CHAPTER 5

Integration
EXERCISE SET 5.1
1 2 n—
1. Endpoints 0, — o , 1; using right endpoints
n
)
n
n 5 50 100
A 0.853553 0.749739 0.710509 0.676095 | 0.671463
1 2 -1
2. Endpoints 0, et e EERE n , 1; using right endpoints
AR U I, R
" ln+l n+2 n+3 2n—1 2|n
n 2 5 10 50 100
A, | 0.583333 | 0.645635 | 0.668771 | 0.688172 | 0.690653
2 -1
3. Endpoints 0, %, %, cee u,w; using right endpoints
A, = [sin(m/n) 4+ sin(27/n) 4+ - - - 4+ sin(w(n — 1) /n) 4 sin 7 T
n
n 2 5 10 50 100
A, | 1.57080 | 1.93376 | 1.98352 | 1.99935 | 1.99984
. T 27 (n=-1)m = . . .
4. Endpoints 0, —, —, ..., —————, —; using right endpoints
2n’ 2n 2n 2

Ay, = [cos(m/2n) 4 cos(27/2n) +

-+ +cos((n — 1)7/2n) + cos(w/2)] %

n 2 5 10 50 100
A, ] 0.555359 | 0.834683 | 0.919405 | 0.984204 | 0.992120
1 2 2n —1
5. Endpoints 1, nt , n e i ,2; using right endpoints
n n
T L
" n4+1l n+2 2n—1 2|n
n 2 5 10 50 100
A, | 0.583333 | 0.645635 | 0.668771 | 0.688172 | 0.690653
. T w w 2 ™ (-7 =
. E T i I
6 ndpoints _ + 75 Ty e
T T 2w T (n—1m
A, = cos(ff+f>+cos -——+—)+---+cos|——=+——
2 n 2 n 2 n
n 2 5 10 50 100
A, | 1.99985 | 1.93376 | 1.98352 | 1.99936 | 1.99985
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—; using right endpoints

)+eos(3)

™
n
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12 1
7. Endpoints 0, —, =, ...,
n n

2 2 2
2 ~1 1
A= \/1—(> +\/1—<) ot 1—(” )+0 =
n n n
n D) 5 10 50 100
A, | 0.433013 | 0.659262 | 0.726130 | 0.774567 | 0.780106

, 1; using right endpoints

S|

2 4 2(n—1
8. Endpoints —1,—-14+ —, —14 —, ..., =1+ M, 1; using right endpoints
n n
—2\? —4\? —2\? 2
A, = \/1(” ) +\/1(” ) TR 1(”) +ol =
n n n n
n |2 5 10 50 100

A, | 1] 1.423837 | 1.518524 | 1.566097 | 1.569136

9. 3(z—1) 10. 5(z —2) 11. z(z+2) 12. ;(x— 1)?
3
13. (z+3)(xz—1) 14. §m(x -2)

15. The area in Exercise 13 is always 3 less than the area in Exercise 11. The regions are identical
except that the area in Exercise 11 has the extra trapezoid with vertices at (0, 0), (1,0), (0,2), (1,4)
(with area 3).

1
16. (a) The region in question is a trapezoid, and the area of a trapezoid is §(h1 + ho)w.

(b) From Part (x), A'(x) = L [f(a) + f(2)] + (x ) [ (&)
= U@+ @)+ (2 - a) S TOID i

17. B is also the area between the graph of f(x) = /2 and the interval [0, 1] on the y—axis, so A+ B
is the area of the square.

18. If the plane is rotated about the line y = x then A becomes B and vice versa.

EXERCISE SET 5.2
1. (a) /de =vV1i+22+C (b) /:r2 cos(1 + 23)dx = 1sin(l + 23 +C
. V1+a? 3

d
2. (a) d—(sinxfzcosquC) =cosz —cosz + wsine = zsine
x

d T V1—a22+a2?/V1—a? 1
dr \ /1 — z2 B B

(b)

1— g2 (1 —2)3/2

3. %{ x3+5}:i

3z
SO —————dzx =23 +5+C
2vVz3 + 5 /2\/x3+5
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

21.

22,

24.

d T 3 — 22 3 — 22 T
(1:5[952—&-3}_(962—1—3)2 5 /(m2+3)2d$:x2+3+0

d .. _ cos(2y/x) “© cos (2y/x) v — sin (9v/z

- [sin (2v/z)] = —F — d (2vz) + C

d . . . .
—[sinx —xcosz] =xsinz  so rsinezdr =sine —zcosz + C

dx

7 2
(a) 29/9+4C (b) E3312/7+0 (c) §359/2+c
(a) §x‘r’/g‘—kC (b) —lx_5+C:—i+C (c) 8z'/8+4C
5 5 5ad
1 -3 L o 4 2
(a) 3/ d:c:—ix +C (b) w*/4—u*+Tu+C

gx5/3—5x4/5—|—4x+6’

1 2 12 1
/(m73 + 2% = 32V 4 %) dx = —§x72 + 51:3/2 - €z5/4 + §x3 +C

/(7y’3/4 gl /B g a2y — oyt %yz;/g " §y3/2 L

/(x+x4)dx:x2/2—|—a:5/5—|—0

4 1
/(4+4y2+y4)dy:4y+§y3+gy5+0

/1;1/3(4 —dx + 2%)dr = /(41‘1/3 — 4?3 4 273 dx = 3243 — gxwia + %xw/?’ +C

1 2 1
/(2—x+2x2—x?’)dx:2x—§x2—|—§x3—1334—&—0

/(a:+2m_2 —xNde =22/2-2/x +1/(323) + C

1
/(t—3 —2)dt = —it_Q —2t+C
—4cosx +2sinx + C 20. 4tanz —cscx +C

/(5602 z 4 secx tanx)dx = tanx + secx + C

0
/(secztanx+1)dx:secx+w+0 23. /Secedﬁz/seCQGdﬁztanﬁJrC
cos

/sinydy:—cosy+C 25. /secxtanaxdx:secx+0

Chapter 5
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26. /(¢5+2c502 $)dp = $? /2 — 2cot ¢ + C 27. /(1 +sinf)df = 0 — cosf + C

94
28. /de:Q/sinmdx:—Qcosx+C
cosw

1 —si 1 —si
29. /%dx:/ﬁdm:/(sec2x—secxtanx)dac:tanx—secx—i—C’
1—sin"x COs* T

1 1 1 1
30. — = de= | ———dx= | Zsec?zdr ==t C
/1+cos2x v /200s2x . /QSeC rar 2 anz -+

31. (a) \ (b) y () flx)=22/2-1
\A -
AA
\ \
N \*
\A
Si | | X
A -1
2 39
32. (a) SY (b) 4V (c) y=3e -2
— A
2x
% x
7 1
n ]
33. y 34. Y
Sr |
|
| ZV
| \/
l t//\l X \ | ‘ -5
w4 |2 w
I -4
|
_57 I

35. f'(x) =m = —sinz so f(x):/(—sinx)darzcosx—i—c; fO)=2=1+0C
soC=1, f(z)=cos z + 1

36. f'(z)=m=(z+1)2 s0 f(z) = /(m+ 1)2dx = %(x+ 1%+ C;

1 1 1 25 1 25
f(=2)=8 3( +1)°+C 3+C, 8+3 3 f(x) 3(x+ )’ +

37, (@) yle) = [ade = 3o 4 Coy(1) = §4C=2.0 = Fiyle) = 30+ ]

. m 1 =« 1
(b) y(t):/(blnt+1)dt——cost+t—|—0,y(g)——§+§+C—§
y(t):—cost+t+1—%
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38.

39.

40.

41.

42.

43.

44.

45.

46.

47.

49.

Chapter 5
() ylo)= /(ﬂcl/2 +a ) dr = %xw +20M? 4 0, y(1) =0 = % +0,C= —2,
y(z) = %IS/Q + 2212 — g
@ (o) = [ goSde =~ a4 Coyl) = 0=~ + €, C = i yla) = — oo+ g
() y@) = /(sec2t — sint)dt = tant + cost + C, y(%) =1=1+ g +C,C = _g.

y(t) = tant + cost —

ol

2 2
© ylo) = [T = 24724 CLy(0) =0 = €. C = 0 y(a) = 57

2 4
f(z)= §x3/2 +Cy; f(z) = Bxs/z +Ciz 4+ Cy

f'(z) =2%/2 +sinz + Cy, use f'(0) =2 to get C; =2 so f'(z) = 2?/2 +sinz + 2,
f(x) =23/6 — cosx + 2z + Cyq, use f(0) =1 to get Cq =2 so f(z) = 2%/6 — cosx + 2z + 2

dy/dm:2x+1,y:/(2m+1)d:ﬂ:m2+$+0; y =0 when z = -3
s0 (=3)2+(-3)+C=0,0=—6thusy=2>2+2-6

dy/dx = 2%,y = /xzdx =23/34+C; y=2whenz = —1s0 (-1)3/3+C=2,C=7/3
thus y = 23/3 +7/3
dy/dx = /Gxd:c = 322 + C1. The slope of the tangent line is —3 so dy/dx = —3 when = = 1.

Thus 3(1)2+C; = -3, C; = —6 s0 dy/dx:3x2—6,y:/(3x2—6)dx:a:3—6x+02. Ifx=1,
then y=5—3(1) =2s0 (1)2-6(1) +Cy =2,C = 7 thus y = 2° — 62 + 7.

dT/dx = C1, T = C1z+ Co; T = 25 when x = 0 so Cy =25, T = C1z 4+ 25. T = 85 when z = 50
50 500, +25 =85, C, = 1.2, T = 1.2z + 25

(a) F'(z)=G'(z) =3z +4
(b) F(0)=16/6 =8/3, G(0) = 0, so F(0) — G(0) = 8/3
(c) F(x)=(92% + 24z +16)/6 = 322/2 + 4z + 8/3 = G(x) +8/3

(a) F'(z) = G'(z) = 10z/(2? + 5)?

F
F

(b) F(0) =0, G(0) = —1, s0 F(0) — G(0) = 1

22 (22 45)—5 5
(©) Fla)=—5—="7 "> —1—x2+5—G(x)+1
/(sech—l)dx:tanx—a:+C’ 48. /(cchx—l)dx:—cota:—x+C’

(a) %/(1fcosx)da::%(xfsinx)+0 (b) %/(1+cosx)dx:%(z+sinx)+0
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VN 1, >0
50. (a) F'(z)=G'(x)= f(x), where f(x) = { 1 z<0
(b) G(z { ; v i 8 so G(x) # F(z) plus a constant
(¢) no, because ( ,0) U (0,400) is not an interval
1087 1087 1087
51. v= TY24dT = —TY? 4+ C, v(273) = 1087 = 1087+ C 50 C = 0, v = ——=T"/2 ft /s
24/273 V273 V273

EXERCISE SET 5.3

1. (a) /u23du=u24/24+C= (22 +1)*/24+C
(b) —/ugdu:—u4/4+C=—(cos4x)/4+C’
(c) Q/Sinudu:—2cosu+C:—2cos\/Jj“+C

(d) §/u‘lﬂdu: Zul/2+C=%\/4x2+5+C

8

1 1 1
2. (a) 1/sec2udu:1tanu+C:1tan(4x+1)+0

1
(b) 1/u1/2du 6 3/Q—J—C’—6(1—|—2y 324 C

1 2 2
(¢) = /ul/Qdu = —u¥? 4 C==sin®?(x0) + C
3T 3

™

(d) /u4/5du:g = g(x +72+3)"° +C

1 1
3. (a) f/udu:f§u2+0:f§cot2x+0
(b) /ugdu = iulo +C = i(1 +sint)!? +C
10 10
1 1. 1.
(c) §/cosudu:§smu+C:§sm2x+C

1 1 1
(d) §/se02udu: itanu—i-C: itanmz—i—C

2 4 2
4. (a) /(u —1)%u!2du = /(u5/2 —2u®? 4 ul/?)du = ?u7/2 - guE’/Q + §u3/2 +C

e e P L L
7 5 3

(b) /cscgudu:—cotu—l—C:—cot(sinx)—i—C

(c) /sinudu:—cosu+C:—cos(a:—7T)+C

du 1 1
() /ﬁ—‘ﬁc—‘mw
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22,

1
u=2-—22, du=—2xdx; —§/u3du:—u4/8+C=—(2—x2)4/8+C’
—3z-1,d —3d'1/ Sy = S £ C = 3z —1)0 4+ C
u=3z—1 du=3dz; 3 | wdu= qu 183:

1
u = 8z, du = 8dxz; cosudu—fsmu+C’—§sm&c+C

ool —

u = 3z, du = 3dx;

w| =

u = 4x, du = 4dx;

1
/smudu— —fcosu—i—C— —gcos&’c—i—C

1 1
secutanudu = ZsequrC = Zsec4o:+C

>~

1 1 1
u = 5z, du = bdz; g/seCQudu: gtanu—f—C: gtan5x+0
w=Tt+12, du = 14t dt; i/ul/%zu: Lprio- i(7ze2+12)3/2 +C
’ " 14 21 21
2 1 —1/2 Lo1y2 1
u:4—5x7du:—10xdx;—1—0 u du:—gu +C:—g\/4—5x2+0
3 2 1 ~1/2 2 1) 2
U=z +1,du=3xdm;§ U du:§u —l—C:g\/x +14C
I |
u=1-3z,du=—3dx; —= [ w2 du=-u"'4+C== (1—3x) +C
3 3 3
u=4z%+1 dquxdm'l/ _3dU——iu_2+C———(4x—|— )72 +C
’ "8 16 16
, 1 1 1,
u:3z,du:6xd:c;6 cosudu:681nu+C:gsm(3z)+C’
, 1. 1 1
u=>5/x, du = —(5/z*)dx; ~E sinudu = gcosu—i—C: 3005(5/:1:) +C
u =z, du= fdas 2/sec2udu:2tanu+C’:2tan\/E+C’
3 2 1 2 1 1 3
u=z°, du = 3z°dz; 3 | sec udu:§tanu+C:§tan(x)+C
. 1 3 1 4 1 4
u = cos 2t, du = —2sin 2t dt; ) u’du = —gu +C = —gcos 2t +C
u = sin 3t, du = 3 cos 3t dt; 1/u5du—iu6—|—0 ism 63t4+C
B T 3 18 18

1 1
u =54 cos 26, du = —2sin 20 df; —§/U_3du= ke 240 = 4(5—|—c0520)

+C

Chapter 5
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23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

35.

1 1 1
u=2—sin46, du = —4 cos 46 db; ~1 /ul/Qdu = _6U3/2 +C = _6(2 —sin46)%% 4+ C

1 1 1
u = tan 5z, du = 5sec? 5z dx; g/u?’du: %u4+0 = 2—0tan45x+C

1 1 1
u = sec2x, du = 2 sec 2z tan 2z dux; i/quuz gu?’—l—C: 656632x+0

u=sinf, du = cos 6 db; /sinudu: —cosu+ C = —cos(sinf) + C

u=zr—3, x=u+3,dr=du
2 2
/(u+3)u1/2du:/(u3/2+3u1/2)du= gu5/2+2u3/2+C: g(x—3)5/2+2($—3)3/2+0

u=y+lL,y=u—1,dy=du

/ulﬁdu B /(“1/2 —uT ) du = 2 -4 O = S+ 1P -2y + )V 4 C
u

/sin2 20 sin 26 df = /(1 — cos? 26) sin 20 df; u = cos 20, du = —2sin 26 d6,

1 1 1 1 1
2/( u)du 2u+6u +C 2Cos 0—!—6008 0+C

sec? 30 = tan? 360 + 1,u = 30, du = 3d0

1 1 1 1 1
/sec439d9 = g/(tanQu—i—l)seCQudu: §tan3u+ gtanu—i—C: §tan339+ gtan39+0

u = a+ bx,du = bdz,

u=a+bx, du =bdx, dz:%du

L ym, n (n+1)/n __n (n+1)/n
b/“ = = et +c

u = sin(a + bx), du = bcos(a + bx)dx

1 n 1 1 :
= [ u'du = "4 O = ———sin""(a+bz) + C
A /u u bn 1)u D) sin”" (a + bx)

1 1
(a) with u = sinz, du = cos z dx; /udu = §u2 +C = isin2x+C’1;
1 1
with u = cosz, du = —sinz dx; f/udu = f§u2+02 =3 cos? x + Cy

(b) because they differ by a constant:

1 1 1
(QSinzx—i—Cl) — (—2 cos2x+02> = §(sin2m+0052x) +C,—Cy=1/24C1 —Cy
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36.

37.

38.

39.

40.

41.

Chapter 5

25
(a) First method: /(25ar2 — 10z + 1)dzx = gx?’ — 522 + 2+ Cy;

1 1 . 1
second method: g/uzdu = Bus +Cy = 1—5(5x —1)3 +Cy

1 1 f 25 1
(b) =(5z - 13+ 0y = 6(1259‘"3 — 7522 + 152 — 1) + Cy = Ez?’ —52% + 1 — 5+ Ca

the answers differ by a constant.

y(x) = /\/3m+ ldz = %(3x+ 1324 ¢,

1 2 2 2
y(l):§6+C=5,C:§9soy(m):§(3x+1)3/2+§9
. 5
y(x) :/(6—5 51n2x)dx:6a:+50052x—|—0,
y(o):g‘FC:i’),C:%Soy(x):6x+gcos2z+%
’ 1/2 2 3/2 2 7
fllx)y=m=+3x+1, f(z) = [ Bz +1) d:c:§(3:1:+1) +C;f(0):1:§+C,C:§,

2 7
so f(x) = §(3CE+ 1)%/2 4 9

, 8 8 256
p(t) = /(4 +0.15t)3/2dt = S+ 0.15t)°2 + C; p(0) = 100,000 = g45/2 +C ==+,

256 8 8
C = 100,000 — 5 ~ 99,915, p(t) ~ g(4+0.15t)5/2 499,915, p(5) ~ 5(4-75)5/2 499,915 ~ 100,046

EXERCISE SET 5.4
1. (a) 1+8+27=236 (b) 5+8+ 11414417 =55
(¢) 20+124+6+24+0+0=40 (d) 1+1+1+1+14+1=6
() 1-2+4-8+16=11 (f) 0+04+0+0+04+0=0
2. (a) 1+40-3+0=-2 (b) 1-141-141-1=0
(c) m+m2+- - +m2= 1472 (d) 21425426 =112
(14 terms)

() VI+V2+V3+Vi+V5+6
(f) 1-14+1-141-1+1-141-1+1=1
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10.

11.

13.

15.

16.

17.

18.

19.

20.

22,

23.

10 20 10
Zk 4. Zsk 5. Z%
k=1 k=1

k=1
8 6 5 1
> 2k - 1) 7.0) (DM (2k - 1) 8. Z<_1)k+1E
k=1 k=1 k=1
50 50
(a) > 12k (b) Y (2k—1)
k=1 k=1
(a) Z 1 a (b) > (—1)F*'b, (©) D axat (d) > a> "ok
1 100 100
5(100)(100 + 1) = 5050 12. 7Y k+ Z 1= 100 )(101) + 100 = 35,450
k=1
1 20 3
5(20)(21)(41) = 2870 14. Y k= k® =2870 — 14 = 2856
k=1 k=1

30 30
(k2 —4) =) (K®—4k) =) k*—4) k= 1(30)2(31)2 —4.- 1(30)(31) = 214,365
k=1 k=1 4 2

" 3k 1 3
Z?L=§Zk:§-7n(n+1):f(n+1)
n n n 2 2

n2  n2
k=1 k=1
/5 2 5w 2 o 5
S (2-) =2y -2 k=t - 2 Gt =
k=1 k=1 k=1
1
%:465,71%7%930:0,(n+31)(n—30):07n:30-
14243 4+---4n "k 1 & 1 1 n+1 . n+1 1
n2 _Zﬁ ﬁzk_ﬁin(n—‘rl)_ 2n 7nl{r-"r-loo m 2
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24.

25.

26.

27.

28.

29.

30.

31.

Chapter 5

k? = i . 1n(n—i—l)(2n-|-1) — W

12422432+ 40 K1 ¢

n3 3 s nd 6 6n2 '
k=1
. (n+1)(2n+1) .1 1
Jim e =, (1)@ +1/n) =3

Zi’fzizkzién(nﬂ)zw; lim 2t 5
n
k=1

2 n? n? 2n n—too  2n 2
k=1
28,2 L (1)@ 1)
2w = LS gl D) =
k=1 k=1
. (n=1)2n-1) .1 2
Jim e = lim S(1-1/n)2-1/n) =3

5 6 7
(@) ¥ (b) Y2 () Y2
j=0 j=1 j=2

5 13
(a) ) (k+4)2"t8 (b) > (k—4)2"
k=1 k=9
Endpoints 2,3,4,5,6; Az = 1;

4
(a) Left endpoints: »  f(zj)Az =7+ 10+ 13 + 16 = 46

k=1
4

(b) Midpoints: Y  f(x})Az = 8.5+ 11.5+ 14.5+ 17.5 = 52
k=1

4
(c) Right endpoints: Z flzr)Ax =10+ 13+ 16 + 19 =58
k=1

Endpoints 1,3,5,7,9, Ax = 2;

4
1 1 1 352
Lftd't:g DAz =(14+-+-+=)2=—
(a) Left endpoints k:1f(xk) x (+3+5+7> 105

4
1 1 1 1 25
b) Midpoints: Nz =|-+-+-4+-]2=—
(b) idpoints kE:1f(xk) T <2+4+6+8) B

4
. . . 1 1 1 1 496
(c) Right endpoints: ;:1 flzp) Az = (3 + 5 + = + 9) 2= 35

Endpoints: 0,7/4,7/2,3n/4,m; Ax = 7w /4

4
(a) Left endpoints: Zf(xZ)Am = (1 +V2/240— \/5/2) (r/4) =m/4

k=1

(b) Midpoints: Z f(z}) Az = [cos(m/8) + cos(37/8) + cos(bm/8) + cos(7w/8)] (7/4)
k=1
= [cos(7/8) + cos(37/8) — cos(37/8) — cos(m/8)] (w/4) =0

() Right endpoints: Y- f(zi)Az = (V2/2+ 0~ V3/2 1) (n/4) = /4

k=1
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32. Endpoints —1,0,1,2,3; Az =1

33.

34.

35.

36.

37.

38.

39.

(a)

(b)

(c)

(a)
(b)
(c)

(a)
(b)
(c)

(a)
(b)
(c)

(a)
(b)
(c)

D flapAe=3 = 5> k=25

lim [25—25<1+1ﬂ :25—§:25
2 n

4
> fap)Ar=-3+0+1+0=-2
k=1

4
5 3 3 15

g AT = ——+ -+ -+ — =4

k:1f(xk) x 4—|—4+4—|—4

4
> f@p)Ar=0+1+0-3=-2
k=1

0.718771403, 0.705803382, 0.698172179
0.668771403, 0.680803382, 0.688172179
0.692835360, 0.693069098, 0.693134682

0.761923639, 0.712712753, 0.684701150
0.584145862, 0.623823864, 0.649145594
0.663501867, 0.665867079, 0.666538346

4.884074734, 5.115572731, 5.248762738
5.684074734, 5.515572731, 5.408762738
5.34707029, 5.338362719, 5.334644416

0.919403170, 0.960215997, 0.984209789
1.076482803, 1.038755813, 1.015625715
1.001028824, 1.000257067, 1.000041125

n2

2

n—-+o0o

25 1

3 k2
* = k—' * A = — _—
,xn =0+ i (x})Ax (9 9n2)
= . i K23 21
E flxp)Ax = E 9-9—)— =— (1—
= k=1

27 — 1
li 21— N K| =21-27(=) =18
1m [ n3 ; ] (3)

197
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40.

41.

42.

43.

§7 }g, 27k?
n n 4n3

1 9+ 1)2n+1)
e 6n(n—|— NE2n+1)=12- R

2
4
A= lim {12—3( +;> <2+i)} :12—%(1)(2):39/4

n2

4 1%4 32 2. 1% 32 12
f(x}) Az = (x})°Az = {2 + nk} _ 3 [1 + nk} = % [1 + %k + Ekz + Tiks}

n n
n

. 32 | 6 12 — 8

k=1

12 1 8 1
= {n—l—-n(n+1)+712~6n(n+1)(2n—|—1)+ng~4n2(n+1)2]

1 (2n+1 1)?
:32{1+3T“L TP G IC R B G )}
n

1 1 1 1\2
1+3<1+)+2<1+) (2+)+2<1+)
n n n n

= 32[1 + 3(1) + 2(1)(2) + 2(1)?] = 320

A= hm 32

n—-+oo

3
2 2
- (_3+k) ]
n n
_2 [28—54“361#—8/&”}
n

> f(xp) Am-g {28n—27(n+1)+6(
k=1

n+1)(2n+1) _2(n+1) ]

n

) 1 1 1 1\?2
A= lim 2|28—27(1+=)+6(1+=)(2+=)—-2(1+=
n—-—+00 n n n n

—2(28—27+12—-2) =22

3 . 3

. L RN A I O B
f(xk)AzfixkA:cf2 1+ (k 1)n}n2{n+(k 1)n2]

- Ie=3 . 9 ¢ 1 9 1 3 9n—1
kE_lf(xk)AffQLE_anFanE_I(kl) 2{3+ 551 1)”} i

Chapter 5



Exercise Set 5.4

44.

45.

46.

47.

48.

5 5
Ar="at=2(k—1
T nvxk n( )

5 5 25 25
fzp)Az = (5 —a3)Az [5 n(k )} n n nz(k )
Z" . 25 Z” 25 « 25n — 1
k=1 k=1 k=1
A= lim 25_275 1—l =2 —2—5:%

n—-4o0o 2 n 2 2
3 3 (k—1)2.3
Ar =20t =0+ (k—1)2; f(z5)Az = (9 — 2

U - (k—1)%]3 27T (k—1)%\ 27 o~ 5 Bh

3 3
Azr =205 =(k—1)=
T n7$k ( )n
1 19(k—1)213 12 27k* 27k 27
DAz =|4— (@) Ar=4- -2 |2 =" 4~
f(@h)Az [ 4(xk)] v [ 4 n? n n  4n3  2n3  4n3
- 12 2T N, 2T 27T
2 SEAr=) Sho g ) Wags) kg !
k=1 k=1 k=1 k=1 k=1
27 1 27 n(n+1) 27
—12- = .2 D@2n+1)+ ————— 2 — =
s gt e D+ o n?
9(n+1)2n+1) 27 27 27
S 7 JP S St/ S e s s
8 n? 4n ~ 4n?  4n?
A= tim |12-2(1+2) (24 3) | +040-0=12 9(1)(2) 39/4
= lim - = — — —U=l2—-7 =
n—+400 8 n n 8
1 2%k — 1
A = — *:
=Tk 2n
(2k —1)2 Kk 1

fzp)Az =

1
(2n)2 n N3 nd  4nd

DN T Sy g
k=1

k=1 k=1 k=1

Using Theorem 5.4.4,

1 1
niTme(xk)Ax 3 +0+0 3
k=1
2 2k —1
Arx=—,z;,=—-1+
n n

199

27
n2
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49.

50.

51.

52.

2 2k
Ax=—,x)=—-1+—
n n
2k\ 2 2 k
Az =14+ 2) 2o 244"
fapae= (14 2) 2= 20k
n n
4 4 n(n+1) 2
DAx = -2+ — =-24 — =-242+4 —
Zf(:ck) x —|—n2 k R + —|—n
k=1 k=1
A= 1 AT =0
n_l)rfoo’;f(‘rk) x

k
szﬁ,x2:71+3—
n n
. 3%k\3 3 9
f(l‘k)AI - (_1 ’Il) 5 = _E ﬁk
n
9 +1
Zf(:cZ)Ax =-3+ 771(”2 )
k=1
A= lim if(x,";)Am:—3+9+0:§
et 2 2

Chapter 5

The area below the x-axis cancels the area above the z-axis that lies to the right of the line z = 1;

the remaining area is a trapezoid of width 1 and heights 1, 2, hence its area is

3
k=1 n k=1 k=1 6
= 16 2
niTme(zk) z 6 3
k=1
2 2k
Arx=—z;=—-14+—
n n
2%\*2 2 k k2 k3
DAz =(-14+=) Z=-Z412— —24— +16—
f(zi)Ae < +n) n n+ n? w0
- . 2nn+1) 24n(n+1)2n+1) 16 (n(n+1
D A I e ST S

. - . 12 48 16
A:n2$m;f(wk):f2+3f€+2—2:0

1+2 3

2
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53.

54.

55.

56.

b— b—
Aa:zTa,a:};:a—i- a(kz—l)
N . b—a b—a a b—a
f(:ck)AxmxkAxm{aJr - (kl)] - =m((b—a) ﬁJr 3 (k—1)
N b—a n-1
Zf(mk)Ax:m(b—a) {a+ 5 - }
k=1
—-a 1 b+a 1
A: 1 - 1—7 = — _ — 2_ 2
niglmm(b a) [a—|— ( n)] m(b—a) 5 2m(b a)
Ax:b;a,xkza—&-f(b—a)
" ma mk
f(xk)Al”:T(b—a)‘*‘F(b—a)Q
2n(n+1)

Zf(x};)Ax =ma(b—a) + %(b —a)

2
k=1

a+b
2

A= lim Zf(xZ)A:E =ma(b—a)+ %(b —a)>=m(b—a)
k=1

n—-+o0o

(a) With x} as the right endpoint, Az = %, Ty = %k
. s - . b b (n+1)2
flap)Az = (a7)* Az = ij’ Zf(xk)AI T A ZkB = Z%
k=1 k=1
4 1 2
A:lm@+)zwm
n—-+oo n
(b) Am:b;—a,xZ:cH-b Lk
b *b—
e e s

_ 2(p — _ )2 _ )3
_b—a {a?’ n 3a*(b a)k N 3a(b : a) B2 (b 3a) k?’}
n n n

i . - ) n+1 1 5 (n+1)(2n+1)
S flai)ae=0-0) @4 a0 0 4 Jalp - ap R D
+i(b - a)3(n::21)]

A= lim Zf(xZ)Am
k=1

n—-+oo
=(b—a) {a?’ + ga2(b —a)+alb—a)?+ i(b - a)?’} = i(b4 —a%).

Let A be the area of the region under the curve and above the interval 0 < z < 1 on the z-axis,
and let B be the area of the region between the curve and the interval 0 < y < 1 on the y-axis.
Together A and B form the square of side 1, so A+ B = 1.

But B can also be considered as the area between the curve x = y? and the interval 0 <y < 1 on
1 1 2
the y-axis. By Exercise 47 above, B = §’SO A=1- 3= 3
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- 1 242
57. Ifn=2mthen2m+2(m—1)+---+2-24+2=2> k= 7+)_m(m+1):" Z n
k=1
m—+1
if n=2m+1then (2m+1)+ (2m— 1)+ +5+3+1=> (2k—1)
k=1
m—+1 m—+1 2
B ., (m+1)(m+2) B s nP+2n+1
_2Zk—21_2.f—(m+1)_(m+1) =0
k=1 k=1
20 X 30. 31 61 _ 30-31
58. 50-30449-29+--+22-2421-1 = > k(k+20) 24203 k= 20 = 18,755
+49-29+- 4222+ ; (k+ Z - Z +20= :
59. both are valid 60. none is valid

M=

61. (ak—bk):(a1—b1)+(ag—b2)+--~+(an—bn)
k=1 n n
= (a1 +ag+--+a,)—(br +b2+---+by) :Zak_zbk
k=1 k=1
62. Z [(k+1)*—k*] = (n+1)* — 1 (telescoping sum), expand the

E
Il
—_

quantity in brackets to get Z(4k3 +6k?+4k+1)=(n+1)* -1,
k=1

4Zk3+62k2+42k+21_ (n+1)*
k=1

T
HM:
I,
o
w
|
o
/—\

—1—6Zk2 4Zk 21
k=1

(n4+1)*=1=nn+1)(2n+1) —2n(n+ 1) —n)

(n+D[n+1)>*-n@2n+1)—2n—1]

e o R ]

(n+1)(n® +n?) = inz(n +1)?

63. (a) Z 1 means add 1 to itself n times, which gives the result.

k=1
k=1 k=1
(c) $§k2$n(n+l)6(2n+l) :%+%+6—;2, S0 nETOM;g:lH;
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EXERCISE SET 5.5

L (a) (4/3)1)+(5/2)(1) +(4)(2) =71/6 (b) 2
2. (a) (V2/2)(n/2) + (=1)Bn/4) + (0)(n/2) + (V2/2)(r/4) = 3(V2 - 2)7/8

(b) 3m/4
3. (&) (-9/49)(1)+ (3)(2) +(63/16)(1) + (—5)(3) = —117/16

(b) 3
4. (a) (=8)(2)+(0)(1)+ (0)(1) + (8)(2) =0 (b) 2
5. /2 =2 dx 6. /2 z3dx

3 /2
z(1 — 3x)dx . sin? z dx

7. L34 (1-3x)d 8 /0 d
9. (a) mathI:?k—»OIézrzAxk; a=1,b=2 (b) maxHAI?keolé z;;jir lek; a=0,b=1

n

10. (a) lim >\ /zj Azg,a=1,b=2

max Az —0
k=1

n

(b) lim Z(l—i—cos:ri) Az, a=—-m/2,b=m7/2
1

max Az —0

1 1
11. (a) A:§(3)(3):9/2 (b) —A:_§(1)(1+2):_3/2
y y
-2 -1 X
A
A
X
[ 3
1
(c) —A1+A2:—§+8:15/2 (d) —A1+A4>,=0
y Y
_5 A2 X
-1 = X Aq >
A 4
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12.

13.

14.

(a)

(c)

(a)

(c)

(a)

(c)

Avt 4o = 35)(5/2) + 5(D(1/2)

= 13/2

(b)

(d)

(b)

(d)

(b)

(d)

A= %(2)(3/2 +1/2) =2

—A; + Ay = 0 because
A; = Ay by symmetry

y
P
-5 A, .
r
A 3
1 2
-m(2) =7
o)
y
2
A
X
2

Chapter 5
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15.

16.

17.

18.

19.

20.

21.

22,

23.

24.

25

27.

(a) 0.8 (b) —2.6 (c) —1.8

1

(a) /Olf(x)dx - /012xdx _ xQL —1

1

(b) /_11 F)dz = /_11 Sda = xQ} =1y

10

(c) /110 f(z)dx = /110 2dx = 2:10] 1 =18
5

1 5
(d) f(z)dz = / 2xdx + / 2dr = 2°
1/2 1/2 1

5

/2 f(x)dx+2/2 o(@)de = 5+ 2(—3) = _1

—1

4 4
3/1 f(z)dx — /1 g(x)der =3(2) —10 = —4

/15f(:c)dx—/05f(:c)d:c/Olf(x)d:c—l(2)_3

/32 f(z)dz = /32 f(z)dr = — [/12 f(:v)der/l3 f(m)da:} =

(a) /ledx—i—Z/Ol V1—22de=1/242(n/4) =(1+7)/2

(b) 4/3 dx—5/3 wde = 4-4—5(—1/2+ (3-3)/2) = —4
-1 -1
0 0
(a) / 2dw+/ V9 —a2dr =2-3+ (7(3)?)/4 =6+ 91 /4
-3 -3
2 2

(b) /_2dx—3/_2|x\dx:4.1—3(2)(2.2)/2:—8

(a) Vx>0, 1—2z<0on 23] so the integral is negative
(b) 22 >0, 3—cosz > 0 for all z so the integral is positive

(a) z*>0, v3—2>0on [-3,—1] so the integral is positive

~(2-6)=4

(b) z®—-9<0, |z| +1>0on [-2,2] so the integral is negative

205

(d) —0.3

+ 29:] = 12—(1/2)%+2:5-2-1 = 3/448 = 35/4
1/2 1

. /10\/25 — (x —5)2dx = 7(5)?/2 = 257/2 26. /3\/9 — (x — 3)2dx = 7(3)?/4 = 91 /4

/1(333 +1)dxr =5/2 28. /2 V4 —22dr = n(2)?/2 =27
0 -2
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29.

30.

31.

32.

33.

Chapter 5

(a) f is continuous on [—1,1] so f is integrable there by Part (a) of Theorem 5.5.8

(b) |f(z)] <1so fisbounded on [—1,1], and f has one point of discontinuity, so by Part (b) of
Theorem 5.5.8 f is integrable on [—1, 1]

(¢) f is not bounded on [-1,1] because lin}) f(x) = 400, so f is not integrable on [0,1]

1
(d) f(x) is discontinuous at the point x = 0 because hm sm — does not exist. f is continuous

elsewhere. —1 < f(x) < 1for z in [-1,1] so f is bounded there By Part (b), Theorem 5.5.8,
f is integrable on [—1, 1].

Each subinterval of a partition of [a, b] contains both rational and irrational numbers. If all 2} are
chosen to be rational then

Zf () Axk—Z( )A:vk:zn:Axk:b—aso lim zn:f(x};)A:vk:b—a.
1

max Axy—0
k=1 k=1 n _

If all z} are irrational then ~ lim Z f(zr)Az, = 0. Thus f is not integrable on [a, b] because

max Az —0

the preceding limits are not equal.

(a) Let S, = Z f(zr)Azy and S = / f(z)dz then Zcf x5 ) Az = ¢S, and we want to prove

k=1
that lim ¢S, =c¢S. If ¢ = 0 the result follows 1mmed1ate1y, so suppose that ¢ # 0 then

max Az, —0
for any € > 0, |¢S, — ¢S| = |¢|]|Sn — S| < € if |Sp, — S| < €/|c|. But because f is integrable
on [a,b], there is a number § > 0 such that |S, — S| < €/|¢| whenever max Az < 6§ so
|cS,, — eS| < € and hence  lim ¢S, =¢S.

max Az, —0
n

n n b
(b) Let Ry, =Y f(xp)Azk, Sp =Y _glap)Azy, T = Y _[f(2}) + gla})]| Ak, R = / f(z)dx
k=1 k=1 k=1 @

b

and S = / g(z)dz then T,, = R, + S,, and we want to prove that lim T,=R+S.

a max Az —0
|Tn - (R+ S)| = |(Rn - R) + (Sn - S)| S |Rn - R| + |Sn - S‘
so forany e >0 |T, — (R+S)| <e€if |R, — R|+ |S, — S| <e.
Because f and g are integrable on [a, b], there are numbers 6; and 62 such that
|R,, — R| < €/2 for max Azxj, < 61 and |S,, — S| < €/2 for max Az < 8.
If 6 = min(61, 62) then |R, — R| < €/2 and |S,, — S| < €/2 for max Az < 6 thus
|R, — R|+ ]Sy, — S| < eand so |T,, — (R+ 5)| < € for max Az, < § which shows that
lim T,=R+S.

max Az —0

For the smallest, find z}, so that f(z}) is minimum on each subinterval: 2} =1, 23 = 3/2, 2§ = 3
so (2)(1) + (7/4)(2) + (4)(1) = 9.5. For the largest, find z} so that f(z}) is maximum on each
subinterval: z =0, x5 = 3, 25 =4 s0 (4)(1) + (4)(2) + (8)(1) = 20.

42 A(k—1?2 4 . AR
Al‘k:F—T:?(zk_l),xk:ﬁ7

2k 8
= L 8 o, o 8 1 1 4(n+1)4n—1)
> fl@i)Azy, = e D (2K —k) = 3 [3”(”4- DEr+1) = gn(n+1)) = g— 55—,
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34. For any partition of [a, b] use the right endpoints to form the sum Z f(zr)Axy. Since f(z})
k=1

b n
for each k, the sum is zero and so is / f(z)de = lim Z f(xi) Az
e =1

n—-+4oo

35. With f(z) = g(= ) then f(z) — g(z) =0 for a < x <b. By Theorem 5.5.4(b)
b b
/ f() da = / (F(z) — 9(z) + g(x)]dz = / f(@) - g(a))da + / o(z)d.

But the first term on the right hand side is zero (from Exercise 34), so

/abf(x)da: = /abg(x)da:

207

=0

36. Choose any large positive integer N and any partition of [0, a]. Then choose z in the first interval
so small that f(z})Az; > N. For example choose zj < Az;/N. Then with this partition and
n

choice of 7, Z fzp)Azy > f(x7)Azy > N. This shows that the sum is dependent on partition

k=1
and/or points, so Definition 5.5.1 is not satisfied.

EXERCISE SET 5.6

2 2
1. (a) /0(2—x)dm:(2m—x2/2)}0:4—4/2:2

(b) /12dx:2a:] —2(1)—2(~1) =4
(c) /3(x+1)d:r:(x2/2+x)]j:9/2+3—(1/2+1)=6
1

2. (a) /OSzdx:U?/zE%p (b) /395dx5x}:5(9)5(3)30

(c) /j(m +3)dx = (2%/2 + 3x)} =4/246—(1/2—3) =21/2

-1

3 3 1 1
3. / x?’dxx“/zl] =81/4 —16/4 = 65/4 4. / m4d:£x5/5} =1/5—(-1)/5=2/5
2 2 1 1
’ 2 30 P2 Ry 5 9/5 s 2/5
5. Vrzdr = ~x =—(27—-1)=52/3 6. = Pdr = —x =—(4°° - 1)
1 3 L 3 1 2 L 2
1 3 2 ’ 1 2 1 5 2
7. | z2°—22°+ T =48 8. (zz+ -z =81/10
3 i 2 5 .
3 1 3 2 1 2
9. / % dr = ] =2/3 10. / 7 %dx = 5} =31/160
1 T, 1 S5z |
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11.

13.

15.

17.

19.

21.

22,

23.

24.

25.

Chapter 5

9 ANT8
5/2] =844/5 12. <3x5/3 + ﬂ =179/2
4 T/ 11
/2 /4
— cos 9} =0 14. tan@} =1
—7/2 0
/4 1 !
Smx] =2 16. (x2 - secx)} =3/2 —sec(1)
—m/4 2 0
(6\/ 10t3/2+ 2 >r— 55/3 18 <8f+ 2 >r—10819/324
\/i ) - . y 3y3/2 4 -
1 /2 * s
<:c2 - 200‘53:)] =72/942V3 20. ( = 3/2) = ——a%?
2 w/6 a 3
3/2 2 3/2 2
(a) / (3 — 2x)d:r+/ (22 — 3)dx = (3z —x2)] + (22 —3x)} =9/4+1/4=5/2
0 3/2 0 3/2
/2 37/4 w/2 3n/4
(b) / cosacdx—i—/ (—cosz)dz :sinx] - Sinx] =2-2/2
0 w/2 0 w/2
0 2 9 0 9 RE
(a) / \/2—:cdx+/ \/2+xd3:——3(2—x)3/2] + 3(2—|—x)‘5/2}
-1 0 -1 0
2
:—5(2\/5—3\/§)+7( 8—2V2) = (8 4V2 + 3V/3)
/6 /2
(b) / (1/2—sinx)dm—|—/ (sinx —1/2)dz
0 /6 w/6 /2
= (x/2+cosx)] - (cosw—i—x/Z)}
0 /6
= (n/124+3/2) =1 —7n/4+ (V3/2+71/12) =3 —7/12 - 1
%xQ, r<1
() 17/6 ) Fw=3 >
gxg + 6, T > 1
! 41 2 4,0 17"
d —dr =232 ——| =17/12
@ [ Vears [ Ga=Zeon] 2] i
2;103/27 r<l1
(b) Fl@)=4q 3, &
—= 4o, z>1
z 3

39 17°
0.665867079: / de:—] =92/3
1 X X 1

/2
26. 1.000257067; / sinzxdr = —coszx
0

w/2

0

=1
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27.

29.

30.

31.

33.

34.

35.

36.

37.

38.

1 1

3.106017890;/ sec? xdr = tanx

-1

=2tanl ~ 3.114815450

-1

3

’ 1
A:/(x2+1)dx:<x3+x)] =12
0 3 0
2

2 1
A:/ (—x? 4 32 — 2)dr = (—3x3+3x2—2x>} =1/6
1 1

2
27/3 2 /3 -1 117!
A:/ 3sinzdx = —3cosx =9/2 32. A:—/ e = — gt =15/4
0 0 —2 4 2
-2 1 3 -2
A = / (z? — 3z — 10)dx = <x3 — 2 - 1033)] = 23/6, y
_3 3 2 3 i
5 B
Ay = —/ (z% — 3z — 10)dx = 343/6, N
-2 10
8 Al\ \7\\\\|A|3\x
A3:/5($2—3$—10>d$:243/6,A:A1+A2+A3=203/2 -3 —A2 5 8 >

(a) the area is positive

5 5
1 1 11 1 1 1 1 343
b L B S R [ AR (L S . S S _ 99
(b) /2<100$ 20" 259”5) v (4005” 60" 50" T35, T 1200

(a) the area between the curve and the z-axis breaks into equal parts, one above and one below
the z-axis, so the integral is zero

! 1,10 1
(b) /1 z3dr = 4964] = 1(14 — (=% =0;
- —1
/2 /2
/ sin xdx = —cosx] = —cos(n/2) + cos(—7/2) =04+0=0
—m/2
—7/2

(c) The area on the left side of the y-axis is equal to the area on the right side, so

:l f(x)dx = 2/0a f(x)dx

-1

w/2
/ cosrdr = sinx
—m/2

The numerator is an odd function and the denominator is an even function, so the integrand is an
odd function and the integral is zero.

1 RE 1 1
(d) / dr = 3963] » = g(l3 —(-1)3) = 3= 2/0 x2da;
/2 x/2
:sin(7r/2)—sin(—7r/2):1—|—1=2=2/ cos xdx
—m/2 0

1 |
(a) z3+1 (b) F(zx)=(-t'+t :fx4+x—§;F’(o:):x3+1
1 L1 1
1 * 1 1
(a) cos2x (b) F(x)= zsin Qt] = —sin2x — =, F'(x) = cos 2z
2 oa 2 2
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39.

41.

43.

44.

45.

46.

47.

48.

49.

50.

Chapter 5
1 1
(a) Sin \/E (b) V 1 =+ COS2 X 40. (a) 1 + \/‘E (b) m
x
- 42. |u|
cos
Fla) = V3P F 1, F'(a) = —%
32241
(a) 0 (b) V13 (c) 6/V13
) = cosT B () = —(22 4 3)sin x — 2w cosx
S 2?43 B (22 +3)?
(a) 0 (b) 1/3 (c) 0
(a) F'(z) = % = 0 when 2 = 3, which is a relative minimum, and hence the absolute
x
minimum, by the first derivative test.
(b) increasing on [3,+00), decreasing on (—oo, 3]
2
- —2)(1
(c) F'(z)= 7(;:261 7; = @ (mj)—iE 7;; I); concave up on (—1,7), concave down on (—oo, —1)
and on (7,4+00)
F
3+
2+
| | \/ !
-20 -10 20
(a) (0,+00) because f is continuous there and 1 is in (0, +00)
(b) at =1 because F(1) =0
(a) (—3,3) because f is continuous there and 1 is in (-3, 3)
(b) at =1 because F(1) =0
1 9
(a) fave - 6/ xl/de =2 Vx*r=2,x"=4
0
12 1 ?
(b)) fave = 3 / (322 + 2z 4+ 1)dx = g(x3+x2+x) =5; 32?2 +22* +1=5,
1 1
with solutions z* = —(1/3)(1 + +/13), but only z* = —(1/3)(1 — v/13) lies in the interval

[—1,2].

1 ™
(a) fave:?/ sinzdr = 0; sinz* =0, 2* = —m,0, 7
s

—T

1 /31 1 1 1
b ave — 4 —d = - = -, *
(b) f. 2/1 x2117 3 31’ V3

()2
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3
51. ﬁgx/x3+2§\/@,803\/§§/ Va3 + 2dz < 3v/29
0

52. Let f(z) = xsinz, f(0) = f(1) =0, f'(z) = sinz + zcosz = 0 when x = —tanz, x ~ 2.0288,
so f has an absolute maximum at z ~ 2.0288; f(2.0288) ~ 1.8197, so 0 < zsinz < 1.82 and

0< / rsinxdr < 1.827 = 5.72
0

53. (a) [cF(m)}Z = cF(b) — cF(a) = c[F(b) — F(a)] = ¢ [F(x)]
(b) [F(2)+G(x)]" = [F(b) + G(b)] - [Fla) +

G(a)] . .

= [F(b) = F(a)] + [G(D) — G(a)] = F(z)],, + G(z)],

(©) [F(x) - G@)], = [F() - Gb)] - [F(a) — G(a)] \ \
= [F(b) - F(a)] - [G(b) = G(a)] = F(2)], - G(x)],

54. Let f be continuous on a closed interval [a,b] and let F' be an antiderivative of f on [a,b]. By

Fb) - F
Theorem 4.8.2, M = F'(2*) for some z* in (a,b). By Theorem 5.6.1,
—a

b b
/f(x)dz:F(b)fF(a),i.e./f(z)dx:F’(x*)(bfa):f(x*)(bfa).

EXERCISE SET 5.7

1. (a) the increase in height in inches, during the first ten years
(b) the change in the radius in centimeters, during the time interval ¢ = 1 to ¢t = 2 seconds
(c) the change in the speed of sound in ft/s, during an increase in temperature from ¢ = 32°F
to t = 100°F
(d) the displacement of the particle in cm, during the time interval t = ¢; to ¢ = t3 seconds

2. (a) /OV(t)dt gal

(b) the change f(x1) — f(x2) in the values of f over the interval

3. (a) displ =s(3)—s(0)
3 2 3 2 3
:/ v(t)dt:/o (1—t)dt+/2 (t—3)dt_(t—t/2)}0+(t /2—3t)]2_—1/2;

2 3

—(t?)2 — 375)] =3/2

0
dist = ’ lo(t)|dt = (t — t2/2)} + (1%/2 — t)}
0 0 2

1

(b) displ = s(3) — s(0)
3

/ t)dt = /tdt+/ dt+/ 5—2tdt—t2/2} —i—t} (5t—t2)} =3/2;
2
5/2
dm—/ tdt+/ dt+/ 5—2t)dt—|—/ (2t — 5)dt
5/2

=t2/2}:+t]j+ (5t—t2)r/2 + (2 —5t)r =2

2 5/2
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\ L !
24&10
1k

¢
5. (a) o(t) =20+ / a(u)du; add areas of the small blocks to get
0

v(4) ~20+1.4+3.04+4.74+6.2 =353 m/s

6
(b) v(6) = v(4) + / a(u)du ~ 35.3 + 7.5+ 8.6 = 51.4 m/s
4
6. a > 0 and therefore (Theorem 5.5.6(a)) v > 0, so the particle is always speeding up for 0 < ¢ < 10

1 2
7. (a) s(t) = /(t3 —2t2 +1)dt = Zt‘l - §t3 +t+C,

2 1 2
S0 = 20 = 208 404 C =10 =1, s0) = 2= 26 e
(b) v(t):/40082tdt:2sir12t—&—C’171}(0):251110-1-01:—17 cy = —1,
v(t) =2sin2t — 1, s(t) = /(2Sin2t —1)dt = —cos 2t — t + Cy,
5(0) =—cos0—0+4+Cy = -3, Cy = -2, s(t) = —cos2t —t — 2

8. (a) s(t):/(1+sint)dt:t—cost+C,3(0):O—COSO+C:—3,Cz—2,s(t):t—cost—2

(b) wv(t) = /(t2 —3t+1)dt = %ti“ — gﬁ +t+ Cy,

1., 3 1 3
v(0) = = (0> = Z(0)2 +0+C, =0, C; =0, v(t) = -t3 — ~t* + 1,

3 2 3 2

_ [ (Lp_3p _ g lp 1
s(t)—/(gt 5t +t) dt = Stt = 5t + 5t + O,

_ Lo~ Lo Loe _ _ R YR SRR

9. (a) s(t):/(2t—3)dt:t2—3t+0,s(l):(1)2—3(1)+C’:5,Cz?,s(t):t2—3t+7
(b) v(t):/costdt:sint+01,v(ﬂ'/2):2:1+Cl,01:1, v(t) =sint + 1,

s(t) = /(sint+ 1)dt = —cost +t+ Cq, s(1/2) =0=7n/24 Cy, Cy = —7/2,

s(t) =—cost+t—m/2

96 355 96
5 5

10. (a) s(t) = /t2/3dt = §t5/3 +C,s08)=0= §S2+ ¢, C=-=, s(t) =

2 2 1 2 1
(b) v(t) = [ Vidt = S+ Co ofd) = 1= 584 Cr, G =~ o(t) = 8 - 2
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11. (a)
(b)
12. (a)
(b)
13. (a)
(b)
14. (a)
(b)
15.

213

5

2 13 4 13 4 13 44
s(t) = / <3t3/2 - ) dt = —t/2 - Zt 4+ Cy, 5(4) = 5= —32— —44+Cy = —— +Cs,

3 15 3 15703
19 4 13 19
Co=—,s(t)=—t"? - ~t+ —
2= 580 = 15 3'75
w/2 /2
displacement = s(7/2) — s(0) = / sintdt = — cos t} =1m
2 0 0
distance = / |sint|dt =1 m
’ 2m 2
displacement = s(27) — s(7/2) = / costdt = sin t} =—-1m
/2 /2
27 3m/2 27 /
distance = / | cost|dt = 7/ cos tdt +/ costdt =3 m
w/2 w/2 37/2

6 6
displacement = s(6) — s(0) = / (2t — 4)dt = (1* — 4t)} =12m
0 0

6 2 6
distance = / |2t —4|dt = / (4—2t)dt+/ (2t —4)dt = (4t—t2)]
0 0 2
5 3 5
displacement = / |t — 3|dt = / —(t —3)dt + / (t—3)dt =13/2 m
0 0 3
5
distance = / |t —3|dt =13/2 m
0
o(t)=1t> = 3t> + 2t = t(t — 1)(t — 2)
3
displacement = / (t3 — 31 +2t)dt = 9/4 m
0
3 1 2 3
distance = / lv(t)|dt = / v(t)dt +/ —u(t)dt —|—/ v(t)dt =11/4 m
0 0 1 2
3
displacement = / (Vt—2)dt =2v3 —6m
0

3 3
distance = / lv(t)|dt = f/ v(t)dt = 6 — 2v/3 m
0 0

3
1 1
displacement = / (5 - t—Q)dt =1/3m
1

3 V2 3
distance = / lv(t)|dt = —/ v(t)dt —l—/ v(t)dt =10/3 — 2/2 m
1 1 V2

9
displacement = / 3t~Y2dt =6 m
4

9 9
distance = / lo(t)|dt = / v(t)dt =6 m
4 4

v(t)= -2t +3

4
displacement = / (—2t+3)dt = —6m
1

4 3/2 4
distance:/ | — 2t + 3|dt :/ (f2t+3)dt+/ (2t — 3)dt =13/2 m
1 1 3

/2
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1
16. v(t) = 5152 — 2t

5
1
displacement = / (2t2 — 2t> dt =—-10/3 m
1

°11 Al > /1
distance = / . — 27:‘ dt = / - <t2 — Qt) dt +/ (ﬂ - 2t) dt =17/3 m
112 1 2 4 \2

2
17. v(t)= ZV5t+1+ g

52 8 4 81°
displacement = / (5\/ 5t+1+ 5) dt = 7—5(5t +1)%2 + 5t] =204/25 m
0 0

3 3
distance = / lv(t)|dt = / v(t)dt = 204/25 m
0 0

18. v(t)= —cost + 2
w/2
displacement = / (—cost+2)dt = (1 +v2—2)/2m
/4

/2 /2
distance:/ |—cost—|—2|dt:/ (—cost+2)dt = (1 ++v2—-2)/2m
/4 /4

1 2 1
19. (a) s:/sinimfdt:f;cosimﬂro

2 2 1 2
s =0 when ¢t = 0 which gives C' = — so s = ——cos -7t + —.
s s 2 s
d 1
a:d—izgcosgwt. Whent=1:s=2/mv=1, |v|]=1,a=0.

3

(b) v= -3 tdt:751€2+6‘1,v:Owhent:OWhichgivesC1:Osov:fgt2

1. 1.
s = —3 th:f§t3+02, s =1 when t = 0 which gives Cs =1 s0 s = fit‘erl.

Whent=1:s=1/2,v=-3/2, |v| =3/2, a = —3.

—_—

20. (a) negative, because v is decreasing
(b) speeding up when av > 0, so 2 < t < 5; slowing down when 1 <t < 2
(c) negative, because the area between the graph of v(¢) and the t-axis appears to be greater
where v < 0 compared to where v > 0

1 3
21. A=A+ Ay = / (1 — 2%)dz +/ (x? — 1)dr = 2/3 +20/3 = 22/3
0 1

™ 3m/2
22. A:A1+A2:/ Sinxda:—/ sinzdr=2+1=3
0 T

0
23. A:A1+A2:/

—1

= (w — %(m + 1)3/2>

[1-Vz+1] dx—|—/1[\/x—|—1—1]da:
0

1
2 2 4+/2 2 V2 -1
z 1)3/2 — =——4+14+——-1—-—==4
+<3(az+) x)L g1+ 3 3

-1
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1 2

1—xz 21

22

2
dx—l—/x
1

1 1
=242+ -424--2=1
+2+ 54245

24. A:A1+A2:/
12 T

(-1

20

25. s(t)

150

215

20
Eﬁ—aﬁ+ﬁm+&%qmzogm5%=mymaprgﬁ—mﬁ+muaw=4n—mo

26. v(t) = 2t2 — 30t + vo, v(0) = 3 = vy, so v(t) = 2t — 30t + 3, s(t) =

/6

2
gﬁfwﬁ+&+%,

2
sm)=—5=ahmsu):§ﬁ—1m?+m—5
500 70
/ 25 i
0 |25 0
—-200 _
s(t) v(t) 30 a(t)
27. (a) From the graph the velocity is at first positive, but then turns y
negative, then positive again. The displacement, which is the 3
cumulative area from z = 0 to x = 5, starts positive, turns 2
negative, and then turns positive again. .
(b) displ =5/2 —sinb + 5cosb oL R
2 4 5
—1r
28. (a) Iftg < 1 then the area between the velocity curve and the v
t-axis, between t = 0 and t = tg, will always be positive, 1L
so the displacement will be positive.
| | !
9 L4 04 0.8
T
(b) displ =

272
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29.

30.

31.

32.

33.

Chapter 5
0, t<4 _ 25, t<4
(@) alt) = { ~10, t>4 (b) w(t) = { 65 — 10, >4
a\ [ Y S | ! bv
2 4 12 20 \
1 1 1 1 1 !
sl 2 4 6\8 10 12
20}
-10 —40
25t, t<4 o _
(¢) =)= { 65t — 512 —80, t>4 5 x(8) =120, z(12) = —20
(d) z(6.5) =131.25
vV — 1
(a) From (9) t= ; from that and (8)
— 1 — 2
s — 809 = vov o + fa(v 21]0) ; multiply through by a to get
a 2 a
1 9 1 1,5 9
a(s — sp) = vo(v —vg) + 5(1} —v0)° = (v—g) |vo+ 5(1} —v)| = i(v —v3). Thus
2 _ .2
a=——0_
2(s — so)
(b) Put the last result of Part (a) into the first equation of Part (a) to obtain
v — Vg 2(s—s0)  2(s—s0)
t=——=(v— = .
(v —1g) v 02 v+ v
(c¢) From (9) vo = v — at; use this in (8) to get

1 1
s—s80=(v—at)t+ iat2 =t — iat2

This expression contains no vy terms and so differs from (8).

(a) a=—1mi/h/s =—22/15 ft /s> (b) @ =30 km/h/min = 1/7200 km /s>

Take t = 0 when deceleration begins, then a = —10 so v = —10t + C;, but v = 88 when t = 0
which gives C; = 88 thus v = —10t + 88, ¢t > 0

(a) v=45mi/h =66 ft/s, 66 = —10t +88,t =225
(b) v =0 (the car is stopped) when ¢t = 8.8 s

s = /vdt = /(—lOt + 88)dt = —5t% 4 88t + (s, and taking s = 0 when t = 0, Cy = 0 so

s = —bt? + 88t. At t = 8.8, s = 387.2. The car travels 387.2 ft before coming to a stop.

a = agp ft/s%, v = apt +vg = apt + 132 ft/s, s = apt?/2 + 132t + so = agt?/2 + 132t ft; s = 200 ft

121 20
when v = 88 ft/s. Solve 88 = agt + 132 and 200 = agt?/2 + 132t to get ap = 5 when ¢ = TR

121
sos=—12.1t2+132t, v = —?t + 132.

121
(a) ag= —5 ft /s>

(c)

242 70
(b) v=55mi/h = 3 ft/s when t = 33 5

szwhent:@s
11
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34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

44.

dv/dt =3, v=3t+ C1, but v = vy when t =0 so C1 = vg, v = 3t +vg. From ds/dt = v = 3t + vg
we get s = 3t2/2 + vot + Co and, with s = 0 when t = 0, Co = 0 s0 s = 3t2/2 + vpt. s = 40 when
t =4 thus 40 = 3(4)%/2 + vo(4), vo = 4 m/s

Suppose s = sg =0, v =v9g =0att =1t9g =0; s =s; =120, v = vy at t = t1; and s = s,
v =1y = 12 at ¢t = t3. From Exercise 30(a),

2 _ .2
26=a= 1" , v2 = 2as; = 5.2(120) = 624. Applying the formula again,
2(812— 50)2
V3 — V1 2 2
1b=a=—2""1_ 2 =92 3(sy— 51),
a 3053 — 51) vy = vi — 3(s2 — 51), 0O

sy=s1 — (v —v})/3 =120 — (144 — 624)/3 = 280 m.

4, t<?2

8, t>2 and,

a(t):{ 3’ iig ,so,withvon,v(t):{

. 212, t <2
since sg = 0, s(t) = 8 _8 t>9 s =100 when 8¢ — 8 =100, t = 108/8 = 13.5 s

The truck’s velocity is v = 50 and its position is s = 50t+5000. The car’s acceleration is ac = 2,
so vo = 2t, s¢ = t? (initial position and initial velocity of the car are both zero). st = s¢ when
50t +5000 = t2, t2 — 50t — 5000 = (t+50)(t—100) = 0, ¢t = 100 s and s¢ = sy = t2 = 10,000 ft.

Let t = 0 correspond to the time when the leader is 100 m from the finish line; let s = 0 cor-
respond to the finish line. Then ve = 12, s¢ = 12t — 115; ar, = 0.5 for ¢t > 0, vy, = 0.5t + 8§,
s = 0.25t2 + 8t — 100. s¢c =0 at t = 115/12 ~ 9.58 s, and s;, = 0 at t = —16 + 441 ~ 9.61,
so the challenger wins.

s=0and v =112 when ¢t = 0 so v(t) = —32t + 112, s(t) = —16t% + 112¢

(a) v(3) =16 ft/s, v(5) = —48 ft/s

(b) v = 0 when the projectile is at its maximum height so —32¢t + 112 = 0, t = 7/2 s,
s(7/2) = —16(7/2)? + 112(7/2) = 196 ft.

(¢) s = 0 when it reaches the ground so —16t? + 112t = 0, —16t(t — 7) = 0, t = 0,7 of which
t = 7 is when it is at ground level on its way down. v(7) = —112, |v| = 112 ft/s.

s =112 when t = 0 so s(t) = —16t + vot + 112. But s = 0 when ¢ = 2 thus
—16(2)% + vo(2) + 112 =0, v = —24 ft/s.

(a) s(t) = 0 when it hits the ground, s(t) = —16t> + 16t = —16t(t — 1) = 0 when t = 1 s.

(b) The projectile moves upward until it gets to its highest point where v(t) = 0,
v(t) = —32t+16 =0 when t = 1/2 s.

(a) s(t) = 0 when the rock hits the ground, s(t) = —16t> + 555 = 0 when ¢t = v/555/4 s
(b) w(t) = —32t, v(v/555/4) = —8+/555, the speed at impact is 8v/555 ft/s

(a) s(t) = 0 when the package hits the ground,

s(t) = —16t% + 20t 4+ 200 = 0 when t = (5 + 5v/33)/8 s
(b) w(t) = =32t + 20, v[(5 + 5v/33) /8] = —20+/33, the speed at impact is 20v/33 ft/s

(a) s(t) = 0 when the stone hits the ground,
s(t) = =16t — 96t + 112 = —16(t> + 6t —7) = —16(t + 7)(t —1) =0 when t = 1 s

(b) wv(t) =—32t—96, v(1) = —128, the speed at impact is 128 ft/s
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45.

46.

47.

48.

49.

51.

52.

53.

Chapter 5

s(t) = —4.9t% + 49t + 150 and v(t) = —9.8t + 49

(a) the projectile reaches its maximum height when v(¢t) =0, —9.8t +49=0,t=5s

(b) s(5) = —4.9(5)% +49(5) + 150 = 272.5 m

(c) the projectile reaches its starting point when s(t) = 150, —4.9¢% + 49t + 150 = 150,
—4.9t(t—10) =0, t =10 s

(d) v(10) = —9.8(10) + 49 = —49 m/s

(e) s(t) = 0 when the projectile hits the ground, —4.9¢? + 49¢ + 150 = 0 when (use the quadratic
formula) t ~ 12.46 s

(f) v(12.46) = —9.8(12.46) + 49 ~ —73.1, the speed at impact is about 73.1 m/s

take s = 0 at the water level and let h be the height of the bridge, then s = h and v = 0 when
t=0s0s(t)=—16t>+h

(a) s=0 when t =4 thus —16(4)?> + h =0, h = 256 ft
(b) First, find how long it takes for the stone to hit the water (find ¢ for s = 0) : —16t> + h = 0,

t = V/h/4. Next, find how long it takes the sound to travel to the bridge: this time is /1080
because the speed is constant at 1080 ft/s. Finally, use the fact that the total of these two

h h
times must be 4 s: Toso + % =4, h+ 270v/h = 4320, h + 270v/h — 4320 = 0, and by
—270 £ 1/(270)2 + 4(4320)

2

the quadratic formula Vh =
Vh &~ 15.15, h ~ 229.5 ft.

, reject the negative value to get

g =98/6 =4.9/3 m/s?, sov = —(4.9/3)t, s = —(4.9/6)t> + 5, s = 0 when t = /30/4.9 and
v =—(4.9/3)4/30/4.9 = —4.04, so the speed of the module upon landing is 4.04 m/s

s(t) = —%th + vot; s = 1000 when v =0, s0 0 = v = —gt + vg, t = vg/g,

1000 = s(vo/g) = —1g(vo/9)* + vo(vo/g) = $v¢/g. so v} = 2000g, vy = 1/2000g.
The initial velocity on the Earth would have to be /6 times faster than that on the Moon.

3 2
1 3 3 1 2 1
— | 3zde= 2% =6 50. fovo= ———— 2de = =23 =1
s-1), 4”“"}1 foo =gy [ e e o

1 4 1 g
Jave = / sinx dx = —Cosm} =2/r
77_0 0 v 0

fave =

1 g 1 g
Jave = / cosrdr = Sinm] =0
0 Jo T

T 0
(@) fave = 2710/ 2?dr = 4/3 (b) (2%)2=4/3,2* = +£2/V/3,
-0 but only 2/+/3 is in [0, 2]
(c) Y
4,
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54.

55.

56.

57.

58.

59.

60.

61.

(a)
(c)

(a)

(b)

(a)

(b)

4

1
favezi 2edr =4 (b) 2$*:4,$*=2
4-0/,
y
sl /
o /
B |
/|
Lol L X
2 4
1 4 1789 263
ave — — 3t3 Ndt = —-— = —
v 4-1 1( +2dt =3 =
s(4) —s(1) 100—-7
ave — = =31
v 11 3 3

1 5
Gave = = (t + l)dt = 7/2

50 Jo
ST ELO N LSRN S

time to fill tank = (volume of tank)/(rate of filling) = [r(3)25]/(1) = 45, weight of water in tank
at time ¢ = (62.4) (rate of filling)(time) = 62.4¢,

457

weight, . = —— 62.4t dt = 1404~ 1b
451 0
(a) If x is the distance from the cooler end, then the temperature is T'(z) = (15 + 1.52)° C, and
1 10
Tove = —— 1 1.5x)dx = 22.5°
10_0/0(5+ Sx)dx 5° C
(b) By the Mean-Value Theorem for Integrals there exists z* in [0, 10] such that
10
flz*) = 10-0 (154 1.5x)dx = 22.5, 15+ 1.5ba* =225, z* =5
—UJo
(a) amount of water = (rate of flow)(time) = 4¢ gal, total amount = 4(30) = 120 gal
60
(b) amount of water = / (4+t/10)dt = 420 gal
0
120
(c) amount of water = / (10 + Vt)dt = 1200 4 160v/30 ~ 2076.36 gal
0
(a) The maximum value of R occurs at 4:30 P.M. when ¢t = 0.
60
(b) / 100(1 — 0.0001¢%)dt = 5280 cars
0
b b b b
@ [ 1@~ fuddo= [ f@)tn = [ fuudo = [ s~ frun-0) =0

b
because faye(b— a) :/ flx)dx
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b b
(b) no, because if/ [f(z) — ¢]Jdz = 0 then / f(z)dz —c¢(b—a) =0 so

1 b
c= b7/ f(@)dx = faye is the only value
—a ),

EXERCISE SET 5.8

1. (a) /13u7du (b) —;/74u1/2du (c) %/W sinu du (d) /0(u+5)u20du

- -3
1 7 5 5/2 1
2. (a f/ u® du (b — du
( ) 2 _3 ) 3/2 \/’Zj
© [ u2du @ 1: / (1 — 3)u/2du
0 23
1 /3 1 .]° 1 !
3. u=2z+1, 5/1 utdu = 10u5L =121/5, or 10(2x—|—1)5L =121/5
1 /6 1 ,]° 1 2
4. u =4z —2, 1/2 u3du:16u4L:80, or 16(495—2)4}1:80
1t 1,1 0
5. u=1-2x, ﬂ/ u‘sduuﬂ =10, or (12:1:)4] =10
2Js 8 3 -1
6 4-3 1/28d Lol 19 L4 3)92 19
. u=4-3x, —¢ udu = ——u = or ——(4—-3z =
"3, 27 |, ’ 27 .

9

9 9
2 2
7. u=1+uz, / (u—Du2du = / (u®? — u'?)du = gus/Q - 3u3/2} = 1192/15,
1 1 1
8

2 5 2 .
or —(1+z)%2 - Z(1+x)%? =1192/15
5 3 o
4 4 9 8 4
8. u=4-—uz, / (u— 4)u'?du = / (u?? — 4u?)du = Zu®/? — u3/2] = —506/15
2 8 0
or =(4—x2)%?% - (4—x)3/2] = —506/15
5 3 .
/4 /4 /2
9. u=uz/2, 8/ sinudu = —SCosu] =8—4V2,or — 8cos(x/2)} =8—4V2
0 0 0
92 /2 9 /2 9 /6
10. u = 3z, 7/ cosudu = - sinu =2/3, or —sin3x =2/3
3 /o 3 o 3 o

3

11 242 1/3 —3d L 1/48, 0 L - 1/48
. U= - u U= ——-: = — r —— P
"2 Je 4u? | ’ 4 (22 42)2] ,
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12.

13.

15.

16.

17.

18.

19.

20.

21.

22,

23.

25.

27.

28.

29.

32.

1 1 m/4 /4 1 1\
U= -x 7,4/ sec u du 4tanu} =8, or 4tan <x)] -3

4 4 —7/4 ) 4 4)1, .
1/5Wd Y S 1/4Wd L[] —s
3 0 u U—3 471' _127T o us au 5 471' =27

1 [ 1 1t
”/ mdu:,/ ST du—
2/ 2 /o

/_22 Mdu = %[7‘(‘(2)2] =927

1

11
2 4

1
1 1
/ sinmcdx—cosmy] =——(-1-1)=2/m
0 71' 0 s

/8 3 w/8
A:/ 3 cos2mdx:251n2x] =3Vv2/4
0 0
7 7
1 1 1
5)%dr = —(z+5)7! =——+-=—
/3(x+ ) “dx (x4 5) L TR

A/l de 1 1
S Jo Br1)2 T 3Bz+1)], 4

11 1
210522 +1

5 0T =

1 /2 x
2-0 /)y (52241) .

fave =

1
—2/3

3 0

2 2] _2
S0~ Ivi-2vy)

28

u=2a?+4z+7, 5/

w2 du = u1/2]
12

12

2

[ e =], -

—3m/4

27 27

u:\/gf,Q/7r

sinudu = —2 cos u}
U

2
30. 3 (tan x)?’/g]

=4

1

21

1/4
1 /1/4 . 9 t / 4
— sec” mrdr = — tanx = -
1/4—=(=1/4) )14 ™ ™

—1/4

2

24. 3(E):U—l)?’/Q =38/15
15 1
1 0

26. — (2 +1)%| =1/10
TRV Y

= V28— V12 =2(V7 - V3)

/4
=2/3 31.

0
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33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

Chapter 5

1 71'/3 1 77/3
u:39,7/ Seczudutanu] =(V3-1)/3
3 w/4 3 /4
1 1,17
u = sin 30, f/ uldu = u3] =-1/9
3 /o 9" |,

1 1
u:4—3y,y=§(4—u), dy:—gdu

1 116—8u+u2 1 4 _1/2 1/2 3/2
4

1|: 1/2 1632 252
= — |32uY? — —u®? + ZuP/?| =106/405
27 3 5 .

9

u=>5+2x /9U5du/9(u1/25u1/2)du2u3/210u1/2} =8/3
"Ji Vu 4 3 4

/6
/ 1 1 23

7T/6 1 1
(b) /0 sin? z(1 — sin® ) cos z dx = (5 sin® z — = sin” :c) = 160 ~ 598 — 2480

/4 1 ™/4 /4
(b) / tan? z(sec? z — 1) dox = 3 tan® - / (sec’* x — 1) dx

—m/4 /4 —m/4
/4
—g+(—tanx+x) —2—2—|—E——é+Z
3 3 2 3 2
—m/4
1 1 [
(a) u:3x—|—l,§/ F(u)du = 5/3 (b) u:3x,§/ F(u)du = 5/3
1 0

0 4
(c) u=a? 1/2[1 f(u)du:fl/Q/O flu)du=-1/2

1 0 1 1
u=1-—ux, / ™1 —a)"de = 7/ (1 —w)™u"du= / u"(1—uw)"du = / 2"(1 —x)"dx
0 1 0 0

sinx = cos(mw/2 — x),

/2 /2 0
/ sin” x dx = / cos(m/2 — x)dx = f/ cos"udu (u=7/2—1x)
0 0 /2

/2 /2
= / cos" udu = / cos"xdx  (by replacing u by x)
0 0




Exercise Set 5.8 223

43.

44.

45.

46.

(a)

(b)

2 1 R Lo [
Vs = ——— VZsin?(2n ft)dt = = fV: [1 — cos(4m ft)]dt
1/f=0Jo 2 0
1/f

1 1. 1
= 5pr2 {t - — s1n(47rft)} = §Vp2, s0 Vems = V,/V2

dr f

0

Vp/V2 =120,V, = 1202 ~ 169.7 V

Let u =t — x, then du = —dx and

/ft—x /f t—udu_/f g(t —u)d

the result follows by replacing w by x in the last integral.

(a)

(b)

xr =

B (a —u) fa—u + f(u) — f(u)

I= fa—u + flu / (a—u)+ f(u) du

_ _ u) 4 Ts0%f —al—

_/0 du /0 f(a—u)—i—f(u)du’l_a Iso2l=a,]=a/2

3/2 (c) w/4

1 1 oo L o
" dx_quu’I_/ll—i-l/uQ(l/UQ)du_/lqﬂ—l—ldU_ISOI_OWhIChIS

1
impossible because o2 is positive on [—1,1]. The substitution u = 1/x is not valid because u
x

is not continuous for all z in [—1, 1].

1
47. / sinraxdr = 2/7

49.

0

(a)

(b)

Let w = —x then

—a

fadr=— [ flcwdu= [ f—wdu=— [ fu)du
so, replacing u by x in the latter integral,

’ flx)dx = — ' f(z)dx, 2 ' f(z)dr =0, ’ flz)dx =

—a

0 a
The graph of f is symmetric about the origin so f(z)dz is the negative of / f(x)dx
—a 0

thus f( Ydx = f dm—l—/ f(z

—a

a 0 0
flx)dx = flx dx+/ f(z)dz, let w = —x in f( Ydx to get

/f du—/f du—/f du—/f
o [ " fo)ds = /O () + /0 F)de =2 /0 f(z)dz

The graph of f(z) is symmetric about the y-axis so there is as much signed area to the left
of the y-axis as there is to the right.

—a
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1
50. (a) By Exercise 49(a),/ xr/cos(z?)dx =0
—1

(b)

u=1z—7/2,du=dz,sin(u+ 7/2) = sinu, cos(u + 7/2) = —sinu

T w/2 /2
/ sin® 2 cos® x dx = / sin® u(—sin® u) du = — / sin'® udu = 0 by Exercise 49(a).
0 —m/2 —m/2

CHAPTER 5 SUPPLEMENTARY EXERCISES

5.

10.

If the acceleration a = const, then v(t) = at + vo, s(t) = Sat? + vot + so.

(a)

(b)
(c)

(a)

(e)

(a)
(c)

(a)

(b)

(c)

2

Divide the base into n equal subintervals. Above each subinterval choose the lowest and
highest points on the curved top. Draw a rectangle above the subinterval going through the
lowest point, and another through the highest point. Add the rectangles that go through the
lowest points to obtain a lower estimate of the area; add the rectangles through the highest
points to obtain an upper estimate of the area.

n = 10: 25.0 cm, 22.4 cm
n =20: 24.4 cm, 23.1 cm

1 1 3 1 3
57171 (b) —1-5=-35
3 35
5-1-=)=-—= d) -2
(-1-9)--5 (@
not enough information (f) not enough information
1 5 . .
3 +2= 3 (b) not enough information
. . 1 13
not enough information (d) 4(2)— 35 =5

/1 dx+/1 V1—22de =2(1)+7(1)*/2=2+7/2

3
é(ﬁ - 1)3/2] - m(3)%*/4 = %(103/2 —1)— 97 /4

1! 1
u =22, du = 2zdr; 5/ V1—udu = §7r(1)2/4 =m/8
0
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11.

12.

13.

14.

15.

16.

17.

The rectangle with vertices (0,0), (m,0), (7, 1) and (0,1) has area m and is much too large; so
is the triangle with vertices (0,0), (m,0) and (7,1) which has area 7/2; 1 — 7 is negative; so the
answer is 357 /128.

I s [k O
-y ,ZE: Az wh - £ ) dAz=1/nfor 0 <z <1. Th
(a) nk-\/; f(x)Az where f(z) = /z, x} /n, and Ax /nfor 0 <z < us

lim — \/> / 2 %dy = =
n—-4oo TL

1<~ (k
b) — )Az wh =at xp =k dAz=1/nfor0<z <1 Th
(b) n;(ﬂ) Zlka x where f(z) = 2*, z} = k/n, and Az = 1/n for x us
AN 1
lim — =] = Yo = -
k=1
4
left endpoints: z} = 1,2, 3,4; Zf(x’,;)Aa: =(24+3+2+1)(1)=38
k=1
4
right endpoints: z}, = 2, 3,4, 5; Zf(:v,’:)Ax =B+2+1+2)(1) =8
k=1

The direction field is clearly an even function, which means that the solution is even, its derivative
is odd. Since sinx is periodic and the direction field is not, that eliminates all but x, the solution
of which is the family y = 22/2 + C.

n n

(a) 1~2+2~3+-~-+n(n+1):ikz(kz+1):ZkQ—i-Zk:

1 k=1 k=1

nn+1)2n+1) + %n(n +1)= %n(n +1)(n+2)

A

3 2 2 3 3
(c) Z ZH—ZJ' 22{22'4—;(2)(3)}:221’4—23:2.;(3)(4)4_(3)(3):21

19

(a) Y (k+4)(k+1) (b) > (k—1)(k—4)
k=0 k=5

For 1 < k < n the k-th L-shaped strip consists of the corner square, a strip above and a strip to

the right for a combined area of 1+ (k—1)+ (k—1) = 2k — 1, so the total area is Z(Qk —1) =n%
k=1
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n n 1
18. 1+3+5+-~-+(2n—1):Z(Qk—1):22k—21:2-§n(n+1)—n=n2
19. (3% -3+ (3°-3%)+-- + (37 -310) =37 -3
1 11 11 50

20. (1-—= et == ) ==

( 2)+<2 3)+ +(50 51) 51

11 11 1 1 1 399
21. (= — — -ttt =ms—= = —1=—=

(22 12)+(32 22>+ +<202 192> 202 100
292. (22 _ 2) + (23 _ 22) 4.+ (2101 _ 2100) — 2101 )

- 1 1 & 1 1
23. (a) ;(%—1)(21@“):22(%—1_%“)

k=1

(1=5)+G3) G2 o ()]

1

(b)

n

0@ Y3 ()

() o) () o
2 2 3 3 4 n n+1
_ 1 _n
- _n—i—l n—+1

(b)

lim =
n—+oo n + 1

25. Z(ml—i’) = ixi —zn:i‘: ixi —nz but z = %ixl thus
i=1 i=1 i=1 i=1

i=1
n n

in:ni‘ SO Z(axi—i):nf—ni:O
i=1 i=1

n n

26. S—rS= Zark — ZarkH
k=0 k=0
=(a+ar+ar’*+---+ar™) — (ar +ar®> +ar3 + -+ - + ar™*tl)
=a—ar"tt =a(1 —r"th)

so (1 —7)S =a(l —r"*1) hence S =a(l —r"*t1)/(1—71)



Chapter 5 Supplementary Exercises 227

27.

28.

29.

30.

31.

32.

33.

34.

19 19
3(1-32) 3
k1 _ ky _ _ 2(320 _ 1
(a) ;3 123(3) s =507 -1
25 25
25(1 _ 226)
b 2k+5 — 252k _ — 231 _ 25
RPTP P

100 k 101
(C) Z(_l) <_21> — (_1)](-1_((_11//2§) ) — _%(1_"_ 1/2101)

(a) 1.999023438,1.999999046, 2.000000000; 2
(b) 2.831059456, 2.990486364, 2.999998301; 3

(a) If u=secx, du = secx tan zdx, /sechtanxd:v = /udu =u?/2+Cy = (sec’2)/2 + Cy;
if u = tanz, du = sec? zdw, /sechtan:de = /udu =u?/2+ Cy = (tan’z)/2 + Cy.

(b) They are equal only if sec? z and tan? x differ by a constant, which is true.

w/4 1 m/4 1
SeC2$] :5(2—1):1/2 and %tanzx}o 25(1_0):1/2

. 2
/ V1+x=2/3dx = /1:71/3\/ 22/3 + 1de; u =22 + 1, du = gxfl/de

g/ul/gdu:u3/2+C: (2?3 +1)32 + C

n

(a) Z fr(z)dx = Z fr(x)dx

¢ k=1 k=14
b
(b) yes; substitute ¢ fx(x) for fi(z) in part (a), and then use /

b
erfr(x)de = ck/ fr(z)dzx
from Theorem 5.5.4 ¢ ¢

| * 1
a ——dt b ——dt
( ) [ 1+ ¢2 ( ) tan(w/4—2) 1+ ¢2
(a) F'(z)= ;27;7; increasing on [3,+00), decreasing on (—o0, 3]
7+ 6x — 22 7T—2x)(1
(b) F'(z) = (+2 f_ 7)? = ( ( Zc)_é 7; x); concave up on (—1,7), concave down on (—oo, —1)
x x

and (7, +00)
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35.

36.

37.

38.

39.

40.

41.

42.

Chapter 5

r—3

(c) Fl(z) = i 0 when = = 3, which is a relative minimum, and hence the absolute
x
minimum, by the first derivative test.
(@) e
3 -
2,
! L1
-10 20
1 1

Fl(x) = (—1/2*) =0 so F is constant on (0, +00).

1+ 22 1 + (1/x)?
(—3,3) because f is continuous there and 1 is in (-3, 3)

(a) The domain is (—oo, +00); F(z) is 0 if z = 1, positive if > 1, and negative if z < 1, because
the integrand is positive, so the sign of the integral depends on the orientation (forwards or
backwards).

(b) The domain is [—2,2]; F(z) is 0 if z = —1, positive if —1 < z < 2, and negative if
—2 <z < —1; same reasons as in Part (a).

The left endpoint of the top boundary is ((b—a)/2, h) and the right endpoint of the top boundary
is (b+a)/2,h) so

2hz /(b — a), z<(b—a)/2
f(x)=< h, (b—a)/2<xz<(b+a)/2
2h(x —b)/(a —b), x> (a+b)/2

The area of the trapezoid is given by

(b*d)/? 2h (b+a)/2 b 2h _ b
/ x der/ hder/ Ldm = (b—a)h/4+ah+(b—a)h/4 = h(a+b)/2.
0 b—a (b—a)/2 (b+a)/2 @ — b

(a) no, since the velocity curve is not a straight line

(b) 25<t<40 (c) 3.54 ft/s (d) 141.5 ft
(e) mo since the velocity is positive and the acceleration is never negative

(f) need the position at any one given time (e.g. sg)

t 1 52 1 t3 52
w(t):/o 7'/7d7':t2/14, assuming wo = w(0) = 0; wave:%/ 152/7(115:%ﬁ 26:676/3
Set 676/3 = t2/14, t—:l: \/ 21, so t = 39.716, so during the 40th week.

54 2sin 3z, du = 6 cos 3xd /1d Lar o L maamsn o
u = S O, au = O COS STAT; —au = -U = — SN o
6y/u 3 3

uz3—|—ﬁ,du-—dm /Q\fdu—f 3240=2 (3—|—f)3/2+0
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C

1 1
du=——+C=

43. u=—azd+b, du=3 2d;/ -
U= et Y ar-aw 3au? 3au 3a2x3—|—3ab+

1 1 1
44. u = ax?, du = 2axdr; — [ sec® udu = — tanu + C = — tan(az?) + C
2a 2a 2a

1 3 1\ 1 !
45. _ _Z i = 192 46. — si 3 =
( 5B +4u4>}_2 389/19 3, Sin° 7w ) 0

b
47. With b = 1.618034, area = / (z + 2% — 2%)dx = 1.007514.
0

1 2 2
48. (a) f(x)= §x2 sin 3z — — sin 3z + —x cos 3z — 0.251607

27 9
) 4

1
49. (a) Solve Zk4 —k—k2+ g =0 to get k = 2.073948.

1 1 1
(b) Solve 5 cos 2k + §k3 + 5= 3 to get k = 1.837992.

¥ t T
50. F(x)= dt, F'(x) = ——, so F'is increasing on [1, 3]; F} = F(3) =~ 1.152082854
0= [t 0= s g on [1.3]; Finax = F(3)

3
and Fy;) = F(1) ~ —0.07649493141

51. (a) | y (b) 0.7651976866 (c) Jo(z) =0if z = 2.404826

0.5 y=Jox)

LN L AN
L 12\ 467 8
-0.5

n _ _ 2

59. lim 25(k — 1) B 25(k — 1) é _ %
n—-00 n n? n 6

CHAPTER 5 HORIZON MODULE

1. v,(0) = 35cosa, so from Equation (1), z(t) = (35cosa)t; v,(0) = 35sina, so from Equation (2),
y(t) = (35sina)t — 4.9¢2.

dx(t) dy(t) .
ke 35cosa, vy(t) = e 35sina — 9.8¢
(b) wvy(t) =35sina — 9.8¢, vy (t) = 0 when ¢t = 35sin/9.8;
y = v, (0)t — 4.9t> = (35sina)(35sin ) /9.8 — 4.9((35sin ) /9.8)? = 62.5sin? @, so
Ymax = 62.5 sin? a.

2. (a) wv.(t) =
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] 2 0004 2
3. t=u1/(35cosa) soy = (35sina)(x/(35cosar)) —4.9(x/(35cos ))? = (tana)r — ——a7;
cos? a
the trajectory is a parabola because y is a quadratic function of x.
4. 65
15° | 25° | 35° | 45° | 55° | 65° | 75° | 85°
no | yes | no | no | no | yes | no | no
0 /120

5. y(t) = (35sina s)t — 4.9t = 0 when ¢ = 35sin a/4.9, at which time
x = (35 cos @)(35sin a/4.9) = 125 sin 2¢v; this is the maximum value of x, so R = 125sin 2a m.

6. (a) R =95 when sin2a = 95/125 = 0.76, o = 0.4316565575, 1.139139769 rad =~ 24.73°,65.27°.
(b) y(t) < 50 is required; but y(1.139) ~ 51.56 m, so his height would be 56.56 m.
7. 0.4019 < a < 0.4636 (radians), or 23.03° < a < 26.57°



