CHAPTER 6

Applications of the Definite Integral in
Geometry, Science, and Engineering

EXERCISE SET 6.1

1. A:/2(x2+1—x)d:v:(x3/3+x—m2/2)} =9/2
-1

-1

4

4
2. A/(\/E+x/4)dx(2x3/2/3+:c2/8)] =22/3
0

0

2

2
3. A/l(yl/yQ)dy(y2/2+1/y)} =1

1

2

2
4. A:/(2—y2+y)dy=(2y—y3/3+y2/2)} =10/3
0 0

4 16
5. (a) A= / (42 — 2?)dz = 32/3 (b) A= / (Vi — y/4)dy = 32/3

0 0

y
4, 16)
y=4x
y=x
5,
~ X
1

6. Eliminate z to get y?> = 4(y +4)/2, y*> — 2y — 8 = 0,
(y —4)(y +2) =0; y = —2,4 with corresponding
values of x = 1, 4.

4
@ 4= [ vE-(2vale+ [ 2vE- @

1
0

1 4
:/ 4\/de+/ (277 — 22+ A)dz = 8/3 +19/3 = 9 % §
0 1 I~ >

(b) A= / [/2+2) =52 /4ldy =9

1
7. A:/ (Vx — 2?)dx = 49/192
1/4

231
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10. Equate sec? z and 2 to get sec® z = 2, 11.
y
2
%2 %2

T v =secx

secr = £v2, x = +r/4

/4
A:/ (2 —sec? z)dr = m — 2
—m/4

12. A= /2 [(x +2) — 2%]dr = 9/2

33—z, <1
142, >1

A—/15[<—;x+7>—(3—x)] dz
+1/15[(—;$+7)—(1+x)}d33
:/_5(§x+4>d1:+/15(6—2m>dx

= 72/5+48/5 = 24

3

13. y:2—|—|x—1|:{

Chapter 6

/2
(0 — cos 2x)dx
w/4

/2
:—/ cos2xdr =1/2
/4

A:

y=cos 2x

2.4

Lok

/c=y—2




Exercise Set 6.1 233

2/5
14. A:/ (4o — z)dx y
0 D
=-x+
+/ (—x+2—x)dx | o
2/5 y=dx_ [l (1, 1)
2/5 1 I
:/ 3mdx—|—/ (2 —2z)dx = 3/5
0 2/5 X
y=x
1
15. A:/ (2% — 42* + 32)dx 4
0

+A1@?¢ﬂ+mwx il L\ ‘ /’4

= 5/12 4 32/12 = 37/12

-8

16. Equate y = 23 — 222 and y = 222 — 32 9
to get 23 — 422 4+ 32 =0, [
z(r—1)(x—-3)=0;2=0,1,3 .
with corresponding values of y = 0, —1.9. r
1 r

A= / [(z3 — 22?) — (222 — 3z)]dx ~1 < '3
0 i

3
3 32) — (2% — 22%)]dx
+/1[(2x 3x) — ( 2x°)|d.

1 3
= / (2% — 42® + 32)dx + / (=2 + 42* — 32)dx
0 1

_5 8_3r
12 03 12
17. From the symmetry of the region 1

57 /4
A:2/ (sinz — cosz)dr = 4v/2
w/4
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0 1
18. The region is symmetric about the 19. A= / (y® — y)dy + / —(y® — y)dy
-1 0

origin so
=1/2

2
A:2/ |2® — dx|dr = 8
0

1
20. A:/ [° =4y +3y — (v* —y)] dy
0

4
+/ [v* —y — (v* —4y® + 3y)] dy
1

= 7/12+45/4 = 71/6

21. Solve 3—2z = 25 +22° —3x* + 22 to find the real roots z = —3, 1; from a plot it is seen that the line
1

is above the polynomial when —3 < = < 1, s0 A = / (3—2x— (2% +22° —32* +2?)) dor = 9152/105
-3

1
22. Solve z° — 22% — 3z = 23 to find the roots z = 0, iix/ 6 + 2v/21. Thus, by symmetry,

V/ (6+2v21)/2 27
A:2/ (x3—(x5—2x3—3x))dx:—+z\/ﬁ
) 11
k 9
23. / 2\/ydy :/ 2\/ydy y
0 k \ /
- [ \ [
/ y'/2dy :/ y'/2dy
0 k y=k

2 2
§k3/2 =327~ k3/2)

k32 =27/2
k=(27/2)*/3 =9/V4
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k 2
24. /xde:/ z?dx y
0 k

25.

26.

27.

28.

29.
30.

31.

1, 1 -
kP =-(8—k3
3 3( ) i
k= -
k=4 ! L
| 2
x=k

(a) A:/O (22 — 2?)dz = 4/3

(b) y = maz intersects y = 2z — 2% where mz =2z — 22,22 + (m — 2)z = 0,z(z + m — 2) = 0 so
x =0 or x =2 —m. The area below the curve and above the line is

2—m 2—m 1 1 1
/ (22 — 2% — mx)dz = / [(2—m)z —2%]de = |=(2 —m)z® — —23 =-

0(2-m)3/6=(1/2)(4/3) =2/3,(2—m)> =4,m =2 — /4.

The line through (0,0) and (57/6,1/2) is y = 53:10;
T

57/6
A:/O (sinxix)dx?iﬂJrl

(a) Tt gives the area of the region that is between f and g when f(x) > g(z) minus the area of
the region between f and g when f(z) < g(z), for a <z <b.

(b) Tt gives the area of the region that is between f and g for a <z <b.

1 271
1
(b) ngl}rloo ; (21" — x) dx = ngrfoo {na:("ﬂ)/" — 502} = ngg}oo <n i T~ 2) =1/2

The curves intersect at z = 0 and, by Newton’s Method, at x ~ 2.595739080 = b, so
b b
Ax / (sinz — 0.22)dz = — [cosx + 0.1x2]  ~ 1.180808334
0

By Newton’s Method, the points of intersection are at x ~ +0.824132312, so with
b

b
b = 0.824132312 we have A ~ 2 / (cosx — x?)dx = 2(sinz — 2°/3)| ~ 1.094753609
0 0

distance = [ |v| dt, so
60

(a) distance = / (3t — t%/20) dt = 1800 ft.
0

T
3 1
(b) If T < 60 then distance = / (3t — t2/20) dt = 5T2 — @Tff ft.
0
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32.

33.

34.

35.

Chapter 6

T
Since a1(0) = a2(0) =0, A = / (a2(t)—ay(t)) dt = vo(T) —v1(T) is the difference in the velocities
0

of the two cars at time T'.

Solve z'/2 4+ y1/2 = a1/2 for y to get

y= (a1/2 _ x1/2)2 —a— 2a1/2:z:1/2 N

A :/ (a —2a'22Y? + z)dx = a?/6
0

Solve for y to get y = (b/a)va? — 22 for the upper half of the ellipse; make use of symmetry to

b 4b [ 4 1
getA:4/ f\/az—xde:—/ Va2 — z2dr = — - ~7ma® = Tab.
0o @ a Jo

a 4

Let A be the area between the curve and the z-axis and Ag the area of the rectangle, then

b
A:/ kx™dx =
0

EXERCISE SET 6.2

1. V:w/

2
1
3. V:ﬂ'/ Z(?)fy)zdy:l?m’/(i
0

5.

V:’/T/
0

A

3

2

(3 —x)dxr =8
1

xtde = 321/5

m+1

Ap = b(kb™) = kb™, s0 A/Ap = 1/(m + 1).

1
V= 7r/ [(2 —2%)? — 2%]dx
0
1
= 77/ (4 — 5x® + 2b)dx
0

= 387/15

2
V= w/ (4 —1/y*)dy = 97/2
1/2

w/3
V:w/ sec? zdr = m(v/3—1)
/4
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/2
7. V=7r/ coszdr = (1—+2/2)x
/4

9. V=7r/4[(25—x2)—9]da:
=2r /4(16 — 2?)dx = 2567/3
0

y

y=V25-x?

AN
<

11. V= 7r/0 [(42)? — (22)*]dx

4
= 7r/ (162 — z*)dx = 20487 /15
0

237

8. vzw/o [(22)? — (%))

1
= 7T/ (z* — 2%)dx = 27/35
0

3
10. V= 7r/ (9 — 2*)?%dx

/4
12, V= 7r/ (cos? x — sin® x)dx
0

/4
=7r/ cos2x dr = /2
0

y=cosx
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1 1
13. v:n/ y?/3dy = 31 /5 14. V:w/ (1 —y*)%dy
0 1

16. V:w/ (22 — (y + 1)]dy
0
3
:71-/ (3—y)dy =97/2
0
r=y 1
y y=x-1
3 @.3)
X
//
3mw/4 1
17. V:w/ esc®ydy = 27 18. V=7T/(y—y4)dy=37f/10
/4 0
y y
Ir (L1
I x=cscy | x‘: Yoy
o1 1
! ! ¢ I Ly T
R 1 2
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19. V=7r/2 [(y +2)? — y'|dy = 727/5

-1

A

(M)
[u—t
<
I
3
\g
@‘@
| N
—
Q
[N
\
8
N
QU
8
Il
>~
3
Q
S
N
~
w

0
23. V:7r/ (x + 1)dz

-1

—|—7r/1[(:1:—|— 1) — 2z]dx

=7/24+n/2=m

3
25. V:ﬂ'/ (9 — y*)?dy
0

3
= 7r/ (81 — 18y* + yM)dy
0

= 6487/5

Y

y x:2+)72
x:l—yzj
1 b4
l l ¥
/ / \2
—1 N

2
22. V:TF/ %dx:ﬂ(l/b—l/%;
p T

w(1/b—1/2) =3,b=2xn/(r + 6)

4 6
24. V=7r/ xdx—i—ﬂ'/ (6 — 2)dx
0 4

=8r+8n/3 =321/3

239



240 Chapter 6

1
2. V—n / (VZ+ 1) — (& +1)]de y
0 =)
1 1+ xX=y2
:w/ Ve —x — 2%)dx = 7/2 | X
0 1
P =
28. V—vr/l[(y+1)2(y2+1)2]dy >
0 x=y

1
= 7T/ (2y —y* —y")dy = /15
0

1
29. A(z) = n(2?/4)* = nz* /16, 30. V:w/ﬂm—#mxzwdm
0

20
v’::J/ (mx*/16)dx = 40,0007 ft*
0

1
31. V:/ (x — 2%)2dx 32. A(x)
0

1
:/ (2% — 22% + 2%)dx = 1/30
0

33. On the upper half of the circle, y = v/1 — 22, so:

(a) A(xz) is the area of a semicircle of radius y, so

lﬂﬂzﬁfﬁzﬂﬂ—xaﬂﬂ/zg/;ﬂ—ﬁﬂm:wé(1—&%&:2M3

ey

y=\/l—)c2 *
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(b) A(z) is the area of a square of side 2y, so
1

A(r) = 4y* = 4(1 — 2?); V=4/ (1—x2)dx=8/1(1—x2)dx:16/3

-1 0

2y

y=V1- x2 x
(c) A(xz) is the area of an equilateral triangle with sides 2y, so

Ax) = ?(21/)2 = V3y? =V3(1 - 2?);

vz/1 \/5(1—x2)dx=2\/§/1(1—x2)dx=4\/§/3

2y 2y

2y

34. By similar triangles, R/r = y/h so y

R =ry/h and A(y) = 7r’y®/h2. \
h R

V= (7r7"2/h2)/ y*dy = 7r?h/3
0

35. The two curves cross at x = b =~ 1.403288534, so
b /2
V= 7r/ ((2z/m)? — sin'® ) da + 7r/ (sin' z — (22/7)?) dx ~ 0.710172176.
0 b
36. Note that m2sinzcos® x = 422 for x = 7/4. From the graph it is apparent that this is the first
positive solution, thus the curves don’t cross on (0,7/4) and

V= W/Tr/4[(7r2 sinz cos® )% — (422)%] dx = iyr5 + iwﬁ
0 48 2560
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37. (a) V= 7T/T (r? —y?) dy = w(rh® — h*/3) = éﬁh2(37" —h)

—h
(b) By the Pythagorean Theorem, y
r?2 = (r — h)? + p?, 2hr = h? + p?; from Part (a), N
h wh (3 /é%\x”yzf :
V=T -1 = T (S04 ) - ) )
= %m(fﬂ + 3p°).
38. Find the volume generated by revolving y

the shaded region about the y-axis.
h-10 10 x

—10+h T
V= w/ (100 - y?)dy = Zh*(30 — h) K?\
10 100y

Find dh/dt when h = 5 given that dV/dt = 1/2. -0

7 2 3 4V _m _ a2y 4R
V= 23007 = h%), = = (60h — 3h%) =,
1 =« dh dh .

5
39. (b) Az =5=0.5 {0,417  y10} = {0,2.00,245,2.45,2.00, 1.46,1.26, 1.25, 1.25, 1.25, 1.25};

9
N2
left = WZ (%) Ax ~ 11.157;
i=0

0,
right = WZ (%) Az ~ 11.771; V ~ average = 11.464 cm?
i=1

40. If x = r/2 then from y? = r2 — 22 we get y = +/3r/2 y
5 limits of integration; f V3<y<+3 =
as limits of integration; for <y <3, N
A(y) = n[(r? —y?) —r?/4] = 7(3r*/4 — y*), thus x

D~

\/57‘/2
V:W/ (3r% /4 — y?)dy
—\/3r/2 \Br

\/57'/2
= 27?/ (3r2/4 — y?*)dy = V3773 /2.
0

41. (a) Y (b) Y
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42,

43.

If the cherry is partially submerged then 0 < h < 2 as shown in Figure (a); if it is totally submerged
then 2 < h < 4 as shown in Figure (b). The radius of the glass is 4 ¢cm and that of the cherry
is 1 cm so points on the sections shown in the figures satisfy the equations z? 4+ y? = 16 and
22 + (y +3)2 = 1. We will find the volumes of the solids that are generated when the shaded
regions are revolved about the y-axis.

For 0 < h < 2,

h—4

h—4
Ver [ (060 = (= 3Pldy = 6m [ Gy = 30

for 2 < h <4,
-2 h—4
ver [ 06— - -3y +r [ 16—y

—4 -2

-2 h—4
1
= 67r/ (y +4)dy + 7r/ (16 — y?)dy = 127 + §7r(12h2 — h% —40)

—4 —2

= éw(l2h2 —h® —4)
SO

3rh? if0<h<2

V= 1
gw(12h27h374) if 2<h<4

Tz =hdd\r?2—1932, y

V:W/T {(h‘i‘m)Q— (h — M)Q} dy - (x_—_h_)+y =r
= 4mh B mdy u__‘\‘__\_\-/

1
= 4mh (27r7"2> = 272r2h

tanf = h/x so h = x tan6,

1 L, Lo o
A(y):ihac:im tan9:§(r —y“)tané h
because 2% = r? — 32, A
1 v '
V=—tanf [ (r*—y*)dy

2

" 2
= tan@/ (r? —y*)dy = 57"3 tan 6
0
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44. A(z) = (ztan0)(2y/r2 — 22) 45. Each cross section perpendicular to the
y-axis is a square so
— 2 _ 42
= 2(tan H)xm, )

Aly) =2 =1 =y,

1 T
V= 6 -ay
0

2
= 37’ tand V = 8(2r3/3) = 16r3/3

V= 2tan0/ /1?2 — 22dx
0

46. The regular cylinder of radius r» and height h has the same circular cross sections as do those of
the oblique clinder, so by Cavalieri’s Principle, they have the same volume: 7r2h.

EXERCISE SET 6.3
2 2
1. V= / 2nx(x?)dr = 277/ z3dx = 157 /2
1 1
NG V2
2. V= [ ome(Vim—a)a =2 [ (@v/T=a - adie = T (2 VD)
0 0
1 1
3. V= /0 21y (2y — 2y*)dy = 47r/0 (v* —y*)dy = /3

2 2
4. V= / 2myly — (y* — 2)]dy = 271'/ (v* —y° + 2y)dy = 167/3
0 0
1

9
5. V:/ o () (x%)dx 6. V:/ 2rx(y/x)dw
0 4
1 9
:27r/ ztdr =27 /5 :27r/ 2%/ dx = 8447 /5
0 4
y
3 y=1x
2
1
X
B — 59




Exercise Set 6.3

V)2
8. V= / omx cos(z?)dr = 7/V2
0

9. V= /2 dma|(20 — 1) — (—22 + 3)]da

2
= 871'/ (22 — x)dx = 207 /3
1

Yo

a,n
X
/

11.

13.

15. V:2ﬂ'/ xsinzdr = 272
0

Yy =cos e

-

2
10. V :/ o2 (2x — x?)dx
0

o j)

2 8
= 271'/ (22% — 2%)dr = -7
0 3

12.

4
14. V:/ 2ry(b —y — 4/y)dy
1

4
:27r/ (5y —y* —4)dy = 9n
1

Ay, 4)
| x:S_y

“. D
X

rx=4/y
[ L1

4

w/2
16. V:Qﬂ'/ xcosxdr = w2 — 21
0

245
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1
17. (a) V= / 2rz(x® — 32% 4 2x)dx = T7/30
0

(b) much easier; the method of slicing would require that x be expressed in terms of y.

18. V= /2 oz +1)(1/2%)dx

2
=27 z 242 Nde =71
_2/1( + 27 %)dz = Tr /4 /4
|

1
19. V :/ 27(1 —y)y1/3dy y
0

1
= 27r/ (Y3 — 3 dy = 97 /14
0

b d
20. (a) / 2rx([f(x) — g(x)]dx (b) / 2my[f(y) — 9(y)ldy

21. z = —(r —y) is an equation of the line
T

(h, 0)
_2mh [T
==

y
0, r
through (0,7) and (h,0) so ( )x
T h .
V= / 2my [(T - y)} dy
0 T 7/

(ry — y2)dy = 7r7'2h/3

k/4
22. V :/0 2n(k/2 — x)2Vkzdz Y 2—x
k/4 y=\/H I
= 27?\/%/ (kz'/? — 20%/%)dx = Trk? /60 ™
0

=

y = —Vkx

_——
Il

~

~

[\S)

x =k/4
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23. V= / 2rx(2v/1r? — 2?)dx = 47r/ z(r? — 22 2dz y
0 0 y=r2-x?
- f4i(7ﬂ2 _ x2)3/2]a — 41 [r3 _ (7"2 . a2)3/2
3 0 3 x
a
y=-rr -2
a
24. V=/ 27r(b— x)(2v/a? — 22)dx Yoo
—a |
a a [ 1
:471'()/ \/QQ—dex—élﬂ'/ vV a? — z2dx ¢ xf Y
- - WO
= 47b - (area of a semicircle of radius a) — 47(0) —aZ -2 :
= 2m%a?b x2b
b b
25. VJE:W/ —dx—ﬂ'(2—1/b) Y = 2T dx = m(2b—1);
1/2 ¢ 1/2

Vo=V, if2—1/b=2b—1,2b%> —3b+ 1 =0, solve to get b =1/2 (reject) or b = 1.

EXERCISE SET 6.4
2
1. (a) @:Q,L:/ VI+dde =5
€L 1

(b) Z;,L/z4\/1+l/4dy2\/5/2\/5

d
2. & 1—*5L /\/12+52dt

dt

91/2 2 _ 81
S [P @ =1+ =,

g1 /2]
/\/1+81x ddv = o2 <1+> 1 = (85V/85 — 8)/243

0

3. f(a)=

4. g W)=y +2) 1+ WP =1+ +2) =y + 2" + 1= (° + 1)?,

/\/dey*/ y> +1)dy = 4/3
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10.

11.

12.

dr 3 d
8 V/922/3 4 4
3$1/3

or (alternate solution)

2 3
dy) A e 92%/3 4 4

9 9x2/3

1[40
1/2du, uw=9z%3+4

1 S| 1
= u3/2] = 27(40\/47) —13V13) = 2—7(80\/ﬁ —13V13)

13

dy

dr 3 dz \? 9 449
:y3/2:2y1/2,1+< >:1+ _ Y

) dy 4y 4 )

1 /4 1[40 1
= 7/ VA +9ydy = 7/ u/?du = — (8010 — 13v/13)
2/, 18 27

f/( 1 3 _ ,.—3

r=g(y) = *y +2y~

24

L )2 =1+ ( !

64

13

Chapter 6

2
1 1 1 1 1
/ =1 — —_ = = — 6 — _6: — -3
@) +(16x TR ) 6" Tt 7

VI
/H x3—|—x—3 das—/ —xd T )dx—595/144

17 gl(y) = §y2 - 2y72a

1 1 1 1 2
a4yt = Ay~ = Z¢2 12972
y* 2+y> 64y+2+y <8y+y ,

!
L= / <8y2 + 2y_2) dy = 17/6
2

(dz/dt)? + (dy/dt)* =

2

13 1—3 / 2 16 1 1—6 13 1—3
= = 1 =1 824 = (= Z

59 59 + 19’ (y)] g -5t 59 597

4

1 1

L = -3 -3

/1<2y +5Y

(dz/dt)? + (dy/dt)? = (t2)% + (t)? = t2(t? + 1), L = /1 tt2+1)Y2%dt = (2v/2-1)/3
0

> dy = 2055/64

21482+ [B3(1+1)2)2 = (1 +1)2[4 +9(1 +1)2],

L= /1(1 + )[4 +9(1 4 t)2Y2dt = (80v/10 — 13v/13) /27
0

/2
(da/dt)? + (dy/dt)? = (~2sin2t)? + (2c0s2t)% = 4, I / 2dt =
0

(dz/dt)* + (dy/dt)* =

L:/ tdt = m?/2
0

(—sint +sint + tcost)? + (cost — cost + tsint)? = t2,
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13.

14.

15.

16.

17.

19.

20.

21.

(a) (dz/d0)* + (dy/dB)? = (a(1 — cosh))? + (asinh)? = a®(2 — 2cosf), so

L= 7 V(dz/d0)? + (dy/d)? db = a QW V/2(1 — cos 0) df

0 0

(a) Use the interval 0 < ¢ < 2.
(b) (dz/d¢)* + (dy/d¢)? = (—3acos? ¢psin $)? + (3asin? ¢ cos ¢)*
= 9a? cos? psin? ¢(cos? ¢ + sin® ¢) = (9a2/4) sin? 2¢, so

/2 w/2

27 ™
L= (3a/2)/ | sin 2¢| d¢ = Ga/ sin 2¢ d¢p = —3a cos 2¢ = 6a
0 0 0
(a) by (b) dy/dx does not exist at x = 0.
B (8,4)

N

3
(c) w=g(y) =y"> 1z

1
L:/ Vv1+4+9y/4dy (portion for —1 <z <0)
0

4
+/ V1+9y/4dy (portion for 0 <z < 8)
0

_ % (183@ - 1) + 2%(10@ —1) = (13V13+80V10 - 16)/27

For (4), express the curve y = f(x) in the parametric form = = t,y = f(¢) so dx/dt = 1 and
s

dy/dt = f'(t) = f'(x) = dy/dzx. For (5), express x = g(y) as © = g(t),y =t so
dz/dt = ¢'(t) = ¢'(y) = dz/dy and dy/dt = 1.

2 ™
L= / V1 + 422 dx ~ 4.645975301 18. L= / v/ 1+ cos?ydy ~ 3.820197789
0 0

Numerical integration yields: in Exercise 17, L =~ 4.646783762; in Exercise 18, L ~ 3.820197788.

0<m< fl(z) <M,s0o m? <[f'(2)]? < M? and 1+m? <1+ [f'(x))> <1+ M? thus
VI+m2 <1+ [f ()2 <V1+ M2,

/b\/1+m2d1’S/b\/1+[f’(x)]deg/b\/l+M2dx, and
(b—a)V1+m2<L<(b—a)y1+ M?

f'(x) = cosz, v2/2 <cosx <1for0<az<m/4s0

(r/VTFT2 < L2 (r/HVI+T, TVBR< L < TVa
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22. (dz/dt)? + (dy/dt)*> = (—asint)? + (beost)? = a®sin®t + b? cos® t
=a?(1 —cos?t) + b*cos’t = a? — (a® — b?)cos®t
a2 — 12
= a? [1 - 72(:0s2 t] = a?[1 — k? cos? t],
a
2m /2
L:/ a\/l—k:zcosztdt:éla/ 1 — k2 cos?tdt
0 0
23. (a) (dz/dt)® + (dy/dt)? = 4sin®t + cos®>t = 4sin’t + (1 —sint) = 1 + 3sin?¢,
27 /2
L= \/1+3sin2tdt:4/ V1+3sintdt
0 0
(b) 9.69
4.8
(c) distance traveled = V14 3sin*tdt ~ 5.16 cm
1.5
4.6
24. The distance is V/1+ (2.09 — 0.822)2 dx ~ 6.65 m
0
25. [ = /ﬂ- /1+(k)COSl‘)2 dx k 1 2 1.84 1.83 1.832
0 L 3.8202 | 5.2704 | 5.0135 | 4.9977 | 5.0008
Experimentation yields the values in the table, which by the Intermediate-Value Theorem show
that the true solution k to L =5 lies between k = 1.83 and k = 1.832, so k = 1.83 to two decimal
places.
EXERCISE SET 6.5
1 1
1. S= / 27 (7x)V1 + 49dx = 7077\/5/ z dr = 35mV/2
0 0
2 @) =g @R =1 o
) 2z’ 4x
4 1 4
S = / oz /14 e = 27r/ Vi + 1/4dx = 7(17V17 — 5V/5) /6
1 1
B = VIR P@P =14 g =
) ’ 4—x2 44— 2%
1 1
S:/ 2m\/4 — 22(2/\/4 — 22)dx :477/ dr = 8
—1 -1
4. y=f(x)=2a%for 1 <z <2, f'(z) = 322,

2

2
S= [ 2r2®\/1+ 9ztde = 217(1 + 9x4)3/2} = 5m(29v/145 — 2v/10) /27

1 1
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2 2
5. S = / 2m(9y + 1)V82dy = 2m/83/ (9y + 1)dy = 407\/82
0 0

1
6. g'(y)=3y> S= / 21> /1 4 9ytdy = 7(10V/10 — 1)/27

0

7. 9 (y)=—y/VI -y 1+[g’(y)]2=9_Ly2, S=/_227r\/9—y2-\/g?)iyﬁdyZGW/_Qdy:Mw
8. J()=-1-y 2 1+[dW]= %
_ [ vZ=y. _ [° _
57/71%(2 1fy)mdyf47r/ils/27ydy—87r(3\/§72\f2)/3

1 1 1 11 1 1 .
9. f/(x):ix*1/27§x1/2’ 1+[fl($)]2:1+*$71**+*$: (x1/2+2x1/2> ’
3 1 1 1 T [?
S = / om (2?2 — a2 ) (2272 4 —at/? ) da = f/ (3 4 2z — 2%)dx = 167/9
) 3 2 2 3/,

2
10. f'(@) =2%— 222 14+ @) =1+ (x“ " 1x‘4) - (332 + 135—2) :

4 2 ' 16 4
2 1 1 1 21 1 1
S:/l 2w <3x3+4x1> (x2+4x2) dw:27r/l <3x5+3x+16m3> dx = 5157/64
1 1 N
11. _ _ 1.4 12 soN 3 1 -3
r=g(y) AR 9y =y LA
11 1 2
1 ’ 2 _ 6 _+, +. -6\ _(,3,% -3
+[9'(y)] + (y 5+ 1Y RS
2 1,1 3, 1 3 T [? 7 5
Sz/ 2r | =y* + <y~ v +-y o ldy=— [ By'+6y+y °)dy=16,9117/1024
L 4 8 4 16 J,
1 65 — 4y
12, z= =VI6—y g (y) = 57—, 1+ [J W) = ——
z=g(y) ;9 (y) N +1[9'(v)] 1164’

15 15
[65—4
S:/ 27/16 — y W;dy:w/ ,/65—4ydy=(65\/65—5\/5)%
0 - 0

13. f'(z) =cosz, 1+ [f'(z)]*=1+cos’z, S = / omsinzy/1 + cos? xdz = 2r(vV2 + In(vV2 + 1))
0

14. z=g(y) = tany, ¢'(y) = sec®y, 1+ [¢'(y)]> = 1 +sec* y;

/4
S = / 2w tany+/1 + sect y dy ~ 3.84
0

15. Revolve the line segment joining the points (0,0) and (h,r) about the z-axis. An equation of the
line segment is y = (r/h)x for 0 < x < h so

h h
S = 27T(r/h)x\/1+r2/h2dx:%\/7’24—}#/ xdr = 7mr\/r? + h?
0

0
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16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

fz) =

9(y)

= V=% g (y) = —y//rP =% 1+ g

-r

V2 =22 fl(z) = —x/Vr? — 22, 1+ [f'(2))? = r?/(r? — 2?),
/j 212 — :172(r/\/r2 —22)dx = 27r7"/r

dx = 4mr?

r?/(r? = y?),

(a) S= / om\/12 —y2\/r2 /(12 —y )dy—?wr/ dy = 27rh

(b) From Part (a), the surface area common to two polar caps of height hy > hs is

27rhy — 2nrhe = 2wr(hy — ha).

r—h

Chapter 6

For (4), express the curve y = f(z) in the parametric form z = ¢,y = f(¢) so dx/dt = 1 and
dy/dt = f'(t) = f'(x) = dy/dzx. For (5), express ¢ = g(y) as © = g(t),y =t so
dx/dt = ¢'(t) = ¢'(y) = dz/dy and dy/dt = 1.

i

2ty = 2, (m')2 + (y’)2 =4t> + 4

4
S:27r/ (2t)\/4t2+4dt:87r/ t\V12 + 1dt = 8” (17V17 - 1)
0

i

=

/2 /
S = 27r/ cos?tV'8sin? tcos? t dt = 4\/§7r/
0 0

I

0

—2costsint,y = 5cost, (z')? + ()% = 4cos® tsin® t + 25cos? ¢,

w/2
27r/ 5sintV/4cos? tsin ¢ + 25 cos? t dt = %(145\/ 29 — 625)
0

Ly =4t (/) + (y)* =1+ 16t%, S = 27r/ tv1+16t% dt = 17\/ 17-1)
0

—2sintcost,y = 2sintcost, (z')? + (y')* = 8sin® t cos® t

—rsint, y' = rcost, (2')? + (v)? = r?,
™

/2

cos® tsintdt = V2

S:27T/ rsint\/ﬁdt:%rrz/ sintdt = 4mr?
0 0

dr
o

dy . da\ dy 2_ 2
a(l — cos ¢), pP = asin ¢, (dgb) + (qu) = 2a”(1 — cos ¢)

27

27
S = 27r/ a(l — cos gi))\/m do = 2\f27ra2/ (1 — cos ¢)3/2d¢,
0 0

but 1 — cos ¢ = 2sin? g so (1 —cos ¢)3/2 = 2v/2sin® ? for 0 < ¢ < 7 and, taking advantage of the

symmetry of the cycloid, S = 16ma> / sin® quﬁ = 647a?/3.

(a)

0

length of arc of sector = circumference of base of cone,

00 = 27r,0 = 27r /0; S = area of sector

%€2(27rr/€) =7l
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(b) S = 7T7"2€2 - 7'('7"1[1 = 7T7"2(€1 + E) - 7T’f’1£1 = 7'('[(7'2 - 7"1)81 + 7”28};
Using similar triangles fo/ro = £1 /11,7102 = 12ly, 71 (€1 + £) = roly, (12 — 1)1 = 114
s0 S =7 (ril+rl) =m(r1+r)l.

b
26. 5:/ 2 f(x) + K]/ + [ (@)Pda

27. 2mky/1 4 [f'(2)] < 27f(2)V/1+ [f'(2)]* < 20K/ 1+ [f'(2)]?, s0
b b
[ o/ TF s < / 2w )T PP < [ 2wk T5 [P

b b
m/ VI @) Pde < S < 27rK/ VT @) de, 2nkL < § < 27K L

28. (a) 1< /1+[f(x)]s02mf(x) <2mf(x)y/1+[f ()
b b b
/ 27 f(z)dx < / 2rf(x)y/1+ [f'(2)]?dz, 27r/ flx)de < S,21A< S

(b) 2rA=Sif f'(z) =0 for all  in [a,d] so f(z) is constant on [a, b].

EXERCISE SET 6.6

1. (a) W=F-d=30(7) =210 ft-Ib
6

(b) W= / da:—/ 2dx——1] =5/6 ft-1b
Tl
%40
2. W= x)dx = 40da:— 3(x—5)dm—80+60=140J

3. distance traveled = / t)dt = / —dt = 7t2 = 10 ft. The force is a constant 10 1b, so the
work done is 10 - 10 = 100 ft-1b.

4. (a) F(x) = ka, F(0.05) = 0.05k = 45,k = 900 N/m
0.10

0.03
(b) W= / 900z dx = 0.405J (c) W= 900z dz = 3.375]
0 0.05
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5. F(z) = ke, F(0.2) = 0.2k = 100, k = 500 N/m, W = /
0

500zdz = 160J

2
6. F(z)=ka, F(1/2):k/2:6,k:12N/m,W:/ 122 de =247
0

1
7. W:/ kadr = k/2 =10, k = 201b/ft
0

6
8. W= / (9 — 2)62.4(257)dz
0

6
= 15607r/ (9 — x)dz = 56, 1607 ft-1b
0

6
9. W= / (9 — 2)p(257)dx = 9007p ft-1b
0

10. /10 =x/15, r = 2z/3,

10
= — X . 71'1'2 X
W _/0 (15 — 2)62.4(4w2>/9)d

83.2 [
= —71'/ (1522 — 23)dx
3 Jo

= 208,0007/3 ft-1b
11. w/4==x/3,w = 4x/3,
2
W= / (3 — 2)(9810)(4z/3)(6)d
0
2
= 78480 / (3z — 2?)dx
0

= 261,600J

12. w=2v4—22

Wz/_JS—x)(50)(2 4 — 22)(10)dx

2 2
= 3000/ V4 — x2dx — 1000/ V4 — x2dx
2 -2

= 3000[r(2)%/2] — 0 = 60007 ft-1b

619—x

Chapter 6
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13.

14.

15.

16.

17.

(a) W= /O (10 - 2)62.4(300)dz

9 10
= 18,720/ (10 — z)da 9 }10 x
0 X
= 926,640 ft-1b 0
(b) to empty the pool in one hour would require
926,640/3600 = 257.4 ft-1b of work per second
so hp of motor = 257.4/550 = 0.468
9 9
W= / 2(62.4)(300) dz = 18,720/ wdr = (81/2)18,720 = 758,160 ft-1b
0 0
100 Pulley
W = / 15(100 — z)dx _ 100
0
— 75,000 ft-1b
100 — x
Chain .
————— 0

The total time of winding the rope is (20 ft)/(2 ft/s) = 10 s. During the time interval from time ¢
to time ¢t + At the work done is AW = F(t) - Ax.
The distance Az = 2At, and the force F(t) is given by the weight w(t) of the bucket, rope and
water at time ¢. The bucket and its remaining water together weigh (3 +20) —¢/2 1b, and the rope
is 20 — 2t ft long and weighs 4(20 — 2¢) oz or 5 —¢/2 1b. Thus at time ¢ the bucket, water and rope
together weigh w(t) =23 —t/2+5—t/2=28 —t Ib.
The amount of work done in the time interval from time ¢ to time ¢ + At is thus
AW = (28 — t)2At, and the total work done is
10 1

W= lim > (28— )2At = / (28 — 1)2dt = 2(28t — £2/2) OO = 460 ft-1b.

0

n—-+oo

When the rocket is x ft above the ground

total weight = weight of rocket + weight of fuel 3000

= 3+ [40 — 2(z/1000)]
= 43 — /500 tons,
Rocket

3000
W = / (43 — 2/500)dx = 120,000 ft-tons
0
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18.

19.

20.

21.

22,

23.

Let F'(x) be the force needed to hold
charge A at position z, then

F(x):m,F(fa):@:k,

so ¢ = 4a’k.

0
W= [ 4d’k(a—2) %dr =2ak]

—a

Chapter 6

A B
e e
-a x 0 a

(a) 150 = k/(4000)%, k = 2.4 x 10°, w(z) = k/z? = 2,400,000,000/z% 1b
(b) 6000 = k/(4000)2, k = 9.6 x 10'°, w(z) = (9.6 x 10'°) /(z 4 4000)* Ib

5000

(c) W= 9.6(10')z~2dz = 4,800,000 mi-Ib = 2.5344 x 10'° ft.Ib

4000

(a) 20 =k/(1080)2, k = 2.3328 x 107, weight = w(z 4 1080) = 2.3328 - 107 /(x + 1080)2 Ib

10.8
(b) W= / [2.3328 - 107 /(2 + 1080)?] d: = 213.86 mi-lb = 1,129,188 ft-1b
0

W =F-d=(6.40 x 10°)(3.00 x 10*) = 1.92 x 10° J; from the Work-Energy Relationship (5),

v =2W/m+v] = 2(1.92-10%)/(4 - 10°) 4 20° = 10,000, vy = 100 m/s

W =F-d=(2.00 x 10°)(2.00 x 10°) = 4 x 10'° J; from the Work-Energy Relationship (5),
v} =2W/m+ v} =8-10'/(2-10°) + 10% ~ 11.832 m/s.

1 1
(a) The kinetic energy would have decreased by §mv2 = 54 -10%(15000)% = 4.5 x 10** J

(b) (4.5 x 10')/(4.2 x 10'%) ~ 0.107

EXERCISE SET 6.7

1.

2.

3.

(a) F = phA = 62.4(5)(100) = 31,200 Ib

P = ph = 62.4(5) = 312 1b/ft’

(a) F=PA=6-10°(160) = 9.6 x 10" N

2
F:/ 62.4x(4)dx
0

2
= 249.6/ rdr =499.21b
0

1
(c) (1)—20(0.107) ~ 8.24 bombs

(b) F = phA = 9810(10)(25) = 2,452,500 N
P = ph = 9810(10) = 98.1 kPa

(b) F = PA=100(60) = 6000 Ib

0] 4

X
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3
4. F:/ 9810x(4)dx
1

3
= 39,240/ rdx
1

= 156,960 N
5
5. F:/ 98102(2v/25 — 22)da
0

5
= 19,620/ (25 — 22)/?da
0

=8.175x 10°N

6. By similar triangles

w(z) 23— _ 2 3
23 9
F= /O 62.42 [\/5(2‘/5 — :v)] dz

124.8 [2V3
= / (2V3z — 2?)dz = 499.21b
0

V3

7. By similar triangles

w(z) _ 10—z

6 8

w(r) = 5010~ 1),

10 3
F= / 9810z [(10 - x)] dz
2 4

10
= 7357.5/ (10x — 2%)dx = 1,098,720 N
2

8. w(zx) =16+ 2u(x), but
u(z) 12—z

so u(x) = %(12 —x),

8
() =16+ (12 —z) = 28 —

g

12
F :/ 62.42(28 — x)dx
4

12
=62.4 / (28x — x?)dx = 77,209.6 1b.
4

0]
1 4
x
3
0 57
\ x y =\25-x?
5 2V25 — x2

6
wb——
w(x)
8
10 |-——
0|
4 1y
4
RN
w(x)
12—

16

257
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10.

11.

12.

13.

Chapter 6

b b
Yes: if po = 2py then Fy = / poh(z)w(x) dr = / 2p1h(x)w(z) dx = 2/ prh(z)w(x) de = 2Fy.

2
F = / 50x(2v/4 — 22)dx 0 27
0
2 =4 _ 2
= 100/ x4 — 2 2dx \iy/y_ o
0 24— x2
= 800/31b x

Find the forces on the upper and lower halves and add them:

w () x

= y w
V2a \/ia/2 !
V2a/2 V2a/2
= / pr(2x)dr = 2p/ z2dx = \/2pa® /6,
0 0

wo(z)  V2a—x
= y w
V2a ﬂa/?
V2a 2a
F, = / pz[2(V2a — z)]|dx = 2,0/ (V2azx — 2*)dz = V2pa’ /3,
V2a/2 V2a/2
F=F +F,=v2pa®/6 +V2pa®/3 = pa®/v/2 1b

(x) =2z

2(2) = 2(v2a — @)

If a constant vertical force is applied to a flat plate which is horizontal and the magnitude of the
force is F', then, if the plate is tilted so as to form an angle 6 with the vertical, the magnitude of
the force on the plate decreases to F' cos®.

Suppose that a flat surface is immersed, at an angle 6 with the vertical, in a fluid of weight density
p, and that the submerged portion of the surface extends from x = a to x = b along an z-axis
whose positive diretion is not necessarily down, but is slanted.

Following the derivation of equation (8), we divide the interval [a, b] into n subintervals

a=z0<x1 <...<Tp_1<xy=">0. Then the magnitude F}, of the force on the plate satisfies the

inequalities ph(xy_1)Ag cosf < Fj, < ph(zy)Ay cosf, or equivalently that

Fy. sect
PAK

F= /b ph(x)w(z)secldx.

h(zgp—1) <

< h(xy). Following the argument in the text we arrive at the desired equation

V162 + 42 = /272 = 44/17 is the
other dimension of the bottom.
(h(x) — 4)/4 = ¢/ (4V/T7)

h(z) = z/V1T+4,

secl = 4y/17/16 = /17/4
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14.

15.

16.

17.

18.

N
F = / 62.4(z/V17 + 4)10(v/17/4) dx:
0

417
= 156\/ﬁ/ (z/V17 + 4)dx
0

= 63,6481b

If we lower the water level by y ft then the force Fy is computed as in Exercise 13, but with h(x)
replaced by hy(z) = 2/v17 + 4 — y, and we obtain

P =

417
F— y/ 62.4(10)V17/4dx = F — 624(17)y = 63,648 — 10,608y.
0

If Iy = F/2 then 63,648/2 = 63,648 — 10,608y, y = 63,648/(2 - 10,608) = 3,
so the water level should be reduced by 3 ft.

h(z) = xsin 60° = \/3z/2, 200
6 = 30°, sec = 2//3, 0

100 ‘
F:/O 9810(v/32/2)(200)(2/+/3) dx N‘@ hx)

100
- 1,962,000/ zdx
0

=9.81x10° N
h+2 0
F= x(2)dx =
/h pox(2) 1
het2 j’
= 2pp / rdx hi——
h xb— 5
=4po(h +1)
h+2——
2
(a) From Exercise 16, F = 4pg(h 4+ 1) so (assuming that pg is constant) dF'/dt = 4po(dh/dt)
which is a positive constant if dh/dt is a positive constant.
(b) If dh/dt = 20 then dF/dt = 80pg 1b/min from Part (a).
(a) Let hy and hs be the maximum and minimum depths of the disk D,.. The pressure P(r) on
one side of the disk satisfies inequality (5):
ph1 < P(r) < phy. But
lim hy = lim hy = h, and hence
r—0+ r—0
ph= lim phi < lim P(r) < lm phs = ph, so lim P(r) = ph.
(b) The disks D, in Part (a) have no particular direction (the axes of the disks have arbitrary

direction). Thus P, the limiting value of P(r), is independent of direction.
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CHAPTER 6 SUPPLEMENTARY EXERCISES

6.

10.

11.

(a) A:/O(2+a:—x)dx
2 4
(b) A:/O \/ydy+/2wz7f<y—2>1dy
2
(c) V:’]T/O [(2+2)? — 2% da
(d) V=2w/0 ymy+zw/2 yIv/i — ( — 2)] dy

(e) V:27r/0 r(2+z—2%)de

O v=r [ vay+ [ w027

b c d
@ A= [ (@) =g@)de+ [ (o) = f@) do+ [ (@) = gle))do

o . 1 , 2, 1 1 9
(b) A= (z° —x)dz+ | (z—2°)de+ | (z°—2)de==+—-4+-=—
o , 171717

—1

8/27 9 5
(a) S:/ 2r2\/1+ 243 dx (b) S:/ 277% 1+ y*/81dy
0 0
2
©) S= [ 2n(y+2VTFy LAy
0
e .. dy y\/3 dy 2 yN2/3 g2/ 208 g2/3
By implicit differentiation i (5) ,s0 1+ (da: =1+ (;) = 75 =~
—a/8 a1/3 —a/8
_ e 1/3 —1/3 7. _
L—[a (_xl/g)dx— a [a x™%dz = 9a/8.

The base of the dome is a hexagon of side . An equation of the circle of radius r that lies in a
vertical z-y plane and passes through two opposite vertices of the base hexagon is x2? + y? = r2.

A horizontal, hexagonal cross section at height y above the base has area

_3V3 5 _3V3
T2 7 2

Aly) = —

"33
(r? — y?), hence the volume is V = / T\[(ﬁ — %) dy = V3.
0

Let the sphere have radius R, the hole radius r. By the Pythagorean Theorem, r? + (L/2)? = R2.
Use cylindrical shells to calculate the volume of the solid obtained by rotating about the y-axis

the region r <z < R, —vVR? — 22 <y < VR? — 22

R

R
4 4
V= / (272)2v/ R? — 22 dx = —§7T<R2 - x2)3/2} = gw(L/Q)S,

T

so the volume is independent of R.



Chapter 6 Supplementary Exercises 261

L2 16R?2 4
12. V:Q/ P10 2 g2y AT e
0

L4 15
13. (a) y N
| |
N 100 %00
—04|
—08|
—12L
~16|

(b) The maximum deflection occurs at & = 96 inches (the midpoint of the beam) and is about
1.42 in.

192
(¢) The length of the centerline is vV 1+ (dy/dz)? dx = 192.026 in.
0

b
14. y =0 at x = b = 30.585; distance = / V1 + (12,54 — 0.822)2 dz = 196.306 yd
0

11 1/4
15. (a) F:kx,izkz,k:ZW:/ krdr=1/16J
0
L
(b) 25:/ kxdr =kL?/2, L =5m
0

150
16. F = 30z + 2000, W = / (302 4 2000) dz = 15 - 150% 4 2000 - 150 = 637,500 1b-ft
0

1
17. (a) F:/ pr3dx N
0

(b) By similar triangles # = g, w(zx) = 2x, so W) =1+ x
07
4
F:/ p(1 + z)2x dz Ib/ft2. A
1 X
2 [

4

0
12
(c) A formula for the parabola is y = %:ﬁ —10,s0 F = / 9810|y|2 ?5(3; +10)dy N.
~10

18. The z-coordinates of the points of intersection are a &~ —0.423028 and b ~ 1.725171; the area is
b
/ (2sinx — 2? + 1)dz ~ 2.542696.
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19. Let (a,k), where 7/2 < a < m, be the coordinates of the point of intersection of y = k with
y =sinz. Thus k = sina and if the shaded areas are equal,

/ (k—sinz)dz = / (sina —sinz) de = asina+cosa—1=0
0 0
Solve for a to get a ~ 2.331122, so k = sina ~ 0.724611.

k
20. The volume is given by 27r/ xsinz dr = 2n(sink — kcos k) = 8; solve for k to get
0
k =1.736796.



