e¥+eY)/2 < (e¥+e¥)/2 =¢eY, hence eV > x thus ¥ = z + Va2 — 1,
y=cosh 'z =In(z+ 22 —1).
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ev—e YV e -1

(b) Let y = tanh ' z; then & = tanhy = prpmpeTia T ze® + 1 =e% -1,
1 1.1
l+x=e®1-2),e¥=(1+2)/(1-2),2y=In +x,y:§1n1+x.
x -z

59. (a) %(cosh_l ) = l;i”’iﬁ;f N

1 n 1
1+ 1—=x

(b) d‘i (tanh™' z) = % [;(111(1 + 1) —In(l - x))} - % ( ) =1/(1—2?)

60. Let y = sech 'z then 2 = sech y = 1/ coshy, coshy = 1/x, y = cosh™*(1/z); the proofs for the
remaining two are similar.

d
61. If |u| <1 then, by Theorem 8.8.6, /17712 =tanh ' u +C.
—u

d
For |u| > 1,/ 1 _uu2 =coth™ u+ C = tanh™*(1/u) + C

d 1 d 1 1 T 1
62. — h = — h='Wz2) = — _
@) ek ) = G e Y = i Ve T 2

(b) Similar to solution of Part (a)

1
63. (a) lim sinhz = lim 5(6”” —e ) =400—-0=+00

r——+00 r——+0o0
1
(b) lim sinhz = lim 5(6””—671) =0—-00=—00
(¢) lim tanhz = lim % =1 (d) lim tanhz = lim £
T—+00 z—+4o00 €T 4+ e~ T——00 z——o00 eT 4 e~ 7T
(e) lir_{l sinh™' z = liI_P In(z + Va2 +1) = 400
1
(f) lim tanh ™'z = lim Sln(L+2) = In(l = z)] = +o0
rz—1- r—1—
64. (a) lim (cosh 'z —Inz)= lim T+ Ve —Inz]
r— 400 95—""‘00
VaZ—1
= liI_P lnﬁix = HI—P In(1++/1—1/22) =1n2
T—1T00 xT T—T00
h T4e 1
(6) i S5 = i o = i (1) =172

65. For |z| < 1,y = tanh™ ' 2 is defined and dy/dx = 1/(1 — %) > 0; ¥’ = 22/(1 — 22)? changes sign
at = 0, so there is a point of inflection there.

66. Let x = —u/a, = —cosh 'z +C = —cosh™!(—u/a) + C.

1 a
——du=— | ————d
/\/u2 —a? “ /a\/x2 -1

—cosh™! (~u/a) = ~ In(~u/a+ \u?/a? 1) = o utvii-do

—u—+Vu? —a? u+Vu? — a2

zln’u—i— \/u2—a2‘ —Ina=In|u+vVu2—a?+C

SO du-ln‘u—i— Vu a2‘+C
/\/ﬁ -
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67.

68.

69.

70.

71.

72.

Chapter 7

n

Using sinh z 4 coshz = e” (Exercise 56a), (sinh x + coshz)™ = (e*)™ = €™ = sinh na + cosh nz.

@ 1 “ 1 2sinh at
/ edr = tet"”} = ;(e“t —e ) = y for ¢ # 0.

(a) ¢ =sinh(z/a),1+ (y')? = 1 4 sinh®(z/a) = cosh?(z/a)
b b
L= 2/ cosh(z/a) dx = 2asinh(z/a)| = 2asinh(b/a)
0 0
(b) The highest point is at = b, the lowest at z = 0,
s0 S = acosh(b/a) — acosh(0) = acosh(b/a) — a.

From Part (a) of Exercise 69, L = 2asinh(b/a) so 120 = 2asinh(50/a), asinh(50/a) = 60. Let
u = 50/a, then a = 50/u so (50/u)sinhu = 60,sinhu = 1.2u. If f(u) = sinhu — 1.2u, then

inhw, — 1.2u,
B 7 2T = 1, us = ug = 1.064868548 ~ 50/a so a ~ 46.95415231.
coshu,, —1.2

From Part (b), S = acosh(b/a) — a =~ 46.95415231[cosh(1.064868548) — 1] ~ 29.2 ft.

Up+1 = Up —

From Part (b) of Exercise 69, S = acosh(b/a) — a so 30 = acosh(200/a) — a. Let u = 200/a,
then a = 200/u so 30 = (200/u)[coshu — 1],coshu — 1 = 0.15u. If f(u) = coshu — 0.15u — 1,
coshu, —0.15u,, — 1

sinhu,, —0.15
a =~ 671.6079505. From Part (a), L = 2asinh(b/a) =~ 2(671.6079505) sinh(0.297792782) ~ 405.9 ft.

sup =0.3,. .., ug = us = 0.297792782 ~ 200/a so

then up 11 = up —

(a) When the bow of the boat is at the point (z,y) and the person has walked a distance D,
then the person is located at the point (0, D), the line segment connecting (0, D) and (z,y)
has length a; thus a® = 22 + (D — y)?, D = y 4+ va? — 22 = asech™ ! (x/a).

1++/5/9
(b) Find D when a = 15, 2 = 10: D = 15sech™*(10/15) = 151n <+2/3/> ~ 14.44 m.

2 1 2 1
(¢) dy/dr = ——— i [—‘;H]:_ww_xa

— _|_ e
xva? —22 Va2 —22 Va2 — 22

2,2 2 15 15

— 22 22

1+[y’]2:1+ax2x :%;Witha:15andx:5,L:/ xfdz;)] =30 m
5 5

CHAPTER 7 SUPPLEMENTARY EXERCISES

1.

(a) f(g(x)) =« for all x in the domain of g, and g(f(z)) = « for all z in the domain of f.

(b) They are reflections of each other through the line y = «.

(c) The domain of one is the range of the other and vice versa.

(d) The equation y = f(z) can always be solved for = as a function of y. Functions with no
inverses include y = 2%, y = sin .

(e) Yes, g is continuous; this is evident from the statement about the graphs in Part (b) above.

(f) Yes, g must be differentiable (where f’ # 0); this can be inferred from the graphs. Note that
if f/ =0 at a point then ¢’ cannot exist (infinite slope).

(a) For sinz, —7/2 < x < 7w/2; for cosz, 0 < x < m; for tanz, —7/2 < x < 7/2; for secx,
0<z<m/2orm/2<x<m.
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(b) AY  y=sin-lx y=cos-lx 4Y

1+ y=sinx

‘ X
/2 \
| X

R N
1k

y=cosx

Y
y =tanx y:sefy I y=secx
2,
y=sec-lx
K_\ X

w2
2 -1
- y=secx
f +1\"* 1
B @) o= ) =87~ L= = (TE) = e
(b) f(x) = (x — 1)% f does not have an inverse because f is not one-to-one, for example
f0)=f(2)=1
() = fl)= ("2 +1y=f"(x) =lnva—T=Ln(x 1)
Y+ 2 4 T+2
d = = — = =
@ o= 1) = L2y = ) - 25
, ad —be . . . . .
4. f'(x) = ——; if ad — bc = 0 then the function represents a horizontal line, no inverse.
(cx + d)?
b
If ad — be # 0 then f'(z) > 0 or f'(z) < 0 so f is invertible. If z = f(y) = ay——:—_d then
cy
b—ad
y=[f"z)= :
xc—a

5. 3In(e?*(e”)%) 4+ 2exp(Inl) = 3Ine®* + 3In(e”)® +2-1 =3(2z) + (3-3)z + 2 = 15z + 2

6. Draw equilateral triangles of sides 5, 12, 13, and 3, 4, 5. Then sin[cos~1(4/5)] = 3/5,
sin[cos™!(5/13)] = 12/13, cos[sin~"(4/5)] = 3/5, cos[sin~'(5/13)] = 12/13
(a) cos[cos™!(4/5) +sin~*(5/13)] = cos(cos~'(4/5)) cos(sin " (5/13))
— sin(cos™1(4/5)) sin(sin~*(5/13))
412 35 33
513 513 65
(b) sin[sin~'(4/5) + cos~*(5/13)] = sin(sin~*(4/5)) cos(cos 1 (5/13))
+ cos(sin~*(4/5)) sin(cos~*(5/13))
45 31256
513 513 65
7. (a) cosh3x = cosh(2z + z) = cosh 2z cosh z + sinh 22 sinh z
= (2cosh? z — 1) cosh z + (2sinh z cosh z) sinh z
= 2cosh® 2 — cosh z 4 2sinh? z cosh

= 2cosh® z — cosh z + 2(cosh®  — 1) coshz = 4 cosh® z — 3cosh
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(b) from Theorem 7.8.2 with x replaced by g: cosh z = 2 cosh? g -1,
2 cosh? g = coshz + 1, cosh? g = %(cosh:c +1),
coshg = %(coshx + 1) (because coshg > 0)
(c) from Theorem 7.8.2 with x replaced by g: coshz = 2sinh? g +1,

1 1
2sinh? g = coshz — 1, sinh? g = i(coshaz —1), sinhg =+ i(coshx -1

8. Y =1In(Cek') =InC + Ine** =1nC + kt, a line with slope k and Y-intercept In C

9. (a) Y

N

)kéf

-2+

(b) The curve y = e~/?sin 2z has x-intercepts at * = —7/2,0,7/2,7,37/2. It intersects the

curve y = e~ */2 at & = /4, 57 /4, and it intersects the curve y = —e~*/2 at x = —7 /4,37 /4.
10’ (a) 9} (b) n/2137
2 -
\ \ ¥ X
1 1
(c) y (d) y
/2
B | | | Ly
1
| X
5
/2

11. Set a =68.7672, b = 0.0100333, ¢ = 693.8597, d = 299.2239.

d
(a) (b) L= 2/ 1 + a2b? sinh? bz dx:
0

= 1480.2798 ft

-300 \&
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12.

13.

14.

15.

16.

17.

(c) = =283.6249 ft (d) 82°
& Inz 1 . Ty
(a) If 2" =e¢® then klnx =z, or — = T The steps are reversible. ottt
x 2
(b) By zooming it is seen that the maximum value of y is -2

approximately 0.368 (actually, 1/¢), so there are two distinct
solutions of =¥ = e* whenever k > 1/0.368 ~ 2.717.

(¢) z=~1.155

0.2

(a) The function Inaz — 2" is negative at £ = 1 and positive at = 4, so it must be zero in

between (IVT).

(b) = 3.654
(a) #r (b) =1 when ¢ ~ 0.673080 s.
oL (c) dr/dt =4.48 m/s.
17
1
B 1
3 o2 _ abe™”
() y=a°+1s0y =322 ®) V= ey
1 1 .
(c) y= §lnx—|— gln(x—i— 1) —Insinz + Incosz, so
,_i+ 1 _cosx sinx Sz +3 — cot @ — tan o
Y= % 3(x+1) sinz cosx 6x(z+1) '
(d) lnyzln(l—l—m)’g’:x/(1+x)—ln(1+x): 1 _ln(l—i—a:)7
x y x? z(1+ x) x?
dy 1 Va1 (L a)

! 1 d o 1 « .
() lny=e*lnz, Y o <+1nm>, Yo e <+lnm> =" [xe e lnx}
Y T dzx T

1 1 -2 2
(f) y=sinh™! dy =

22 dr 1+ (1/3:2)273 _x\/:L‘4 +1

y' = ae?® sin bx + be cosbr and y” = (a? — b?)e® sin bz + 2abe® cos bx, so Yy’ — 2ay’ + (a? + b?)y
= (a? — b?)e sin bx + 2abe®® cos bxr — 2a(ae®® sin bx + be®® cos bx) + (a? + b2)e® sin bz = 0.

1 -2
sin(tan~!z) = #/v/1 + 22 and cos(tan~! x) = 1/v/1 + 22, and ¢y = o Yy’ = ﬁ, hence
-2 1
y" + 2sinycos® y = T 1o Z = 0.

G+a? Vit e (1 + a2
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18.

19.

20.

21.

22,

23.

24.

25.

26.

27.

28.

Chapter 7
y' = acoshax,y” = a®sinh ax = a?y
1
Set y = log, x and solve 3/ = 1: ¢/ = = y
) zlnb B
so x = —. The curves intersect when (z,z) lies
n L
on the graph of y = log, z, so z = log, . From 2
1 X
Formula (9), Section 7.2, log, x = % from which >
n
Inz=1,z=¢,Inb=1/e, b=e'/® ~ 1.4447. v
(a) Find the point of intersection: f(z) =+/r +k =Inz. The ¥
1 1 2
slopes are equal, so my = — =my 2\/5,\/5 , T _~ ‘ | .
Then Ind = A+ k, k= Ind — 2. [ 2

1
(b) Since the slopes are equal m; = me = —, 80 ky/T = 2.
x

k —
2z
At the point of intersection ky/z = Inz, 2 =Inx, = €2,
k=2]e.

Pl —2
lim+ flz) = 1irJ£1 f(z) = 400 and f'(x) = La)’ stationary point at x = 2. We know f(x)
x—0 xr——+00 X
has no maximum and an absolute minimum; by Theorem 4.5.5 f(z) has an absolute minimum at
r =2, and m = €2 /4.

zlnx -1

f'(x) = (1 +1Inx)z®, critical point at x = 1/e; 11151+ f(z) = li%{r e lim f(x) = +o0; no

r— 400

absolute maximum, absolute minimum m = e~1/¢ at x = 1/e

1 ‘1 1 © 1 1 1
ve — — 7d = 1 = ;—:77 *: —1
Jave e—l/lmx e—1nx}1 e—1 2 e—1" ¢

Find ¢ so that N’(t) is maximum. The size of the population is increasing most rapidly when
t = 8.4 years.

2

2
1
u=Inz, du:(l/x)dx;/ du—lnu] =1n2
1 U 1

/1 e 2dx = 2(1 — 1//e)
0

1A 301 1
u=e"2* du=—2e **dx; —5/1 (14 cosu)du = 3 + B (sin 1—sin 4)

2x x
e 3e
Divide e* + 3 into €2® to get = e’ — SO
v * 8 v 13 e +3
xr

e e
= z — = ¥ — 1 z
/61+3d1: /e dx 3/6w+3da: e® —3ln(e"+3)+C
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29.

30.

31.

32.

33.

34.

Since y = ¢* and y = Inx are inverse functions, their graphs y
are symmetric with respect to the line y = x; consequently the ¢ N
areas A; and Aj are equal (see figure). But A; + Ay = e, so !
e 1 1 A
/lnxdx—l—/ e’dr =As+ A3 =Ay+ A1 =¢ 2 T |«
1 0 : .
n k/n n
Z = Z () Az where f(z) = e*,z; = k/n, and Ax = 1/n for 0 < z < 1. Thus
k=1 k=1
n k/
. _ T Jy —
nkrfoo —nkrf fokAm—/ dr =e—1.

1
Since f(x) = — is positive and increasing on the interval [1,2], the left endpoint approximation
x

1
overestimates the integral of — and the right endpoint approximation underestimates it.
x

(a) For n =5 this becomes

02 |5+ 1 + 1+ + o </21dx<02 S T T
12 14 16 1.8 2.0 T “l10 1.2 14 16 1.8

2
1
(b) For general n the left endpoint approximation to / —dr=1In2is
1 T

1 n n 1 n—1 1
E Z 1 + /n = Z m = Z m and the I'lght endpoint approximation is
k=1 k=1 k=0
n 1 n 1 2 n—1 1
kZ:l P This yields kz::l e < /1 ;dm < Z P which is the desired inequality.
1 1 1 1
(¢) By telescoping, the difference is — — — = — so — < 0.1, n > 5
n_ 2n  2n 2n
(d) n>1000

(a) zr=0,1,2,3,4

flap)Az = (" +e' +e*+e’ +e') (1) =(1—€°)/(1 —e) = 85.791

Mu;

(b) z;=1,2,3,4,5

'S

Zf:rk Az =(e'+e+e+e' +e°) (1) =e(l—€°)/(1 —e) = 233.204

(c) =z} =1/2,3/2,5/2,7/2,9/2
4

M

flah) Az = (e1/2 32 452 4T/ 4 e9/2) (1) = e/2(1 — ) /(1 — ¢) = 141.446
k=1

0.351220577,0.420535296, 0.386502483

1.63379940, 1.805627583, 1.717566087
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35.

36.

37.

38.

Chapter 7

f(x):e$,[a,b]:[071],Ax—7; lim mek /e dr=e—1

n—-+oo

In the case +00 — (—00) the limit is +o00; in the case —oo — (400) the limit is —oo, because
large positive (negative) quantities are added to large positive (negative) quantities. The cases
+00 — (+00) and —oco — (—o0) are indeterminate; large numbers of opposite sign are subtracted,
and more information about the sizes is needed.

(a) when the limit takes the form 0/0 or co/oo
(b) Not necessarily; only if lim f(xz) = 0. Consider g(x) = x; lirr(l)g(x) = 0. For f(z) choose

cosz, z2, and |z|'/2. Then: lim 8T does not exist, lim x—Q =0, and lim \:c|12/2 = +o0.
(a) lim (e®* —2%) = lim z*(e®/x® —1), but lim e lim . lim i +00

T—+00 r—+400 ’ z—+oo g2 z—+oo 2 z—+oo 2

so hm ( ?/x? — 1) = 400 and thus IETOOQJ (e”/x? — 1) = 400

Inz 1z 1 . Inz . Inz 1
() tim 2t 1 = Ly [

(¢) lima®lna=Ina

z—0



