CHAPTER 4
The Derivative in Graphing and Applications

EXERCISE SET 4.1

1. (a) f >0and f">0 (b) f'>0and f’ <0

y hYy

/. yan
% /

(c) f/<O0and f">0 (d) f'<0and f"<0

\ ™
N

_ \

2. (a) y (b) y

/X x
(c) Y (d) Y
3 \ X
3. A dy/dx <0, d®y/dz* >0 4. A dy/dz <0, d®y/dz* <0
B: dy/dx > 0, d*y/dx?® <0 B: dy/dx < 0, d*y/dxz?® > 0
C: dy/dx <0, d*y/dz* <0 C: dy/dx > 0, d*y/dz* < 0
5. An inflection point occurs when f” changes sign: at x = —1,0,1 and 2.
6. (a) f(0) < f(1) since f' >0 on (0,1). (b) f(1) > f(2) since f' <0 on (1,2).
(c) f'(0) > 0 by inspection. (d) f'(1) =0 by inspection.
(e) f"(0) <0 since f’ is decreasing there. (f) f"(2) = 0 since f’ has a minimum there.
7. (a) [4,6] (b) [1,4] and [6, 7] (¢) (1,2) and (3,5)
(d) (2,3) and (5,7) () =z=2,3,5
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8.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

123

(1,2) | (2,3) | (3,4) | (4,5) | (5,6) | (6,7)
1 = - - + + -
T+ T |+ | -
(a) f is increasing on [1, 3] (b) f is decreasing on (—o0, 1], [3, +o0]
(c) f is concave up on (—00,2), (4, +00) (d) f is concave down on (2,4)
(e) points of inflection at x = 2,4
(a) f is increasing on (—oo, +00) (b) f is nowhere decreasing
(c) f is concave up on (—oo, 1), (3, 4+00) (d) f is concave down on (1,3)
(e) f has points of inflection at x =1,
f'(x) =2x-5 (a) [5/2,+00) (b) (=00,5/2]
f(z) =2 (c) (—o0,+0) (d) none
(e) none
J(@) = —2( +3/2) (a) (—00,~3/2 (b) [-3/2,+0)
f(x)=-2 (¢) none (d) (—o0,+00)
(e) none
f(z) = 3(z +2)? (a) (—o0,+0) (b) none
f"(@) = 6(z +2) (¢) (=2,400) (d) (=00,-2)
(e) —2
f/([L') = 3(4 - x2) (a) [_2a 2] (b) (—OO, _Q]a [27 +OO)
f'(@) = —6 (¢) (=0,0) (d) (0,+00)
(e) O
f'z) =122%(z — 1) (a) [1,+00) (b) (—o0,1]
f"'(x) = 36x(x —2/3) (¢) (=00,0), (2/3,+00) (d) (0,2/3)
(e) 0,2/3
f/(:L‘) = 4$($2 - 4) (a) [_2’ 0]7 [25 +Oo) (b) (_OO’ _2]’ [O’ 2}
f'(w) =12(a* — 4/3) (c) (=00,-2/V3), (2/V3,+00)  (d) (-2/V3,2/V3)
(e) —2/V3,2/V3
reoN 4z meoN 322 -2
(a) [0,+00) (b) (=00,0] (¢) (=v/2/3,+v/2/3)
(d) (=00, =v/2/3), (+V/2/3,+00) (e) —v/2/3,v2/3
by 2—a? woo 2x(z® —6)
fiz) = @2 1272 [ (x) = (22 + 2)3
(a) [_\/5’ \/i] (b) (—OO, _\/5]’ [\/57 +OO) (C) (_\/67 O)’ (\/6’ +OO)
(d) (_007 _\/6)7 (0, \/6) (e) _\/67 07 \/6
fl(a) = g(x+2)7%/3 (a) (—o0,+00) (b) none
f(z) = =5z +2)7°/7 (¢) (=o0,-2) (d) (=2,400)
(e) —2
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20.

21.

22.

23.

24.

25.

26.

f(z) = %x’l/?’ (a) [0,+400)
f(x) = —%x_‘l/?’ (c) nome
(e) none
fay =1t @) [-1,+0)
" _ 4('73 - 2) (C) (—O0,0), (27+OO)
f (-’L') - 915/3 (e) 0.2
fioy =120 (@) [1/4,+00)
woo Az +1/2) (c) (—o00,—1/2), (0,+00)
f (‘T) - 9 5/3
z (e) —1/2,0
fl(z) = —sinzx
f"(x) = —coszx
(a) [m,2n] (b) [0,7]
() (m/2,37/2) (d) (0,7/2), (3w/2,27)

(e) m/2,3m/2

f'(z) = 2sin4dx

f"(x) = 8cosdx

(@) (0,7/4], [x/2,37/4

(b) [n/4,7/2], [37/4,7]

(¢) (0,m/8), (37/8,57/8), (7w /8, )
(d) (n/8,37/8), (57/8,7m/8)

(e) w/8,3m/8, 57 /8, Tr/8

f(x) =sec®x

f"(x) =2sec?rtanx

(a) (—7/2,7/2) (b) none

(©) (0,7/2) (d) (-7/2,0)

(e) 0

fl(x) =2—csc?x

f"(x) =2csc®* xcotx = 2:1?;9;

(a) [r/4,3m/4] (b) (0,7/4],[37/4,7)
(¢) (0,7/2) (d) (7/2,m)

(e) /2

Chapter 4

N—— ——
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27.

28.

29.

30.

31.

32.

33.

f'(z) = cos 2z
f(z) = —2sin 2z
(@) [0,m/4], [37/4,7]

(b) [m/4,37/4]

(¢) (7/2,7) (d) (0,7/2)
(e) w/2
f'(x) = —2cosxsinz — 2cosx = —2cosz(1l + sinx)

125

/1

-0.5

f"(z) = 2sinz (sinz + 1) — 2cos? z = 2sinz(sinz + 1) — 2 + 2sin® 2 = 4(1 + sinz)(sinz — 1/2)

Note: 1 +sinz > 0

(a) [m/2,3m/2]
(c) (m/6,57/6)
(e) =/6, 57/6

(a) #
4,¥
5 -
(a) 4
41
> >

(@) f'(z)=3(z—a) f'(z)=6
(b) f'(z)=4(z—a)® f"(z)=1

(b)

(b)

(x — a); inflection point is (a,0)

(b) [0,7/2], [37/2, 2]
(d) (0,7/6), (57/6,2n)

2
Lﬁ

\ Ly

2

2(x — a)?; no inflection points

2r

(c)

For n > 2, f"(z) = n(n — 1)(x — a)"~2; there is a sign change of f” (point of inflection) at (a,0)

if and only if n is odd. For n =1, y = x — a, so there is no point of inflection.

f'(x) =1/3 —1/[3(1 + x)?/%] so f is increasing on [0, +00)
thus if © > 0, then f(z) > f(0)=0,1+2/3 - v/1+2 >0,

Vitr<l+z/3.

2.5
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34.

35.

36.

37.

38.

39.

40.

41.

Chapter 4
f'(z) =sec?x — 1 so f is increasing on [0, 7/2) 10
thus if 0 < 2 < /2, then f(z) > f(0) =0, I
tanz —x > 0, x < tanx. "
/g
0 JZ
0 2
x > sinz on [0,+00): let f(z) =z —sinz. 4

Then f(0) =0 and f'(z) =1 — cosz > 0, i
so f(x) is increasing on [0, +00). "

0 \4

Let f(x) =1 —2%/2 —cosz for z > 0. Then f(0) = 0 and f'(x) = —x + sinz. By Exercise 35,
f'(z) <0 for x>0, s0 f(z) <O for all z > 0, that is, cosz > 1 — 22/2.

Points of inflection at z = —2, +2. Concave up 250
on (—5,—2) and (2,5); concave down on (—2,2).
Increasing on [—3.5829,0.2513] and [3.3316, 5],

and decreasing on [—5, —3.5829] and [0.2513, 3.3316].

-5 5
—250
Points of inflection at = +1/+/3. Concave up 1
on [~5,—1/+/3] and [1/4/3, 5], and concave down
on [~1/v/3,1/4/3]. Increasing on [—5, 0]
. -5 5
and decreasing on [0, 5].
-2

F(a) = ,902* — 81a? — 585 + 397

(322 — bz + 8)3
hence the z-coordinates of the points of inflection of f(x) are the roots of the numerator (if it
changes sign). A plot of the numerator over [—5, 5] shows roots lying in [—3,—2], [0,1], and [2, 3].
To six decimal places the roots are x = —2.464202,0.662597, 2.701605.

. The denominator has complex roots, so is always positive;

. 225 + 53 + 142 + 30z — 7
f'(x) =

(22 + 1)5/2
sign, since the denominator is always positive. A plot of y = 22° 4 523 + 1422 + 30z — 7 shows that
there is only one root and it lies in [0, 1]. To six decimal place the point of inflection is located at
x = 0.210970.

. Points of inflection will occur when the numerator changes

f(x1) — f(w) = 22 — 23 = (11 +22) (21 —22) < 0if 21 < 23 for @1, x5 in [0, +00), so f(x1) < f(xa)
and f is thus increasing.
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42.

43.

44.

45.

46.

47.

48.

49.

50.

51.

1 1 —
flxy) — flag) = — — — = 70 > 0 if 1 < xo for x1, x9 in (0,400), so f(z1) > f(z2) and
T T2 T1X2

thus f is decreasing.

(a) If 1 < w2 where x1 and x5 are in I, then f(z1) < f(z2) and g(z1) < g(z2), so
flx1) + g(z1) < f(z2) + g(z2), (f + 9)(z1) < (f + g)(x2). Thus f + g is increasing on I.

(b) Casel: If f and g are > 0 on I, and if 7 < x5 where x1 and x5 are in I, then
0 < f(z1) < f(x2) and 0 < g(21) < g(x2), so f(z1)g(x1) < f(z2)g(x2),
(f-9)(x1) < (f - g)(x2). Thus f - g is increasing on I.
Casell: If f and g are not necessarily positive on I then no conclusion can be drawn: for
example, f(x) = g(xr) = x are both increasing on (—o00,0), but (f - g)(z) = z? is
decreasing there.

(a) flz) ==, g(z) =2z (b) f(z) == g(x)=2+6 (¢) flx) =2z, g(x) =2
(a) f"(z) = 6ax + 2b = 6a (a? + 3(;), f"(x) = 0 when z = —3%. f changes its direction of

concavity at z = ~3, SO ~3, is an inflection point.
a a

(b) If f(x) = ax® + bx® + cx + d has three z-intercepts, then it has three roots, say z, xo and
r3, s0 we can write f(x) = a(z — x1)(z — 22) (2 — 23) = az® + bx? + cx + d, from which it

follows that b = —a(z1 + x2 + x3). Thus —— = —(x1 + x2 + x3), which is the average.

3a 3
(c) f(z)=z(z?—32%2+2) = z(z — 1)(z — 2) so the intercepts are 0, 1, and 2 and the average is
L ()

=62 — 6 = 6(x — 1) changes sign at z = 1.

b
f"(z) = 6z + 2b, so the point of inflection is at = = -3 Thus an increase in b moves the point of
inflection to the left.

(a) Let 1 < x2 belong to (a,b). If both belong to (a,c] or both belong to [¢,b) then we have
f(z1) < f(x2) by hypothesis. So assume z; < ¢ < z3. We know by hypothesis that
f(z1) < f(e), and f(c) < f(z2). We conclude that f(z1) < f(x2).

(b) Use the same argument as in Part (a), but with inequalities reversed.

By Theorem 4.1.2, f is increasing on any interval [(2n— 1), 2(n+1)7] (n = 0,£1,42,--+), because
f'(x) =1+ cosz > 0on ((2n — 1)m, (2n + 1)m). By Exercise 47 (a) we can piece these intervals
together to show that f(x) is increasing on (—o0, +00).

By Theorem 4.1.2, fis decreasing on any interval [(2nm+7/2,2(n+ )7 +7/2] (n = 0,£1,42,--+),
because f/'(r) = —sinz+1 <0 on ((2nm+7/2,2(n+ 1)7 +7/2). By Exercise 47 (b) we can piece
these intervals together to show that f(z) is decreasing on (—oo, +00).

By zooming on the graph of y'(¢), maximum increase is at z = —0.577 and maximum decrease is
at x = 0.577.
y 52. Y
2F 4r
infl
" i’t 37 infl pts

[\S)
T
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53. (a) ¢g(z) has no zeros:
There can be no zero of g(x) on the interval —oo < = < 0 because if there were, say
g(xo) = 0 where xg < 0, then ¢’(x) would have to be positive between & = xy and = = 0, say
g'(x1) > 0 where zo < 1 < 0. But then ¢’(z) cannot be concave up on the interval (z1,0),
a contradiction.

There can be no zero of g(z) on 0 < z < 4 because g(z) is concave up for 0 < z < 4 and thus

2
the graph of g(z), for 0 < x < 4, must lie above the line y = fgx + 2, which is the tangent

line to the curve at (0,2), and above the line y = 3(x —4) +3 =3z — 9 also for 0 < z < 4
(see figure). The first condition says that g(z) could only be zero for > 3 and the second
condition says that g(x) could only be zero for x < 3, thus g(z) has no zeros for 0 < x < 4.

Finally, if 4 < = < 400, g(x) could only have a zero if ¢’(xz) were negative somewhere
for x > 4, and since ¢'(z) is decreasing there we would ultimately have g(z) < —10, a
contradiction.

(b) one, between 0 and 4
(c) We must have lir}_l g'(z) = 0; if the limit were —5
r—T00
then g(x) would at some time cross the line x = —10;
if the limit were 5 then, since g is concave down for

z > 4 and ¢'(4) = 3, ¢’ must decrease for z > 4 and
thus the limit would be < 4.

EXERCISE SET 4.2

L@y (b) y

NVl .

(c) Y o (d) Y

fx)

2. (a) y (b) Iy/\

(c) Y (d) N
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3.

10.

11.

12.

(a)
(b)

(a)

(b)

(c)

(a)
(b)
(c)

(a)
(b)
(c)

(a)
(b)

(a)
(b)

(a)
(b)

(a)
(b)

(a)
(b)

(a)

(b)

f'(x) =6z — 6 and f’(x) = 6, with f'(1) = 0. For the first derivative test, f/ < 0 for z < 1
and f' > 0 for z > 1. For the second derivative test, f”(1) > 0.

f'(r) = 322 — 3 and f"(x) = 6x. f'(x) = 0 at x = +1. First derivative test: f’ > 0 for
z<—land z>1,and f/ <0 for —1 < z < 1, so there is a relative maximum at x = —1,
and a relative minimum at x = 1. Second derivative test: f” < 0 at x = —1, a relative
maximum; and f” > 0 at = 1, a relative minimum.

f'(x) = 2sinz cosx = sin 2z (so f/(0) = 0) and f”(x) = 2cos2z. First derivative test: if x is
near 0 then f' < 0 for x < 0 and f/ > 0 for > 0, so a relative minimum at = 0. Second
derivative test: f”(0) =2 > 0, so relative minimum at x = 0.

g'(z) = 2tanzsec’ x (so ¢’(0) = 0) and ¢”(z) = 2sec? z(sec? x + 2tan? x). First derivative
test: ¢’ < 0forz < 0and g’ > 0 for x > 0, so a relative minimum at x = 0. Second derivative
test: ¢’/(0) = 2 > 0, relative minimum at x = 0.

Both functions are squares, and so are positive for values of x near zero; both functions are
zero at x = 0, so that must be a relative minimum.

fl(x)=4(x—-1)3¢g ()—390 —6x+3sof() g (1) =0.

f"(x) =12(z — 1), ¢"(x) = 62 — 6, so f"(1) = ¢g"'(1) = 0, which yields no information.
ff<0forzx <1 and f' > 0 for x > 1, so there is a relative minimum at =z = 1;
g'(z) = 3(x — 1)%2 > 0 on both sides of = 1, so there is no relative extremum at x = 1.

f'(z) = =5z, ¢'(x) = 1223 — 242% so f/(0) = ¢’(0) = 0.

" (x) = 2023, ¢ (x) = 362 — 48z, so f(0) = ¢g”(0) = 0, which yields no information.

f’ < 0 on both sides of z = 0, so there is no relative extremum there; ¢’(z) = 122?(z —2) < 0
on both sides of z = 0 (for « near 0), so again there is no relative extremum there.

f(z) =322 + 62 —9=3(x+3)(x — 1), f/(z) =0 when z = —3,1 (stationary points).
f'(x) = da(2® — 3), f'(z) = 0 when z = 0, /3 (stationary points).

f(z) =6(z% — 1), f'(z) = 0 when z = 41 (stationary points).
f(z) = 1223 — 122% = 122%(x — 1), f'(z) = 0 when z = 0, 1 (stationary points).

(@) = (2 —2?)/(2* +2)2, f'(x) = 0 when x = /2 (stationary points).
f(z) = 22713 =2/(32'/3), f'(z) does not exist when z = 0.

() =8x/(x?+ 1)%, f'(x) = 0 when x = 0 (stationary point).
f/(@) = 3(x+2)"%3, f/(x) does not exist when z = —2.
4 1
f(z) = (327;3)’ f'(x) = 0 when & = —1 (stationary point), f’(x) does not exist when
z=0

f'(z)= —3sin3z, f'(x) = 0 when sin3z = 0,3z =nm,n=0,£1,42,...
x=nn/3,n=0,£1,£2, ... (stationary points)

Az —3/2)

f(z) = EETTER f/(x) = 0 when = = 3/2 (stationary point), f/(z) does not exist when

z =0.
o - sinz, sinz>0 o cosxz, sinz >0
f(z) = [sinz| = { —sinz, sinz <0 s0 f'(x) = —cosx, sinx <0
not exist when « = nmw, n = 0,£1,42,... (the points where sin x = 0) because
lim f'(x) # lim+ f'(z) (see Theorem preceding Exercise 75, Section 3.3). Now f/(x) =

when + cosxz = 0 provided sinz # 0 so x = 7/2+nmw, n = 0,+1, 42, ... are stationary points.

and f'(z) does
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13.

14.

15.

16.

17.

18.

19.

20.

21.

(a)
(b)
(c)

(a)
(b)
(c)

(a)
(b)
(c)

none
z =1 because f’ changes sign from + to — there
none because f” =0 (never changes sign)

x =1 because f’(z) changes sign from — to + there

~— —

x = 3 because f’(z) changes sign from + to — there

x = 2 because f”(z) changes sign there

x = 2 because f’(x) changes sign from — to + there.
x = 0 because f’(x) changes sign from + to — there.
x = 1,3 because f”(z) changes sign at these points.

Chapter 4

(a) z=1 (b) z=5 (¢) z=-1,0,3
(a) critical numbers z = 0, +/5; f: - - ?+ + ?* - ? + ot
5 0 s
x = 0: relative maximum; x = ++/5: relative minimum
(b) critical number z = 1,—1; f”: + 4+ ? - - - ? + 4+
-1 1
x = —1: relative maximum; z = 1: relative minimum
(a) critical numbers z = 0,-1/2,1; f": +o+ o+ ? - ? - - - ? +
1
) 0 1
x = 0: neither; x = —1/2: relative maximum; z = 1: relative minimum
(b) critical numbers: z = +3/2, —1; f”: + o+ ? - - T + o+ ? - -
_3 1 3
2 2
x = £3/2: relative maximum; = = —1: relative minimum
f'(x) = =2(x + 2); critical number x = —2; f'(z): t++0 - - -
|
-2
f'(x) =—=2; f"(-2) <0, f(—2) = b; relative maximum of 5 at © = —2
f'(z) = 6(x — 2)(x — 1); critical numbers z = 1,2; f/(x): to+ o+ ? - - - ? + o+ o+
1 2

f'(z) =122 — 18; f"(1) < 0, f”(2) > 0, f(1) = 5, f(2) = 4; relative minimum of 4 at = = 2,
relative maximum of 5 at z =1

f'(x) = 2sinx cos x = sin 2x;

++0--0++0 - -
critical numbers = /2, 7, 37/2; f'(z): ! I I
z 3z
2 z 2

f(z) = 2cos2x; f"(n/2) <0, f'(m) >0, f"(3w/2) <0, f(7/2) = f(3r/2) =1,

f(m) = 0; relative minimum of 0 at = = 7, relative maximum of 1 at = = 7/2, 37/2
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22,

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

f'(x) = 1/2 — cosx; critical numbers x = /3, 57/3; f'(x):

- -0++4+++0 - -
I |
z R4
3 3

f"(z) = —sinx; f’(7/3) <0, f"(57/3) >0
f(r/3) =m/6—V3/2, f(5r/3) =57/6+/3/2;

relative minimum of 7/6 — v/3/2 at x = 7/3, relative maximum of 57/6 +/3/2 at = 57/3
f'(z) = 32 + 5; no relative extrema because there are no critical numbers.

f'(x) = 4x(2® — 1); critical numbers z = 0,1, —1
f"(@) = 122% — 4; f7(0) <0, f"(1) >0, f"(~1) >0
relative minimum of 6 at x = 1, —1, relative maximum of 7 at x =0

f'(z) = (x — 1)(3z — 1); critical numbers x =1,1/3
f"(x)y=6x—4; f"(1) >0, f"(1/3) <0
relative minimum of 0 at « = 1, relative maximum of 4/27 at x = 1/3

f'(z) = 222(2x + 3); critical numbers z = 0, —3/2
relative minimum of —27/16 at = —3/2 (first derivative test)

f(x) = 4x(1 — 2?); critical numbers z = 0,1, —1
f'(@) =4 —122% f"(0) > 0, f"(1) <0, f"(=1) <0
relative minimum of 0 at x = 0, relative maximum of 1 at x =1, —1

f'(z) = 10(2x — 1)%; critical number x = 1/2; no relative extrema (first derivative test)
f/(z) = 2271/%; critical number z = 0; relative minimum of 0 at = = 0 (first derivative test)

f(z) =2+ 2271/3; critical numbers x = 0, —1/27
relative minimum of 0 at « = 0, relative maximum of 1/27 at z = —1/27

f'(z) = 2x/(z? + 1)?; critical number z = 0; relative minimum of 0 at x =0
f'(z) = 2/(x + 2)?; no critical numbers (z = —2 is not in the domain of f) no relative extrema

fi(z) =2z if |z| > 2, f'(z) = -2z if |2] < 2,
f'(z) does not exist when x = £2; critical numbers z = 0,2, —2
relative minimum of 0 at x = 2, —2, relative maximum of 4 at z =0

flx)=—1ifzx <3, f/(x) =2xif z >3, f/(3) does not exist;
critical number x = 3, relative minimum of 6 at x = 3

f'(x) = 2cos2z if sin 2z > 0, 1
f'(x) = =2 cos 2z if sin2z < 0,

f/(x) does not exist when z = 7/2, 7,37 /2;

critical numbers © = 7 /4,37 /4,57 /4, Tn /4, 7/2, 7,372

relative minimum of 0 at = /2, 7, 37/2;

relative maximum of 1 at « = /4, 3w /4,57 /4, Tr /4
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36. f'(z) = /3 + 2cosx; critical numbers x = 57/6, 77 /6 12
relative minimum of 7v/37/6 — 1 at x = 77 /6;
relative maximum of 5v/37/6 + 1 at = 57/6

0 &7
0
37. f'(x) = —sin2z; critical numbers z = 7/2, 7, 37/2 L
relative minimum of 0 at x = 7/2, 37/2;
relative maximum of 1 at x =7
0 Y 2n
0
38. f'(x) = (2cosz —1)/(2 — cosz)?;

critical numbers © = /3, 57/3
relative maximum of v/3/3 at x = /3,
relative minimum of —v/3/3 at x = 57/3

=
TTTTTN oo

|

(=]
f ——

|
=]
cof TTrrrrT

39. Relative minima at x = —3.58, 3.33; 40. Relative minimum at x = —0.84;
relative maximum at x = 0.25 relative maximum at x = 0.84
250 1.2
- 2 / 2
-250 -1.2
41. Relative minimum at x = —1.20 and 42. Relative maximum at x = —0.78 and
a relative maximum at z = 1.80 a relative minimum at x = 1.55
y Ay
F(x) £
1
fx0 5

I==3

| | \x
—4 —2‘\ 2of 4 4
1
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43.

44.

45.

46.

47.

48.

49.

[

)7x4+3x272:17
o (22 +1)2 2

23 —322 -3z +1 £
" — 72
f"(x) (x2 + 1) /><
=T T NI | LA 1] X
2

Relative maximum at x = 0,
relative minimum at x =~ 0.59

fla) = 2w
2vxt — cos?x
() 622 — cos2z  (4a® — sin2x) (423 — sin 2z)
z) = -

Relative minima at x ~ 40.62, relative maximum at z =0

(b)

(a)

(a)
(b)

423 — sin 2z

Vat +cos?x 4(x* 4 cos? z:)3/2

5 k , k 2% — k .
Let f(r) = 2 + —, then f'(z) = 2z — — = ———. f has a relative extremum when
x x x
223 — k=0, so k = 223 = 2(3)3 = 54.
kE— x2

Let f(z) = ﬁ, then f'(z) =

k=22=32=09.

m. f has a relative extremum when k — 22 = 0, so

relative minima at z ~ +0.6436, (b) = 10.6436,0
relative maximum at x =0

y

L1
-15 -051 05 L5

(—2.2,4),(2,2.2),(4.2,3)

f! exists everywhere, so the critical numbers are when f’ = 0, i.e. when = +2 or r(x) = 0,
sox~ —5.1,-2,0.2,2. At x = —5.1 f’ changes sign from — to +, so minimum; at z = —2
f' changes sign from + to —, so maximum; at x = 0.2 f’ doesn’t change sign, so neither; at
z = 2 f’ changes sign from — to +, so minimum.

Finally, f”(1) = (12 — 4)r'(1) + 2r(1) & —3(0.6) + 2(0.3) = —1.2.

g'(x) exists everywhere, so the critical points are the points when ¢'(z) = 0, or r(x) = x, so r(x)
crosses the line y = z. From the graph it appears that this happens precisely when = = 0.

f/
f/
I

1

(z) = 3az? + 2bz + ¢ and f'(x) has roots at = = 0,1, so f’(z) must be of the form
(x

)
) = 3ax(xz — 1); thus ¢ =0 and 2b = —3a, b = —3a/2. f"(x) = 6ax + 2b = 6ax — 3a, so
) >0 and f”(1) < 0 provided a < 0. Finally f(0) =d, so d = 0; and

fy=a+b+ct+d=a+b=—a/2s0a=—2. Thus f(x) = —22° + 322,
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50. (a)

(b)

Chapter 4

Because h and g have relative maxima at xg, h(z) < h(zg) for all z in I; and g(x) < g(zo)
for all x in I, where I; and I> are open intervals containing zy. If z is in both I; and I
then both inequalities are true and by addition so is h(x) + g(x) < h(zo) + g(x¢) which shows
that h + g has a relative maximum at x.

By counterexample; both h(z) = —z? and g(z) = —22? have relative maxima at x = 0 but
h(x) — g(x) = 22 has a relative minimum at z = 0 so in general h — g does not necessarily
have a relative maximum at xg.

51 () § ® @
| |
|
|K | |
| | |
L3 L -
f(zo) is not an f(zo) is a relative f(zo) is a relative
extreme value. maximum. minimum.
EXERCISE SET 4.3
1. y=2%-22x-3; 2. y=1+x—2% 3. y=a%-3z+1;
y' =2(z — 1); y' = —2(z - 1/2); y =3(x* - 1);
y// — 2 yl/ — 72 y// — 6$
y Ay y
15 L
(2 4) -1.3)

AN

4. y=22> 322+ 122 +9; 5. y=az*4+22% - 1; 6. y=ux*—22%—12;
Y =6(z? —z+2); y' = 42%(z + 3/2); y' = dx(2® - 1);
y' =12(x —1/2) Yy’ =12z(x 4+ 1) y" =12(2% - 1/3)
y Ay
B 10[-

,\
L
I
Z
A
=

L [, -12) g

(-1,-13) (1,-13)

(8 | Ge-w)” | )

V3© 9 W37 9
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y = 23(32% - 5);

y' = 152%(2? — 1);
y" = 30x(22% — 1)

Ay
(%)
(-1,2)

10. y=a*(z +5);
y' =52%(z +4);
y" =202%(x + 3)

y
(-4,256) 300 |-
| / | | | X
/ 0,0)
(-3, 162)
2
X
13. = :
Yy 21
;L 2x )
y_ 2(32° +1)
(@2 —1)3
Ay
| |
| |
| L
| |
_____ I —_——— I_____
y=1 H T
| (0, 0)|

Il
—_

135
8. y=3x3(x+4/3); 9. y=z(xr—1)3
y' = 1222 (x + 1); y = (4o — 1)(x — 1)%;
y" = 36z(x +2/3) y' =62z —1)(x—1)
y y
B 0.1}~
i ‘x
o x .0
0.0) o\ S 5)
f e 2)
-1,-1 2 16
e N
11. y=2z/(z - 3); 12, y=—- T
T
y =—6/(x—3)% )
v =12/(r 3" g AL
y @ 1p
- }K ,,:2m(m2+3)
yoo | ! (@ =1
| ol \]—\ [ X
\ |
C Al
C :x=3
X
22 -1
14. = ;
V=
;L dr
Yy = (x2 + 1)27
) A(1L - 347)
(.732 + 1)3
7)’
- -
N T s
X
AN
| ©,-D
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5 1 3 —1 222 —1
15. y=a"——= ; 16. y=—73—;
T T T
223 +1 2
y/: 22 ) Y _{E?”
6
.11 n_ _ =
y’OWhenz\S/;%O.& -
3 Ly
y//:Lg_l) y:z___ _____
x ﬁ_
y [ L1 X
~(~0.8, 1.9)|_ I
| | | | ‘)C
(1,0)
3 —1
) 6> 162
Y= e Y=
@+ 12 e
3
"_ 12$(31 —2.'1; ) y 16(31‘2 +4)
(3 4+1) vy = (4 —22)3
y
y
= x=—2: N :x:2
f \/
=] ' \{/
i e
’/(1/%51/3) \\\:\\:\\\x
0.-n oL
B | N |
| |
B | B |
| - |
| |
r—1
19. =
y 1'2 47 y
;L 22 —2x+4
R =]
,,72x373x2+12x74
BT

(0.36, 0.16)
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z+3

z2 —4’

, (@ +6z+4)

V=

_2x3+9x2+12x+12
R

20. y= 21.

1

345 B

la | |l al | l la@ B | | X

/:/" 2 ”
|

-3++5

_523_513_3 L

$2—1_ z+1

-1 2?+ax+1
z(x + 2)

(2 4+ 2 +1)2

_ 23+ 322 -1

S (@24 +1)3

22, y=

)
/

Y =-

1

¥

0, 1)
(0.53,0.84)
(-0.65, 0.45)

i/,_,/ 2
1
(2.-3)

(-2.88,-029) _,|

—

X

24, y=3—— — —; 25.

23.

J— 1 .
y_sc—27
Y = !

(z —2)?

y

1_

(x—1)%
Y= 22
2(x—1)
y=—3
s 2(3—2x)
==

z—1
y=4+—3
,__33:—4
Yy = 25

3r—5
//:4 x6

N

5 2554

3> 625

137
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3 1

26. y=2+4+-— —;

y=it T w V(1.4

, 3(1 —.%'2)' : / (\/§,2+§\F2)

Yo _L.:/__\___

6(1’2—2) 1 PR

y//: o 1

27. (a) VI (b) I (c) III (d) V (e) IV (£) 11

28. (a) When n is even the function is defined only for x > 0; as n increases the graph approaches
the line y =1 for z > 0.

y

(b) When n is odd the graph is symmetric with respect to the origin; as n increases the graph
approaches the line y = 1 for > 0 and the line y = —1 for z < 0.

y
X
29. y=+vz2—1; 30. y= a2 —4;
y/ — z ; y/ _ 2x .
z2—1 3(x2 — 4)2/37
1 2
y” = 1 _ 2(3$ +4)
CEEE 02 43
J y
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31. y =2z + 32%/5;

32. y =4dx — 32%/3;

139

33. y=a(3—2)"?%

y =24 25713 y =4 — 4213, , 3(2—m)
y' = —21‘_4/3 " _ _é$—2/3 23—z’
3 3 "n_ 3(1‘—4)
y Ly 4(3 — x)3/2
5 3
D 2,2)
[ | L ¥ B
1 L
i S O\ G
: E 4 -
8 -1
34. y=a'34—1); 35. y= (Ve );
x
4(1 —x)
r_ . 42 —/x
31‘2/3 ' y/: ( xzf)7
4(z +2)
"= = 2(3y/x — 8
93’,‘5/3 yI/: ( \(1:73 )
y
10
A
1,3 -
2 N 42 (33)
1 L1 1 1 I~
(-2,-612) 15
—10L
1
36. y= +\/E; Y
1—+z L :le
R "
Y=o z(l—va) L(5.2)
”:L ‘2 I L X
223/2(1 - /z)? O i ey e
Lo
|
=l
|
o
|
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37.

39.

41.

43.

y =z +sinz; 38.
y =1-+cosz, y =0 when z = 7 + 2nm;
"o : . 1 __ —
y" = —sinx; y” =0 when x = n7w
n=0+1,42,...
}7
T
| | | X
T

Yy =sinz + cos x; 40.

y' = cosx — sin z;
y' =0 when z = w/4 + nm;
Yy’ = —sinx — cos z;

y” =0 when x = 37/4 + nrw

y=sin2x, 0<z < 2m; 42,

y' = 2sinx cosx = sin 2x;
y" = 2cos2x

y
1

2

24

(a)

lim y=—o0, lim y= 4oc;
Tr——00 r— 400

curve crosses x-axis at x = 0,1, —1

Chapter 4

Y =T — COSZ;

y =1-+sinx;
y' =0 when z = —7/2 + 2nm;
y" = cos x;
y”" =0 when x =7/2 4+ nrw
n=0,+1,42,...

AY

s

y:\/§c03x+sinx;

y' = —v/3sinz + cos x;

y' =0 when z = 7/6 + nm;
Y :—\/gcosx—sinx;

y” =0 when x = 27/3 + nrw

y=xtanx, —m/2 <z < 7/2;

y' = xsec? x4+ tanx;

y' =0 when z = 0;

y" = 2sec? z(ztanx + 1), which is always
positive for —7/2 < x < 7/2

y

S
[SIE]

(b)

lim y = +4o0;
r—Fo0
curve never crosses r-axis
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(¢) lim y=-o0, lim y=+4o0; (d) lim y=+oc;
T——00 T——+00 rz—+o0
curve crosses r-axis at r = —1 curve crosses z-axis at x =0, 1
hy y
04
0.2
X
1 1
02
44. (a) ¥ AY y
\a b/ X X a b X
\/ u b
(b) y y
| J X
@) b
X
a b
() y
\L X
45. (a) horizontal asymptote y = 3 (b) horizontal asymptote y = 1
as x — +oo, vertical asymptotes as x — oo, vertical asymptotes
at x = £2 at x = =£1
y y
10~ 10~
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46.

47.

48.

Chapter 4

(c) horizontal asymptote y = —1 (d) horizontal asymptote y = 1
as x — Fo00, vertical asymptotes as x — Fo00, vertical asymptote
at x =—-2,1 at x = —1,2
y y
10+ Un

_10,

(jb

b b b
Symmetric about the line x = % means f <a—2i_ + x) =f (a;— — :c) for any x.

a+b a—2> a+b

Note that +xfa::z:fTand

, and the same equations are

+zr—-—b=x+ a-
true with x replaced by —z. Hence

(o) (57 () (o) - (5)

The right hand side remains the same if we replace x with —z, and so the same is true of the
left hand side, and the same is therefore true of the reciprocal of the left hand side. But the

b
reciprocal of the left hand side is equal to f (CL; + x) Since this quantity remains unchanged

. . o . +
if we replace x with —z, the condition of symmetry about the line x = QT has been met.

lim {P(?—(ax—i—b)} = wgrinoo ggx; = 0 because the degree of R(x) is less than

the degree of Q(x).
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z2 -2 2
=2 — — S0
T

49. y=

y = x is an oblique asymptote;

(x —2)°
2 2

122 — 8

51. y= =x—6+ S0

y =z — 6 is an oblique asymptote;

= (x — 2);3(90 +4)

-10 7y=x-6
(-4,-135)
/ -
/
/,
/
V,
1 1 -1 1)2
53. y:x—i_l_i_ﬁ:(x)#
X X X

y = x + 1 is an oblique asymptote;

, (r+1)(2? — 2 +2)

x3 ’

11 2(‘7" + 3)

V==

)

52. y=

2 —2r—3

50. y=———=x—-4 SO
4 T+ 2 o + r+2
y = x — 4 is an oblique asymptote;

, i+d4z-1 10
Y=—""5o2 'Y = 7 T3
(z+2)? (z 42)
y
|
x==2|r
|
| I 4 | X
-10 :‘// 10
y:x_4//{ =(0.24, -1.52)
/Y 2(-4.24, ~10.48)

54. The oblique asymptote is y = 2z so (223 — 3z +4)/2? =22, -3z +4 =0, x = 4/3.

143



56.

57.

58.

r—+o0 rx—+o0
1 341 1 223 — 1
y:x2+f—x+ Y =2 - & = x2 ,
X X X
2 2341
(D pipea (x: )7y’:0Whenx:1/\3/§%0.8,
X

y=23v2/2~1.9;y" =0whenz=—1,4y =0

r—+o0 r—+o0
2 243z —2° 2 2(z2 + 1
y=3—24 = o x,y’:—Zas——z— (x;—)
x x
4 2(z3 — 2
"=-2+—5=- (x3 ),y’—OWhenx——l,y—O,
x

Let y be the length of the other side of the rectangle,
then L = 2242y and xy = 400 so y = 400/z and hence
L =22+ 800/x. L = 2x is an oblique asymptote (see
Exercise 48)

800  2(z?* + 400)

L=og4 o8 = 2 A0
x x
oy S0 _ 2 400)
x x
L 1600
x3

L' =0 when z = 20, L = 80

Let y be the height of the box, then S = z2 + 4xy and
x?y = 500 so y = 500/x2 and hence S = z? + 2000/z.
The graph approaches the curve S = z2 asymptotically
(see Exercise 63)

2000 23 + 2000

S:m2+ = 5
x x
2 2(z3 -1

& — 9 0(2)0: (z 2000)7
x x
4 2(x3 4+ 2

S 9y 020: (z +3 000),
x x

S"” =0 when z = 10,5 = 300

Chapter 4

100

1000

A
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59. y =0.12*(6z — 5);
critical numbers: = 0, z = 5/6;
relative minimum at = 5/6,
Y~ —6.7x 1073

0.01

60. 3y =0.12%(z + 1)(7x +5);
critical numbers: x =0, z = —1, x = —5/7,
relative maximum at z = —1, y = 0;
relative minimum at * = —5/7, y ~ —1.5 x 1073
EXERCISE SET 4.4
1. (a) Dpositive, negative, slowing down 2. (a) positive, slowing down

(b) positive, positive, speeding up
(¢) negative, positive, slowing down

3. (a) left because v =ds/dt <0 at tg

(b) negative, slowing down
(c) positive, speeding up

(b) negative because a = d*s/dt? and the curve is concave down at to(d%s/dt* < 0)

(c) speeding up because v and a have the same sign

145

(d) v<0anda>0 at ¢; so the particle is slowing down because v and a have opposite signs.

4. (a) I ) I (¢) II 5. s(m)

A

6. (a) whens>0,s00<t<2and4<t<8
(c) when s is decreasing, so 0 <t < 3

0\\\\\\’
1 2 3 4 5 6 L

e ~15}

o 2WA

!
6

t(s)

(b) when the slope is zero, at t = 3
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8. (a) v=(30—10)/(15—-10)=20/5=4m/s
(b) v a

25 \ﬁs

(1) )

9. (a) At 60 mi/h the slope of the estimated tangent line is about 4.6 mi/h/s. Use 1 mi = 5,280
ft and 1 h = 3600 s to get a = dv/dt ~ 4.6(5,280)/(3600) ~ 6.7 ft/s>.

(b) The slope of the tangent to the curve is maximum at t = 0 s.

10. (a) [¢] 1 2 3 4 5
s| 071 100 o071 000|071
v| 056] 0.00]—-0.56]—-0.79]—0.56
a

—0.44 | —0.62 | —0.44 0.00 0.44

(b) to the right at ¢ = 1, stopped at ¢ = 2, otherwise to the left
(c¢) speeding up at t = 3; slowing down at ¢t = 1,5; neither at t = 2,4

11. (a) wv(t) =3t2 —12¢, a(t) = 6t — 12
(b) s(1) = =5 ft, v(1) = =9 ft/s, speed = 9 ft/s, a(1) = —6 ft/s>
(c) v=0att=0,4
(d) fort >0, v(t) changes sign at t = 4, and a(t) changes sign at ¢ = 2; so the particle is speeding
up for 0 < ¢t < 2 and 4 < t and is slowing down for 2 <t < 4
(e) total distance = |s(4) — s(0)| + [s(5) —s(4)] =] —32—0]+| — 25— (—32)| =39 ft

12. (a) wv(t) =4t — 4, a(t) = 12t>
(b) s(1) = —1ft, v(1) =0 ft/s, speed = 0 ft/s, a(1) = 12 ft/s?
(c) v=0att=1
(d) speeding up for ¢t > 1, slowing down for 0 < ¢ < 1
(e) total distance = |s(1) — s(0)| + |s(5) —s(1)| =|—1—2| + |607 — (—1)| = 611 ft

13. (a) wv(t) = —(3m/2)sin(nt/2), a(t) = — (372 /4) cos(nt/2)
(b) s(1) =0 ft, v(1) = —37/2 ft/s, speed = 37/2 ft/s, a(1) = 0 ft/s?
(c) v=0att=0,2,4
(d) v changes sign at ¢t = 0,2,4 and a changes sign at ¢t = 1,3, 5, so the particle is speeding up
for0<t<1,2<t<3and4 <t <5, and it is slowing down for 1 <t <2 and 3 <t <4
(e) total distance = [s(2) — s(0)] + |s(4) — s(2)] + |s(5) — s(4)]
=|—-3-3|+3—-(=3)|+]0—-3] =15 ft

4 — 2 2t(t? — 12)
—_— a(t) = 7
(12 + 4)2 (t2 + 4)3
(b) s(1) =1/5 ft, v(1) = 3/25 ft/s, speed = 3/25 ft/s, a(1) = —22/125 ft /s>
(c) v=0att=2
(d) @ changes sign at t = 2v/3, so the particle is speeding up for 2 < ¢t < 2v/3 and it is slowing
down for 0 < ¢ < 2 and for 2v/3 < t

14. (a) o(t) =

5 1] 19
total distance = |s(2) — —s(2) = |~ — 2 g
(e) total distance = |s(2) — s(0)[ + |s(5) — s(2)] ‘ O‘Jr 59 4‘ .
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15.

16.

17.

18.

19.

147

5— t? 2t(t? — 15)
t) = ————— )= —
0.25 0.2 0.01
off— \ 10
o A== |20
-0.05 - :
s(0) u() 013 a(t)
(a) v=0att=+/5 (b) s=+/5/10att=+/5
(c) @ changes sign at t = v/15, so the particle is speeding up for v/5 < t < v/15 and slowing down
for 0 <t < /5 and V15 <t
—t2+1 t(t> — 3)
v(t) = ma e o) = 2053
(t2+1) (t2+1)
0.5
0 1|3
16 11.6
5(0) 02 v o a(n
(a) v=0att=1 (b) s=3/2att=1
(¢) a changes sign at t = 31/3 . so the particle is slowing down for ¢t < 3'/% and speeding up for
318 <t
s=—-3t+2 Constant speed
et =0
v = —3 | N
a=20 2
s=13—6t24+9t+1 Speeding up
v=3(t—1)(t—3) (Stopped) = 3 t=\ 2 ‘4 ¢ =1 (Stopped)
a=6(t—2) T
0 ot
e S F | s
1 / 3 5
Slowing down
s =13 —9t? + 24t Speeding up
v=3(t—2)(t—4) Slowing down
a=6(t—3) (Stopped) 1 = 4
=0e t=3—"" ®+=2(Stopped)
| / | 1 | S;
0 161820

Slowing down
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20.

21.

22.

23.

24.

25.

26.

27.

t+79
5 =
t+1
_(t+4)(t—2)

(t+1)2

18
a =

(t+1)3
o — cost, 0<t<2m
o 1, t>2m
. —sint, 0<t< 27
v= 0, t>2m
| —cost, 0<t<2rm
“= 0, t> 27
) 5t2 — 6t + 2 | "
v(t) = ———— is always positive,
NG ys p

(t)_15t2—6t—2h‘ " tatt—
a = opnz as a positive root at t =

Chapter 4
Speeding up
(Stopped) t =2 € S
5 Slowing down 9
Slowing down (Stopped
permanently)
. t=3m/2 f=om
- ® =0
,  t=m2 s
-1 0 \/ 1
Speeding up
Slowing down Speeding up
. l — L
3+ v39 0 3+439
15 "

(a) v =10t — 22, speed = |v| = |10t — 22|. d|v|/dt does not exist at t = 2.2 which is the only
critical point. If ¢ = 1,2.2,3 then |v| = 12,0,8. The maximum speed is 12 ft/s.

(b)

the distance from the origin is [s| = |5t — 22t| = [¢(5t — 22)|, but t(5t — 22) < 0 for

1 <t<3so|s|=—(5t2 —22t) = 22t — 5¢t2, d|s|/dt = 22 — 10¢, thus the only critical point is
t =2.2. d?|s|/dt?> < 0 so the particle is farthest from the origin when ¢ = 2.2. Its position is

s =5(2.2)2 —22(2.2) = —24.2.

20 20
T2 P T T e

ort >0

dlv|  600(4 — t2)

=0 GESDE = 0 when t = 2, which

is the only critical point in (0, +00). By the first derivative test there is a relative maximum, and
hence an absolute maximum, at ¢t = 2. The maximum speed is 25/16 ft/s to the left.

s(t) = so — $gt* = so — 4.9t m, v = —9.8t m/s, a = —9.8 m/s?

(a) [s(1.5) — s(0)] =11.025 m
(b) wv(1.5)=-14.7m/s
(c) |v(t)] =12 when t = 12/9.8 = 1.2245 s
(d) s(t) — so = —100 when 4.9t = 100, t = 4.5175 s
1 .0 9 800
(a) s(t) =s0— 59t° =800 — 16t° ft, s(t) = 0 when t = 6 = 5v/2

(b) w(t) = =32t and v(5v/2) = —160v/2 ~ 226.27 ft/s = 154.28 mi/h

s(t) = s 4+ vot — 3gt> = 60t — 4.9t> m and v(t) = vy — gt = 60 — 9.8t m/s

(a) wv(t) =0 when t =60/9.8 ~6.12 s

(b) s(60/9.8) ~ 183.67 m
(c)

s = 60t — 4.9t% about the line t = 6.12 in
(d)

another 6.12 s; solve for ¢ in s(¢) = 0 to get this result, or use the symmetry of the parabola

the t-s plane

also 60 m/s, as seen from the symmetry of the parabola (or compute v(6.12))
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28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

(a) they are the same

(b) s(t) = vot — 3gt* and v(t) = vy — gt; s(t) = 0 when ¢t = 0,2vy/g;
v(0) = v and v(2vg/g) = vo — g(2v9/g) = —vg so the speed is the same
at launch (¢ = 0) and at return (t = 2vy/g).

If g = 32 ft/s?, sp = 7 and v is unknown, then s(t) = 7+ vot — 16t? and v(t) = vg — 32t; § = Spax
when v =0, or t = v9/32; and Smax = 208 yields
208 = s(vn/32) = 7 + vo(vo/32) — 16(v/32)% = 7 + v2 /64, s0 vo = 8v/201 ~ 113.42 ft s.

(a) Use (6) and then (5) to get v* = v3 — 2vggt + ¢°t* = v — 2g(vot — 2 gt?) = v3 — 2g(s — so).
(b) Add vy to both sides of (6): 2vg — gt = vy + v, vg — %gt = %(vo +);
from (5) s = so + t(vo — 3gt) = so + 5 (vo + v)t
(c) Add v to both sides of (6): 2v + gt =vg + v, v+ gt =
s = so—l—%(vo—i—v)t: so—i-vt—l—%gtg

(vo + v); from Part (b),

1
2

vo =0 and g = 9.8, so v? = —19.6(s — s¢); since v = 24 when s = 0 it follows that 19.6s9 = 242 or
S = 29.39 m.

5 = 1000 + vt + L(32)2 = 1000 + vt + 16t2; s = 0 when ¢ = 5, s0 v = —(1000 + 16 - 52) /5 = —280
ft/s.

(a) s = Smax when v =0, 50 0 = v — 29(Smax — 50) Smax = V3/29 + So-
(b) $o =17, Smax = 208, g = 32 and vy is unknown, so from Part (a) v3 = 2¢(208 — 7) = 64 - 201,
vo = 8v/201 & 113.42 ft/s.

s=13—6t2 4+ 1, v=23t> - 12t, a = 6t — 12.

(a) a=0whent=2; s=-15v=—12.
(b) v=0when 3t? — 12t =3t(t—4) =0,t=0o0rt =4. If t =0, then s = 1 and a = —12; if
t =4, then s = —31 and a = 12.

2t 2

a s b) v=———, lim v=—==12
(@) 13 ®) o= T 5

0 J5

0
(a) a_@—@@—v@becausev—ﬁ

T dt  dsdt ds o dt

3 3 dv 3 9

by v o 3.4 _ 3 9 9/50
®) v= T T ds T 2 T e Y

a) s; = sg 1 they collide, so 5t -t +3 = —zt* + ¢+ 1, 3¢t — 2t + 2 = 0 which has no rea
if they collid 12 3 112 1, 3t — 2t + 2 = 0 which h 1
solution.
ind the minimum value o = |81 — 82| = |5t“ — 2t + 2|. From Part (a), 5t — 2t +
b) Find the mini lue of D 342 — 2t +2|. From P 312 — 2t 4 2

is never zero, and for ¢ = 0 it is positive, hence it is always positive, so D = %tQ — 2t + 2.

dD d2D
=3t-92=0whent=2

. _ 4 _ 2
o T2 3.W>0s0D1smmlmumwhent—g,D—g.
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Chapter 4

1
() vi=t—1lvpy=—t+1 vy <0if0<t<l,vy>0ift>1; vy <0ift>2 vy>0if
0 <t < 2. They are moving in opposite directions during the intervals 0 <t < 1 and t > 2.

38. (a) sa—sp=20—0=20"ft
(b) sa =sp, 15t2+ 10t + 20 = 5t +40¢, 10t2 =30t +20 =0, (t —2)(t—1) =0,t =1lort = 2.
(c) wva =wp,30t+10 = 10t+40, 20t = 30, t = 3/2s. Whent = 3/2, s4 = 275/4 and sp = 285/4
so car B is ahead of car A.
39. r(t) = JV3(t), r'(t) = 2v(t /124/v(t)] (t)/|v(t)] so ' (t) > 0 (speed is increasing) if v
and a have the same sign, and r ( ) < (speed is decreasmg) if v and a have opposite signs.
If v(t) > 0 then r(t) = v(t) and r'(¢) = a(t), so if a(t) > 0 then the particle is speeding up and a
and v have the same sign; if a(t) < 0, then the particle is slowing down, and a and v have opposite
signs.
If v(t) < 0 then r(t) = —v(t), 7' (t) = —a(t), and if a(t) > 0 then the particle is speeding up and a
and v have opposite signs; if a(t) < 0 then the particle is slowing down and a and v have the same
sign.
EXERCISE SET 4.5
1. relative maxima at x = 2, 6; absolute maximum at = 6; relative and absolute minimum at z = 4
2. relative maximum at z = 3; absolute maximum at z = 7; relative minima at = 1,5; absolute
minima at z = 1,5
3. (a) Y (b) I\y
Lo11 ] L1 Ny
| 22— 7
| | X
10
(c) A
VANV W / y
\/ N\
V 3\ 5 /7
4. (a) Y (b) Y (c) Y
X > ! ! ¥
-5 5
5. f'(x) =8z —4, f'() =0 when 2 =1/2; f(0) =1, f(1/2) =0, f(1) = 1 so the maximum value is
1 at £ =0,1 and the minimum value is 0 at = 1/2.
6. f'(r) =8—2x, f'(x) =0 when z =4; f(0) =0, f(4) = 16, f(6) = 12 so the maximum value is 16

at £ = 4 and the minimum value is 0 at x = 0.
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22,

f(z) =3(z —1)2, f'(x) =0 when z = 1; f(0) = —1, f(1) =0, f(4) = 27 so the maximum value
is 27 at * = 4 and the minimum value is —1 at z = 0.

fl(x) =622 —6x —12 = 6(x + 1)(x — 2), f'(z) = 0 when z = —1,2; f(=2) = —4, f(-1) =17,
f(2) = —20, f(3) = —9 so the maximum value is 7 at £ = —1 and the minimum value is —20 at
T =2

f'(x) = 3/(422 + 1)?/2, no critical points; f(—1) = —3/+/5, f(1) = 3/4/5 so the maximum value is
3/v/5 at x = 1 and the minimum value is —3/v/5 at x = —1.

2(2x 4+ 1)

/ —

f (1’) - 3(1}2 4 13)1/3’
f(=2) =223 f(=1) =0, f(=1/2) = 472/3, f(0) = 0, f(3) = 122/3 s0 the maximum value is 12%/3
at = 3 and the minimum value is 0 at z = —1,0.

f'(x) = 0 when z = —1/2 and f’(z) does not exist when z = —1,0;

f'(z) =1 —sec?x, f'(z) =0 for x in (—n/4,7/4) when = = 0; f(—n/4) =1 —7/4, f(0) = 0,
f(n/4) = w/4—1 so the maximum value is 1 — 7 /4 at x = —7 /4 and the minimum value is 7/4 —1
at r = m/4.

f'(x) = cosz +sinz, f/(z) = 0 for x in (0,7) when z = 37/4; f(0) = —1, f(3n/4) = V2, f(r) =1
so the maximum value is V2 at z = 37 /4 and the minimum value is —1 at = = 0.

10 —22, |z| <3 F@) = { —2z, |r|<3

_ _ 2| — oy
flx) =149 — 27 { 8422 |z|>3 thus f/(z) = 0 when

2z, |x| >3
x =0, f'(x) does not exist for x in (—5,1) when & = —3 because liné f(z) # lirn3+ I/ () (see
r——3" T——
Theorem preceding Exercise 75, Section 3.3); f(—5) = 17, f(—3) =1, f(0) = 10, f(1) = 9 so the
maximum value is 17 at x = —5 and the minimum value is 1 at x = —3.

_ < —
6—4dzr, x< 3/2 — { 4, =< 3/2 f’(x) does not exist when

— _ — / —
flz) =16 — da| {—6+4:c, x> 3/2 » (@) 4, x>3/2°
x = 3/2 thus 3/2 is the only critical point in (—3,3); f(—3) = 18, f(3/2) = 0, f(3) = 6 so the
maximum value is 18 at # = —3 and the minimum value is 0 at = 3/2.
f(x) = 2z — 3; critical point = 3/2. Minimum value f(3/2) = —13/4, no maximum.

f'(x) = —4(x + 1); critical point & = —1. Maximum value f(—1) = 5, no minimum.

f'(z) = 122%(1 — z); critical points z = 0, 1. Maximum value f(1) = 1, no minimum because

Jim  f(z) = —oo.
f'(x) = 4(z3 + 1); critical point 2 = —1. Minimum value f(—1) = —3, no maximum.
No maximum or minimum because lim f(z) =400 and lim f(z) = —oc.
r—+00 T——00
No maximum or minimum because lim f(x)= +oo and lim f(z)= —oc.
r—+00 T——00

f'(z) = z(x + 2)/(z + 1)?; critical point z = —2 in (=5, —1). Maximum value f(—2) = —4, no
minimum.

f'(x) = —6/(x — 3)2; no critical points in [-5,5] (z = 3 is not in the domain of f). No maximum
or minimum because lim+ f(x) =400 and lim f(z)= —oc.
z—3 r—3~
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23.

24.

25.

26.

27.

(x2 — 1)2 can never be less than zero because it is the

square of 22 — 1; the minimum value is 0 for x = +1,
no maximum because lim f(z) = +oo.
T— 00

(r—1)2(x+2)? can never be less than zero because it is

the product of two squares; the minimum value is 0 for

x =1 or —2, no maximum because liIJIrl f(z) = +oo.
r— 100

5(8 —
f(z) = %, f'(x) = 0 when z = 8 and f'(x)
T
does not exist when z = 0; f(—1) = 21, f(0) = 0,
f(8) = 48, f(20) = 0 so the maximum value is 48 at

x = 8 and the minimum value is 0 at x = 0, 20.

f(z)=(2—22)/(x®> +2)2, f'(z) =0 for z in

the interval (—1,4) when z = v/2; f(—1) = —1/3,
f(V2) = V2/4, f(4) = 2/9 so the maximum value is
V2/4 at © = /2 and the minimum value is —1/3 at
r=-—1

f'(z) = —1/2% no maximum or minimum because
there are no critical points in (0, +00).

Chapter 4

-2 2

0.4

0 L I T —) 10
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28.

29.

30.

31.

32.

33.

f'(z) = (1 —2%)/(2® 4+ 1)?; critical point x = 1. Maxi- 0.5
mum value f(1) = 1/2, minimum value 0 because f(z)
is never less than zero on [0, +00) and f(0) = 0.

0 /20
0
f'(z) = 2secwtanz — sec’z = (2sinx — 1)/ cos? z, 2
f'(x) =0 for z in (0,7/4) when = = 7/6; f(0) = 2, R
f(n/6) = /3, f(n/4) = 2v/2—1 so the maximum value -
is 2 at = 0 and the minimum value is V/3 at z = 7 /6.
T
0 7
1.5 4

f'(z) =2sinx cosx — sinx = sinxz(2cosx — 1),

f'(x) =0for z in (—m,7) when x = 0, £7/3;

F(om) = —1, f(—n/3) = 5/4, £(0) =1,

f(n/3) =5/4, f(r) = —1 so the maximum value is 5/4
at x = +7/3 and the minimum value is —1 at = +7.

—71l I

AN
|

-1

1.5

5
f'(x) = —[cos(cosx)]sinx; f'(x) =0 if sinz = 0 or if 1
—1 <cosz < 1. Thus f(0) = sin(1), ‘ /

cos(cosx) = 0. If sinz = 0, then & = 7 is the critical

point in (0, 27); cos(cos z) = 0 has no solutions because \

f(m) = sin(—1) = —sin(1), and f(27) = sin(1) so the 0 (27
maximum value is sin(1) ~ 0.84147 and the minimum -

value is —sin(1) ~ —0.84147. |

f'(x) = —[sin(sinx)] cosz; f'(x) = 0 if cosz = 0 or if 15

sin(sinz) = 0. If cosz = 0, then « = /2 is the critical i

point in (0,7); sin(sinx) = 0 if sinz = 0, which gives

no critical points in (0,7). Thus f(0) =1, \/
f(m/2) = cos(1), and f(7) = 1 so the maximum value

is 1 and the minimum value is cos(1) = 0.54030.

o
\L
)

(=]

/ _ 4, <1 , . o / . _
f(‘ac)—{23:_57 1 so f'(z) = 0 when z = 5/2, and f’(z) does not exist when x = 1

because lim f'(x) # lim f'(z) (see Theorem preceding Exercise 75, Section 3.3); f(1/2) = 0,
- x—1

Tr—

f(1) =2, f(5/2) = —1/4, f(7/2) = 3/4 so the maximum value is 2 and the minimum value is
—1/4.
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34.

35.

36.

37.

38.

39.

40.

Chapter 4

f'(x) = 2z + p which exists throughout the interval (0,2) for all values of p so f'(1) = 0 because
f(1) is an extreme value, thus 2+p =0, p = —2. f(1) =3 s0 12 + (=2)(1) + ¢ = 3, ¢ = 4 thus
f(x) =2% -2z +4 and f(0) =4, f(2) =4 so f(1) is the minimum value.

sin 2z has a period of 7, and sin 4z a period of /2 so f(z) is periodic with period 7. Consider the
interval [0,7]. f/'(x) = 4cos2z + 4cosdz, f'(x) =0 when cos 2z + cosdx = 0, but
cos 4w = 2 cos? 2x — 1 (trig identity) so
2cos?2x +cos2x — 1 =0
(2cos2x —1)(cos2x+1) =0
cos2x =1/2 or cos2zx = —1.
From cos2x = 1/2, 2 = w/3 or 57/3 so x = 7/6 or 57 /6. From cos2z = —1, 20 =7 so x = 7/2.

f(0) =0, f(n/6) = 3v/3/2, f(7/2) =0, f(57/6) = —3v/3/2, f(r) = 0. The maximum value is
3v/3/2 at © = 7/6 + n7 and the minimum value is —3v/3/2 at © = 57/6 + nm, n =0, £1,+2,....

cos§ has a period of 67, and cos z a period of 47, so f(x) has a period of 127. Consider the

interval [0,127]. f'(z) = —sing - sing, f'(z) = 0 when Sing + sing = 0 thus, by use of
b —-b 5 5
the trig identity sina + sinb = 2sin a—2|— cos aT, 2sin <1323> cos (—%) =0 so sinl—g;j =0 or

cos % = 0. Solve sin % = 0 to get © = 127/5, 247 /5, 367/5, 487/5 and then solve cos % =0

to get = 6. The corresponding values of f(z) are —4.0450, 1.5450, 1.5450, —4.0450, 1, 5,5 so the
maximum value is 5 and the minimum value is —4.0450 (approximately).

Let f(x) = x —sinz, then f/(2) =1 —cosz and so f'(x) = 0 when cos 2z = 1 which has no solution
for 0 < & < 27 thus the minimum value of f must occur at 0 or 27. f(0) =0, f(27) = 27 so 0 is
the minimum value on [0, 27] thus  — sinz > 0, sinz < z for all z in [0, 27].

Let h(z) = cosz — 1 + 22/2. Then h(0) = 0, and it is sufficient to show that h/(z) > 0 for
0 <z < 2w But h/(z) = —sinz + z > 0 by Exercise 37.

Let m = slope at x, then m = f’(z) = 322 — 62+ 5, dm/dx = 6z — 6; critical point for m is z = 1,
minimum value of m is f'(1) = 2

64cosx 27sinz —64 cos® z + 27sin’ x
(@ fl@)=-—a—+ = , f'(z) = 0 when

sin” x cos? x sin? z cos? ©

27sin®z = 64cos’ z, tan®x = 64/27, tanxz = 4/3 so the critical point is © = xg where
tanzg =4/3 and 0 < z¢ < 7/2. To test x¢ first rewrite f'(z) as

_ 27cos® z(tan® x — 64/27) 27 cosz(tan® z — 64/27)

3

f'(=)

sin® x cos2 x sin® x

if x < o then tanz < 4/3 and f'(z) <0, if x > ¢ then tanz > 4/3 and f'(z) > 0 so f(xo)
is the minimum value. f has no maximum because lir(r)l+ f(x) = 4o0.
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41.

42.

43.

44.

45.

46.

(b) If tanzg = 4/3 then (see figure)
sinxg = 4/5 and cosxy = 3/5
so f(xg) = 64/sinxg + 27/ cosxg
=64/(4/5)+27/(3/5)
=80+45=125

X0

2z (x® — 2422 + 1922 — 640
) = 24 esL
(9

lim flx)= lirf f(z) = 400 and there is only one relative extremum, it must be a minimum.
r—8 T—+00

; real root of 2% — 2422 + 1927 — 640 at z = 4(2 + ¥/2). Since

Assume A and B nonzero, since if A or B =0
the solution is obvious. Otherwise
f'(z) = —Asinx + Bcosz = 0 when = = 2o = tan~1(B/A).

From the figure we get s
Flzo) = A2/ AZ 1 B2 + BVAE§ B2 = VAZ 1 B2, s ?
This must be a maximum since f”(x¢) = —f(z¢) < 0 there.
X0
A

The slope of the line is —1, and the slope of the tangent to y = —x? is —2x so —2r = —1, x = 1/2.
The line lies above the curve so the vertical distance is given by F(z) = 2 — x + 22%; F(-1) = 4,
F(1/2)=17/4, F(3/2) = 11/4. The point (1/2,—1/4) is closest, the point (—1,—1) farthest.

The slope of the line is 4/3; and the slope of the tangent to y = x® is 322 so 322 = 4/3, 22 = 4/9,
x = £2/3. The line lies below the curve so the vertical distance is given by F(z) = 23 — 4z/3 + 1;
F(—1) = 4/3, F(—2/3) = 43/27, F(2/3) = 11/27, F(1) = 2/3. The closest point is (2/3,8/27),
the farthest is (—2/3,—8/27).

The absolute extrema of y(t) can occur at the endpoints ¢t = 0,12 or when dy/dt = 2sint =0, i.e.
t =0,12,km, k = 1,2, 3; the absolute maximum is y = 4 at ¢t = m, 3m; the absolute minimum is
y=0att=0,2m.

(a) The absolute extrema of y(t) can occur at the endpoints ¢ = 0, 27 or when
dy/dt = 2cos2t —4sintcost = 2cos2t — 2sin2t =0, t = 0,27, 7/8,57/8,97/8,137/8;
the absolute maximum is y = 3.4142 at t = w/8,97/8; the absolute minimum is y = 0.5859
at t = 5m/8,137/8.

(b) The absolute extrema of x(t) occur at the endpoints ¢ = 0, 27 or when

d 2sint + 1
r_ 2SIt 4 77/6,117/6. The absolute maximum is  — 0.5774 at £ = 117 /6
dt (2 + sint)?

and the absolute minimum is ¢ = —0.5774 at t = 77 /6.
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47.

48.

Chapter 4

b
f'(x) = 2az + b; critical point is x = %
a

b
f’(z) =2a>0so0 f <2) is the minimum value of f, but
a

b b\ b b2 +4
fl—=—)=al—75)+b|—% —|—c:¢thus f(z) > 0if and only if
a 2a 4a

b B2 44
f(—) 20,%20, —b2 4 dac >0, b2 — dac < 0

Use the proof given in the text, replacing “maximum” by “minimum” and “largest” by “smallest”
and reversing the order of all inequality symbols.

EXERCISE SET 4.6

Let x = one number, y = the other number, and P = zy where x + y = 10. Thus y = 10 — x so
P =2(10 — ) = 10z — 22 for x in [0, 10]. dP/dx = 10 — 2z, dP/dz = 0 when x = 5. If z = 0,5, 10
then P = 0,25,0 so P is maximum when x = 5 and, from y = 10 — =, when y = 5.

Let = and y be nonnegative numbers and z the sum of their squares, then z = 22 + 2. But
r+y=lLy=1-asoz=a2’+(1-2)2=222—-20+1for 0 <z <1. dz/dx = 4w —2,dz/dx =0
when z =1/2. f £ =0,1/2,1 then 2 =1,1/2,1 so

(a) =z is as large as possible when one number is 0 and the other is 1.

(b) =z is as small as possible when both numbers are 1/2.

Ify=x+1/z for 1/2 <z <3/2then dy/dx =1—1/2* = (2? —1)/2?, dy/dx = 0 when x = 1. If
x=1/2,1,3/2 then y = 5/2,2,13/6 so

(a) v is as small as possible when = = 1.

(b) y is as large as possible when z = 1/2.

A = xy where z 4+ 2y = 1000 so y = 500 — z/2 and Stream
A =500z — z%/2 for = in [0,1000]; dA/dx = 500 — z,
dA/dx = 0 when z = 500. If z = 0 or 1000 then A =0,
if x = 500 then A = 125,000 so the area is maximum
when = 500 ft and y = 500 — 500/2 = 250 ft. Y

Let x and y be the dimensions shown in the figure and
A the area, then A = zy subject to the cost condition
3(2z) + 2(2y) = 6000, or y = 1500 — 3z /2. Thus

A = 2(1500 — 3x/2) = 1500z — 322 /2 for z in [0, 1000].
dA/dx = 1500—3z, dA/dx = 0 when x = 500. If x =0
or 1000 then A = 0, if z = 500 then A = 375,000
so the area is greatest when x = 500 ft and (from x
y = 1500 — 3z/2) when y = 750 ft.

Heavy—duty

Standard y
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10.

11.

Let x and y be the dimensions shown in the figure and A the
area of the rectangle, then A = zy and, by similar triangles,
/6= (8—y)/8, y=8—4x/3 s0 A= z(8—4x/3) = 8x —42?/3
for  in [0,6]. dA/dx = 8 — 8z/3, dA/dx = 0 when x = 3. If
x=0,3,6 then A =0,12,0 so the area is greatest when z = 3
in and (from y =8 —42/3) y =4 in.

Let z, y, and z be as shown in the figure and A the area of the
rectangle, then A = zy and, by similar triangles, z/10 = y/6,
z = 5y/3; also /10 = (8 — z)/8 = (8 — 5y/3)/8 thus
y=24/5—12x/25 s0 A = x(24/5 —122/25) = 242 /5 — 1222 /25
for  in [0,10]. dA/dx = 24/5 — 24x/25, dA/dx = 0 when
x=05. If x =0,5,10 then A = 0,12,0 so the area is greatest
when z =5 in. and y = 12/5 in.

A = (22)y = 22y where y = 16 — 2% so A = 32z — 22° for
0 <2 <4; dA/dr = 32 — 622, dA/dx = 0 when z = 4//3. If
= 0,4/v3,4 then A = 0,256/(3v/3),0 so the area is largest
when 2 = 4/+/3 and y = 32/3. The dimensions of the rectangle
with largest area are 8/v/3 by 32/3.

A = xy where 22 + 3% = 202 = 400 so y = /400 — 22 and

A = 24/400 — 22 for 0 < z < 20;

dA/dx = 2(200 — 2?)/+/400 — 22, dA/dz = 0 when

z = /200 = 10v/2. If z = 0,10v/2, 20 then A = 0,200, 0 so the
area is maximum when z = 10v/2 and y = /400 — 200 = 10v/2.

Let x and y be the dimensions shown in the figure,
then the area of the rectangle is A = xy.

22
But (5) + 9% = R?, thus
1
y = \/RQ—x2/4: 5\/4R2—a:2 SO
1
A= 5:6\/4]%2—;102 for 0 <z < 2R.

dA/dr = (2R? — 2?)/VAR2 — 22, dA/dz = 0 when
x=+2R. If £ = 0,v/2R, 2R then A = 0, R%,0 so the
greatest area occurs when z = V2R and Y= \/QR/Q.

Let = length of each side that uses the $1 per foot fencing,
y= length of each side that uses the $2 per foot fencing.
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X
//
R -~
// Y
7

The cost is C' = (1)(2z) + (2)(2y) = 2z + 4y, but A = xy = 3200 thus y = 3200/x so

C'= 2z +12800/z for = > 0,

dC/dx =2 —12800/x2, dC/dx = 0 when = = 80, d*C/dz* > 0 so

C is least when = = 80, y = 40.
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12.

13.

14.

15.

16.

A = zy where 2z + 2y = pso y = p/2 —x and

A = px/2 — 22 for z in [0,p/2]; dA/dx = p/2 — 2,
dA/dx =0 when x =p/4. If z =0 or p/2 then A =0,
if z = p/4 then A = p?/16 so the area is maximum
when z = p/4 and y = p/2 — p/4 = p/4, which is a
square.

Chapter 4

Let z and y be the dimensions of a rectangle; the perimeter is p = 2x + 2y. But A = zy thus
y = A/x so p = 2z + 2A/x for x > 0, dp/dwv = 2 — 2A/2* = 2(2? — A)/2?, dp/dx = 0 when
x = A, d?p/dx* = 4A/2® > 0 if £ > 0 s0 p is a minimum when = = v/A and y = VA and thus

the rectangle is a square.

With z, y, r, and s as shown in the figure, the sum of
x

the enclosed areas is A = mr? + s where r = o and
71'

s = 1 because x is the circumference of the circle and
2 2

x
y is the perimeter of the square, thus A = — + L

4 16°
But  +y =12, s0 y = 12 — z and
22 (12—-2)2 7w+4
A= = 2
PTG 167
dA w44 3 dA 0 wh 127
—=——-u2——-,— =0whenz =
dx 8w 2’ dx

36 36

T+

then A =9, ——, — so the sum of the enclosed areas is
™ ™

+4

f%x+9f0r0§x§12.

=0 ——
1 T 0’77

(a) a maximum when z = 12 in. (when all of the wire is used for the circle)

(b) a minimum when x = 127/(7 + 4) in.

The area of the field is A = 2bh, where b = y/2 is
the base of the half-triangle and h is the height. The
length of fencing is 2z = 300. Thus x = 150 and

A =yh=y\/22 —y2/4=y,/(150)2 — y2 /4
—y/2
dA/dy = v L a0 =g = o
2\ /(150)2 — y2/1)
when —y?/4+(150)2—y?/4 = 0, or y* = 2(150)%. Thus
y = 1502 yd, x = 150 yd; b = 75v/2 yd, h = 752
yd, and A = yh = (150)? = 22,500 yd?.

The area of the window is A = 2rh + 7r? /2,
the perimeter is p = 2r + 2h + 7r thus

h= 5l 2+ so

A=r[p— (2+7)r] +7r?/2
=pr—(2+7/2)r? for 0 <r <p/(2+7),

dA/dr =p— (44 m)r, dA/dr = 0 when

r=p/(4+n)and d?A/dr? <0, so A is

maximum when r = p/(4 + 7).

Stream
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17.

18.

19.

20.

21.

22.

23.

V =2(12 — 22)? for 0 < z < 6; . 12 .
dV/dx = 12(x — 2)(xz — 6), dV/dz =0 [ x X!
when z=2for0 <z <6. If £ =0,2,6 x| |
then V' = 0,128, 0 so the volume is largest I '
. 12 If12 - 2x

when z = 2 in. : |

x| Ix

E3

The dimensions of the box will be (k —2z) by (k —2z) by . so V = (k — 2x)%x = 423 — 4k2® + K2z
for z in [0,k/2]. dV/dx = 1222 — 8kx + k* = (6z — k)(2x — k), dV/dz = 0 for z in (0, k/2) when
r=k/6. Ifx =0,k/6,k/2 then V = 0,2k3/27,0 so V is maximum when = = k/6. The squares
should have dimensions k/6 by k/6.

Let x be the length of each side of a square, then V = (3 — 22)(8 — 2z) = 43 — 2222 + 24x
for 0 < z < 3/2; dV/dx = 1222 — 44x + 24 = 4(3z — 2)(x — 3), dV/dx = 0 when x = 2/3 for
0<z<3/2. Ifx=0,2/3,3/2 then V =0,200/27,0 so the maximum volume is 200/27 3.

Let = = length of each edge of base, y = height. The cost is

C = (cost of top and bottom) + (cost of sides) = (2)(2z?) + (3)(4zy) = 422 + 12xy, but

V = 22y = 2250 thus y = 2250/22 so C = 42% + 27000/z for > 0, dC/dx = 8x — 27000/z2,
dC/dx = 0 when x = /3375 = 15, d>C/dz* > 0 so C is least when z = 15, y = 10.

Let & = length of each edge of base, y = height, k = $/cm? for the sides. The cost is
C = (2k)(22?%) + (k)(4zy) = 4k(z? + zy), but V = 2%y = 2000 thus y = 2000/z? so
C = 4k(x? + 2000/x) for z > 0; dC/dzx = 4k(2z — 2000/2?), dC/dx = 0 when

x = /1000 = 10, d®C/dz? > 0 so C is least when z = 10, y = 20.

Let z and y be the dimensions shown in the figure
and V the volume, then V = z%y. The amount of
material is to be 1000 ft?, thus (area of base) + (area

1000 — 2
of sides) = 1000, z2 + 4zy = 1000, y = Tx s0
X
1000 — 22 1
V= xQTx — 1(10003,’—JL‘3) for 0 < z < 10v/10.
av 1 A%
o = (1000 = 32%), —— =0

when z = /1000/3 = 10,/10/3.
5000
If & = 0,10y/10/3, 10v/T0 then V = 0, == /10730

the volume is greatest for x = 10,/10/3 ft and y = 5,/10/3 ft.

Let = height and width, y = length. The surface area is S = 222 + 3xy where 2%y = V, so
y =V/x? and S = 222 + 3V/x for z > 0; dS/dx = 4z — 3V/2?, dS/dx = 0 when z = {/3V /4,

3V 4 .13V
d?S/dxz? > 0 so S is minimum when z = { 47y:3</j.
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24. Let r and h be the dimensions shown in the figure, then
the volume of the inscribed cylinder is V = mr?h. But % N
h 2 h2 v
r2+(2> = R? thuerZRz—X

h2 h3
V = 2 _ 2, v
SO =T <R ) (R h ) h

av. av
<h<2R. — 2_tp?
for 0 < h <2R T (R h) T =0
when h = 2R/V/3. If h =0, 2R/\/3,2R -
™
then V = 0, —=R3, 0 so the volume is largest
3V3 &
when h = 2R//3 and r = \/2/3R.

25. Let r and h be the dimensions shown in the figure,
then the surface area is S = 27rh + 2mr2. A

But 2 +< ) = R? thus h = 2V RZ — 2 so

S =4mrvVR2 —r2 +27r2 for 0 < r < R, h

dS  4m(R? —2r?) ds
% = W+4WT7 % =Owhen
R? — 2p2
RZ — 2
R2—-972 = —p/R2 — 12
R* —4R%*r? + 4r* = r2(R% — r?)
r* —5R*? + R* =0

— 1)

5R? + /25R* — 20R* 5++5 5++5
and using the quadratic formula 72 = = fRQ, r = \FR, of
10 10 10
5 )
which only r = i fR satisfies (1). If r = 0, + fR 0 then S = 0, (5+V5)7R?, 2w R? so

10 10

the surface area is greatest when r = 1/ > J;O\/BR and, from h =2/ R2 —r2, h =2 il \/BR.

10

26. Let R and H be the radius and height of the cone, and -

r and h the radius and height of the cylinder (see fig-
ure), then the volume of the cylinder is V = mr2h. ,

. ) H—-h r
By similar triangles (see figure) 7 T~ R thus

H H H . H
h= E(R —r)soV = WE(R* r)r? = WE(RTQ — )

av H 9 H
for0<r <R o 71'R(2Rr 3r%) ﬂ'Rr(QR 3r),
dv
E:Of0r0<r<Rwhenr:2R/3. If
r=0,2R/3, R then V = 0,47 R?H /27,0 so the
2
maximum volume is AmlH = _ 41 TR?*H = 1
27 93 9

(volume of cone).
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27.

28.

29.

30.

31.

32.

From (13), S = 2772 + 27rh. But V = 7r2h thus h = V/(7r?) and so S = 27r? + 2V/r for r > 0.
dS/dr = 4nr — 2V /r?,dS/dr = 0 if r = {/V/(2m). Since d*S/dr? = 4w +4V/r® > 0, the minimum
surface area is achieved when r = ¢/V/2m and so h = V/(mr?) = [V/(mr®)]r = 2r.

S — 2772 1
V = 7r?h where S = 27r? + 27rh so h = %7 V= 5(51“ —2773) for r > 0.
r
av 1 d>v
o 2(5 6rr?) = 0 if r = \/S/(67), e —67r < 0 so V' is maximum when

2 2 —92 2 _
= /S/(67) and h = S 5 ;rr = S 27rr72r7” r= 5 S/i/gr = 2r, thus the height is equal to the

diameter of the base.

The surface area is S = mr? + 27rh where V = 7r2h = 500 so
h =500/(7r?) and S = 7r? + 1000/r for r > 0; /__’\,
dS/dr = 2xr —1000/r2 = (2rr3 — 1000)/r2, dS/dr = 0 when N
r = {/500/7, d*S/dr? > 0 for r > 0 so S is minimum when

r = {/500/7 cm, and

500 500 ( )2/3 RS
2 500

o

Tr ™

= ¢/500/7 cm.

The total area of material used is

A = Atop + Abottom + Aside = (27)% + (2r)? + 2wrh = 8r2 + 27rh.

The volume is V' = 7r?h thus h = V/(7r?) so A = 82 + 2V/r for r > 0,
dA/dr = 16r —2V/r? = 2(8r® = V) /r2, dA/dr = 0 when r = +/V /2. This is the only critical point,
d?A/dr? > 0 there so the least material is used when r = v/V /2, % = !

v V/(7r?)
_ Yy LT _ T
\/‘7/7]1 Va8 8

= %7‘3 and, for

Let x be the length of each side of the squares and y the height of the frame, then the volume is
V = 2?y. The total length of the wire is L thus 8z +4y = L, y = (L — 8x)/4 so

V = 2%(L —8z)/4 = (La® — 823)/4 for 0 < x < L/8. dV/dx = (2Lx — 242?)/4, dV/dx = 0 for
0<x<L/8whenx=L/12. Ifz=0,L/12,L/8 then V = 0,L3/1728,0 so the volume is greatest
when = L/12 and y = L/12.

(a) Let x = diameter of the sphere, y = length of an edge of the cube. The combined volume is
(S — ma?)1/?

1
V= Emc?’ + ¢% and the surface area is S = 7wz + 6y = constant. Thus y = iz

L 2\3/2
andV:ExB—i—MforOSxS\/g;
T

6 63/2
av 3 av
2 i (\fx—\/ — mz?). ——Owhenx—O or when

av [ O _a2y1/2
77 = 3% 63/2x(5 wx®) 2\[

V6r = VS — w2, 622 = S — wa?, m2: 6+7r ”6+7r \/

53/2 53/2 53/2
then V = so that V is smallest when x = 7, and hence when

63/27 66+ 1 6T 6+

/S
y= prpp , thus x = y.

(b) From Part (a), the sum of the volumes is greatest when there is no cube.
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33.

34.

35.

36.

Let h and r be the dimensions shown in the figure,

1
then the volume is V = §7T7“2h. But 72 + h2 = L2 thus

1 1
2 =IL>—-h*soV = g7r(L2 — h®h = g7r(L2h — 13

dV 1 dV
< < , —= - 2 —_ 2 P
for0<h<L ah 37T(L 3h°) ah 0 when

2
h=L/vV3. Ifh=0,L/v3,0 then V =0, —
/ / 93

the volume is as large as possible when h = L/ V3 and

r:\/%L.

Let r and h be the radius and height of the cone (see
figure). The slant height of any such cone will be R,
the radius of the circular sheet. Refer to the solution of
™

R3.
9v3

L3,0 so

Exercise 33 to find that the largest volume is

The area of the paper is A = wrL = 7ry/r2 + h2, but
1
V= §7r7’2h = 10 thus h = 30/(mr?)

so A = wry/72 + 900/ (m2rt).

To simplify the computations let S = A2,
S = w22 (7"2—0— 900) :71'21"44—&20 for r > 0,
r

Y
d 5 1 4(m?r® — 4
a5 _ 4% — 800 _ (7 50), dS/dr = 0 when
dr 73 73

r = $/450/72, d®S/dr? > 0, so S and hence A is least

30 .
when r = ¢/450/72 cm, h = — /72 /450 cm.
7r

1
The area of the triangle is A = §hb' By similar trian-

les (see figure) b2 _ i b= 25h
& B T T URE 2R’ T Vh® _2Rh
Rh? dA  Rh*(h —3R)
A=———for h>2R, — = —————-,
50 iz —omn ¢ dh  (h% — 2Rh)3/2
A
CciTh = 0 for h > 2R when h = 3R, by the first deriva-

tive test A is minimum when h = 3R. If h = 3R then
b = 2v/3R (the triangle is equilateral).

Chapter 4
h
h—R
h?—2Rh
R
—

b/2 |
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37.

38.

39.

40.

1
The volume of the cone is V = gm"zh. By similar tri-

angles (see figure) U [ r—i

8 8 hTVRE=3RR | ViR 2R
1 h 1

soV = -mR? —mR? for h > 2R,

3" h2—2Rh 3" h—2R
dv. 1 _,h(h—4R) dV
an =3 TR @
h = 4R, by the first derivative test V is minimum
when h = 4R. If h = 4R then r = V2R.

= 0 for h > 2R when

The area is (see figure)

1
A= 5(2sin0)(4+4cos€) 4cos @
= 4(sinf + sin @ cos 6) ) 2 sin 6
for 0 <0 < 7/2; 0
dA/df = 4(cos 6 — sin® § 4 cos? )
cosf — [1 — cos? 0] + cos? 0) | 2cos 6

=4(

=4(2cos? 6 + cosf — 1) |
=4(2cosf — 1)(cosf + 1)

dA/df =0 when § = 7/3 for 0 < 0 < /2. If § =0, 7/3,7/2 then

A =0,3v3,4 so the maximum area is 3/3.

Let b and h be the dimensions shown in the figure,
then the cross-sectional area is A = %h(5 +b). But
h = 5sinf and b = 5+ 2(5cosf) = 5+ 10cosf so
A = gsinﬁ(lo + 10cosd) = 25sin6(1 + cosf) for
0<6<m/2.
dA/df = —25sin? 0 + 25 cos H(1 + cos )

= 25(—sin® 6 + cos 6 + cos? §)

= 25(—1 + cos? 0 + cos 6 + cos? §)
= 25(2co0s? 0 + cosf — 1) = 25(2cosf — 1)(cos O + 1).

dA/df =0for 0 < 6 < 7/2 when cos =1/2, 0 = x/3.
If § = 0,7/3,7/2 then A =0,75v/3/4,25 so the cross-
sectional area is greatest when 6 = 7/3.

I= k0(282¢, k the constant of proportionality. If h is the height of the lamp above the table then
h h dl r2 —2n%  dI
COS(f):h/fandE:\/h2+T2SOI:kE:kaorh>O,%:km,%zo

when h =r/ \/5, by the first derivative test I is maximum when h = r/ V2.
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41.

42.

43.

44.

45.

Chapter 4

Let L, Ly, and Ly be as shown in the figure, then

L =1L+ Lo =28csch + sech, T

dL -

@:—SCSCGCotH—l—secHtanH, 0<f<m/2 T
_ 8cos#  sinf 78c0s30+sin39. T

sin0  cos26  sin®fcos2 6

dL .3 3 3 . .

0 0 if sin” # = 8 cos> @, tan® 0 = 8, tanf = 2 which gives

the absolute minimum for L because lim L = lim L = +4o0.

6—0+ 0—m/2—

If tan® = 2, then cscl = \/5/2 and secl = /5 so L = 8(\/5/2) +v5 =55 ft.

Let x= number of steers per acre
w = average market weight per steer
T = total market weight per acre
then T = zw where w = 2000 — 50(x — 20) = 3000 — 50z
so  T=x(3000 — 50z) = 3000z — 5022 for 0 < z < 60,
dT/dx = 3000 — 100z and dT'/dx = 0 when z = 30. If © = 0,30,60 then T = 0,45000,0 so the
total market weight per acre is largest when 30 steers per acre are allowed.

(a) The daily profit is

P= (revenue) — (production cost) = 100z — (100,000 + 50z + 0.0025z2)
= —100, 000 + 50z — 0.002522

for 0 < a2 <7000, so dP/dx = 50 — 0.005z and dP/dx = 0 when z = 10,000. Because 10,000
is not in the interval [0, 7000], the maximum profit must occur at an endpoint. When 2 = 0,
P = —100,000; when x = 7000, P = 127,500 so 7000 units should be manufactured and sold
daily.

(b) Yes, because dP/dx > 0 when & = 7000 so profit is increasing at this production level.

(c) dP/dxz =15 when x = 7000, so P(7001) — P(7000) = 15, and the marginal profit is $15.

(a) R(z) = pz but p=1000 — z so R(x) = (1000 — z)x

(b) P(z) = R(z) — C(x) = (1000 — )z — (3000 + 20z) = —3000 + 980z — z2

(c) P'(zr) =980—2x, P'(x) =0 for 0 < x < 500 when x = 490; test the points 0,490, 500 to find
that the profit is a maximum when z = 490.

(d) P(490) = 237,100

(e) p=1000— = = 1000 — 490 = 510.

The profit is
P = (profit on nondefective) — (loss on defective) = 100(x — y) — 20y = 100z — 120y

but y = 0.01z + 0.00003z2 so P = 100z — 120(0.01z + 0.00003z2) = 98.8z — 0.003622 for = > 0,
dP/dx = 98.8 — 0.0072z, dP/dx = 0 when x = 98.8/0.0072 ~ 13,722, d? P/dx? < 0 so the profit is
maximum at a production level of about 13,722 pounds.



Exercise Set 4.6 165

46.

47.

48.

49.

50.

51.

52.

53.

The total cost C' is
C = c- (hours to travel 3000 mi at a speed of v mi/h)

=c- 3000 _ (a+ bv")M = 3000(av™! + bo™ 1) for v > 0,
v v

dC/dv = 3000[—av~2 + b(n — 1)v" 2] = 3000[—a + b(n — 1)v"]/v?,

1/n
dC/dv =0 when v = {b(al)} . This is the only critical point and dC'/dv changes sign from
n—
a 1/n
— to + at this point so the total cost is least when v = [b(l)} mi/h.
n—

The distance between the particles is D = /(1 —t — )2 + (t — 2t)2 = /512 — 4t + 1 for t > 0. For
convenience, we minimize D? instead, so D? = 5t2 — 4t + 1, dD?/dt = 10t — 4, which is 0 when
t=2/5. d®?D?/dt* > 0 so D? and hence D is minimum when ¢t = 2/5. The minimum distance is

D =1//5.

The distance between the particles is D = /(2t — )2 + (2 — t2)2 = Vt* — 32 + 4 for t > 0. For
convenience we minimize D? instead so D? = t* —3t%2 +4, dD?/dt = 4¢3 — 6t = 4t(t*> — 3/2), which
is 0 for t > 0 when ¢t = /3/2. d?D?/dt? = 12t> — 6 > 0 when t = /3/2 so D? and hence D is
minimum there. The minimum distance is D = /7 /2.

Let P(z,y) be a point on the curve 22 + y? = 1. The distance between P(z,y) and Py(2,0) is
= +/( x—2 +y2, but y? =1—-22s0 D = \/x—22+1—a:2 =+6—4dzxfor -1 <z <1,
D

which has no critical points for —1 < z < 1. If x = —1,1 then D = 3,1 so the

d
dr \/5—435

closest point occurs when x =1 and y = 0.

Let P(z,y) be a point on y = y/z, then the distance D between P and (2,0) is

D= \/(x —2)2+y2= \/(x —2)2 412 =22 -3z +4, for 0 < 2 < 3. For convenience we find the
extrema for D? instead, so D? = 22 — 3z + 4, dD?/dx = 22 —3 = 0 when x = 3/2. If x = 0,3/2,3
then D? = 4,7/4,4 so D = 2,/7/2,2. The points (0,0) and (3,1/3) are at the greatest distance,
and (3/2,/3/2) the shortest distance from (2,0).

Let (z,y) be a point on the curve, then the square of the distance between (x,y) and (0,2) is
S=22+(y—2)? where 22 —y> =1, 22 = y> + 1 s0

S=w+1)+ (y—2)2 =2y> — 4y +5 for any y, dS/dy = 4y — 4, dS/dy = 0 when y = 1,
d?S/dy* > 0 so S is least when y = 1 and z = +/2.

The square of the distance between a point (z,y) on the curve and the point (0,9) is

S =122+ (y—9)? where z = 2y? so S = 4y* + (y — 9)? for any v,

dS/dy = 16y> +2(y —9) = 2(8y> +y —9), dS/dy = 0 when y = 1 (which is the only real solution),
d?S/dy* > 0 so S is least when y =1, x = 2.

If P(xo,yo) is on the curve y = 1/22, then yo = 1/x3. At P the slope of the tangent line is —2/x

. . 1 2 2 3
so its equation is y — — = ——(z — x¢), or y = ——5 7 + —5. The tangent line crosses the y-axis
T Zo 3 5

3 3 / 9
at —, and the r-axis at 5 %o- The length of the segment then is L = [ — + 1:1:(2) for ¢y > 0. For
xg x

9
0
9 9 dL? 36 9 9(x§ — 8
convenience, we minimize L? instead, so L? = — + 2= == ixo = %, which
x
2L2 0
is 0 when 2§ = 8, 29 = V2. T2 > 0 so L? and hence L is minimum when zy = v/2, yo = 1/2.
T
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54.

55.

56.

57.

Chapter 4

If P(z0,90) is on the curve y = 1 — 22, then yo = 1 — 22. At P the slope of the tangent line is
—2z0 so its equation is y — (1 — 23) = —2wg(x — x¢), or y = —2wgx + 23 + 1. The y-intercept is

1
23 + 1 and the x-intercept is 5(’1}0 + 1/x9) so the area A of the triangle is
1 1, . 1
A= Z(Ig +1)(zo + 1/x0) = Z(:I?S +2xg + 1/xg) for 0 <z < 1. dA/dxg = 1(31'3 +2—1/x2) =
1
E(Smé + 222 — 1)/x3 which is 0 when 23 = —1 (reject), or when 22 = 1/3 so xg = 1/4/3.

1
d*A)dx? = Z(Gxo +2/x3) > 0 at 9 = 1/v/3 so a relative minimum and hence the absolute

minimum occurs there.

d 2z
At each point (z,y) on the curve the slope of the tangent line is m = el ———— 5 for any

dv (1+22)
d 2(3z%2-1) d
T, d—? = ((11332)3), % = 0 when z = +1/4/3, by the first derivative test the only relative

maximum occurs at ¢ = —1/ \/3, which is the absolute maximum because lim m = 0. The

r—+o0

tangent line has greatest slope at the point (—1/+/3,3/4).

Let « be how far P is upstream from where the man 1
starts (see figure), then the total time to reach T is x|

t= (time from M to P)+ (time from P to T) P T

211 1-—
= Tt + xfornggl,
TR rw

EA

where rr and ry are the rates at which he can row
and walk, respectively.

241 1—z dt T 1 dt
t= e~ 0= =0when5r=3V22+1
(a) 3 + e R 550 I when 5x 2 +1,
2522 = 9(2% +1),22 = 9/16, x = 3/4. If 2 = 0,3/4,1 then t = 8/15,7/15,4/2/3 so the time

is a minimum when x = 3/4 mile.

Va2 +1 1— dt 1 dt
(b) t= s + x,—:Lf*so—:Owhenx:4/3whichisnotinthe
4 5 Tdr 422+ 1 5 dw
interval [0, 1]. Check the endpoints to find that the time is a minimum when x = 1 (he should
row directly to the town).

With x and y as shown in the figure, the maximum length of pipe
will be the smallest value of L = x + y. By similar triangles
y z 8x y 8
S = —— y=———=50
8 V% -16 Y Va2 —16
8x dL 128
L=at o foro >4, = =1
Tt o1 T @ (22 — 16)3/2
dL y
— =0 when x2-16
x
4

(z2 —16)%/2 =128
r? — 16 = 128%/3 = 16(2%/3)
x? = 16(1 4 2%/3)
z=4(1+22/3)1/2,

d?L/dx? = 384x /(2% — 16)°/? > 0 if © > 4 so L is smallest when x = 4(1 4 22/3)1/2,
For this value of z, L = 4(1 + 2%/3)3/2 ft,
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58.

59.

60.

61.

62.

s=(r1 —2)%+ (w2 —2)2 + -+ (z, — 7)?,
ds/dTi= —2(x1 — %) —2(x2 — ) — - -+ — 2(x,, — T),
ds/dz = 0 when

(21— ) + (22— )+ + (3 — 5) =0
(1 4+x24-2p)—(@T+T+--4+2)=0
(t1+x2+-+x,)—nT=0

1

n

(x1+x2+...+xn)’

1
d?s/dz? =2+2+---+2=2n>0, so s is minimum when z = —(z1 + 22 + -+ + x,).
n

Let = = distance from the weaker light source, I = the intensity at that point, and k the constant
of proportionality. Then

kS 8kS
I=—+-——if .

o 90— 27 | 0 <z <90;
dl _ 2kS N 16kS  2kS[8z — (90 — x)%] 18kS(:E — 30)(z% + 2700)
de — z3 (90 —z)3 x3(90 — x)3 B x3(x — 90)3 ’

dI dI
which is 0 when x = 30; T < 0if z < 30, and s > 0 if z > 30, so the intensity is minimum at a
x x

distance of 30 cm from the weaker source.

If f(xo) is a maximum then f(x) < f(xo) for all  in some open interval containing z( thus

V f(x) </ f(zo) because /7 is an increasing function, so \/f(xp) is a maximum of \/ f(z) at x.

The proof is similar for a minimum value, simply replace < by >.

Let v = speed of light in the medium. The total time required for the light to travel from A to P
to B is

1
t = (total distance from A to P to B)/v = —(y/(c — )2 + a2 + Va2 +b2),
v

ﬂ_l B c—x n T
de v | flc—2)2+a? V2242
dt c—T

\/x2$+ 2 V( 2 +a? But x/vx2 + b2 = sinf, and
C— X Qa

(c—x)/+v/(c—2)? 4+ a? = sinf; thus dt/dz = 0 when sinfy = sin6; so 02 = 0.

and . = 0 when

The total time required for the light to travel from A to P to B is
Va2 + a2 n V(e—z)2 +b2

U1 V2

but z/vx? + a? = sinf; and

t = (time from A to P) 4+ (time from P to B) =

)

dt T 7 c—z

dr  vivVa2+a?2  wve/(c— )2 + b2
dt ind in 0 dt ind in 0

(c—x)/\/(c—x)®+b%> =sinby thus oo = 27L ST o B when Dot = PR72

dx V1 Vo dzr V1 Vg
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63. (a) The rate at which the farmer walks is analogous to the speed of light in Fermat’s principle.

(b) the best path occurs when 6 = 65 (c) Dby similar triangles,
(see figure). x/(1/4)= (1 —x)/(3/4)
Jr=1—-x
dr=1
x=1/4 mi.

House

FNS

EXERCISE SET 4.7
— 2 ! _ _ a?i —2
1. f(:E) =T = 27 f (!L‘) - 2$7 Tntl = Tn — 2:17”

21 =1, 29 = 1.5, 13 = 1.416666667, ..., 15 = 16 = 1.414213562

2
-7

2. flx)=a22-7, f(x) =22, Tpy1 = Ty — Zn
2x,

1 = 3, T2 = 2.666666667, r3 = 2.645833333, ..., v5 = ¢ = 2.645751311

— 3 _ / R, ) — _ xi —6
3. f(x) T 67 f (QC) 3x y Tn41 T 372

T1 =2, g = 1.833333333, x5 = 1.817263545, ..., x5 = 2 = 1.817120593

4. 2" —a=0
x> — 1, +3
322 — 1
T1 = —2, 1o = —1.727272727, x3 = —1.673691174, ..., x5 = v¢ = —1.671699882

5. f(IE):ZL’B*:IZ#»g, f/(x):3x2flaxn+1:xn*

:c‘fL +x, —1
322 +1
x1 =1, o = 0.75, x3 = 0.686046512, ..., x5 = g = 0.682327804

6. f(l‘):l‘3+l’—1, f’(x):3x2—|—1, Tn+1 = Tpn —

5 42t —5
Srt + 4a3
x1 =1, zo = 1.333333333, 3 = 1.239420573, ..., 26 = x7 = 1.224439550

7. f(x)=2°+2* -5, f(z) =52t + 423, 21 = 7 —

R |
Szt —1
21 =—1, 290 = —1.25, x5 = —1.178459394, . .., 26 = 7 = —1.167303978

8. flx)=2°—z+1, fl(z) =52 -1, 241 = 2, —
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10.

11.

12.

13.

flx)=a*+z -3, f'(z) =42 +1,
i +x, -3

x 1 =Xp —
[ P R

T1 = —2, r2 = —1.645161290,
x3 = —1.485723955, ..., 26 = x7 = —1.452626879

f(z) =25 —52® — 2, f'(x) = 5a* — 1522,
x5 —5xd —2

xn+l = Tn
4 2
oSxy — 152

xry = 2, To = 25,
x5 = 2.327384615, ..., 17 = 153 = 2.273791732

flx) =2sinx —z, f'(x) =2cosz — 1,
2sinx,, — T,

Tn+1 = Tn —
2cosx, — 1

1 = 2, 2 = 1.900995594,
r3 = 1.895511645, 4 = x5 = 1.895494267

f(x) = sinz — 22,

f'(x) = cosx — 2z,

- . sinx, — 22
nhl = COS Ty — 2%,

z1 =1, 72 = 0.891395995,
x5 = 0.876984845, . .., x5 = x5 = 0.876726215

f(z) =z —tanz,

fl(@)=1—-sec?z = —tan’z, T,,41 = T, +

x1 = 4.5, v2 = 4.493613903, x3 = 4.493409655,
T4 = x5 = 4.493409458

T, —tanx,

2
tan® x,

169
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14. f(x) =1+ a2cosx, f'(x) =2z cosz — 2%sinz 1.6
1+ 22 cosx,
X =Tp — -
ntt 2T, coS T, — T2 sin Ty, ~———
x1 = 2, x5 = 1.8746, x3 = 1.8631, —0.5|— HER)
x4 = 1.863045316, x5 = ¢ = 1.863045308 L i
-0.7
15. At the point of intersection, 2 = 0.5z — 1, 2
23—-0.52+1 = 0. Let f(z) = 23—0.52+1. By graphing
y =3 and y = 0.5z — 1 it is evident that there is only
one point of intersection and it occurs in the interval Ll ‘ 1B
[—2, —1]; note that f(—2) < 0 and f(-1) > 0.
f'(z) =322 — 0.5 so
3 — 0.5z + 1 >
Ln =Tn — — 5 5 g -
i 322 — 0.5
T = —]., T2 = —1.2,
rg = —1.166492147, ...,
x5 = xg = —1.165373043
16. The graphs of y = sinz and y = 2% — 222 + 1 intersect 2

at points near x = —0.8 and x = 0.6 and x = 2. Let .
f(x) = sinz—a34+222—1, then f'(x) = cos v—3z2+4z,

cosz — 322 + 4z -1.5 : ‘ ! 2.5
Tn4+1 Tn sinr — 1.3 + 2%2 + 1 L/V 7

If x1 = —0.8, then x5 = —0.783124811,

x3 = —0.782808234,

x4 = x5 = —0.782808123; ; if 1 = 0.6, then

22 = 0.568003853, x3 = x4 = 0.568025739 ; if x1 = 2, then
xo = 1.979461151, 3 = 1.979019264, x4 = x5 = 1.979019061

17. The graphs of y = 22 and y = /27 + 1 intersect at 4
points near x = —0.5 and = = 1; 22 = /22 + 1,
zt—2x —1=0. Let f(z) = 2* — 22 — 1, then
f(z) =423 — 2 50

2z, —1

Tntl = In = 43 — 2
n

If 1 = —0.5, then x5 = —0.475,

xg = —0.474626695,

x4 = x5 = —0.474626618; if

r1 =1, then x5 = 2,

xg = 1.633333333, ..., 28 = zg = 1.395336994.
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18.

19.

20.

21.

22,

23.

24.

25.

The graphs of y = 23/8 + 1 and y = cos2x in-

tersect at * = 0 and at a point near x = —2;
23/8 + 1 = cos2x, 3 — 8cos2x + 8 = 0. Let
f(x) = 23 — 8cos2z + 8, then f'(x) = 322 + 16sin 2z _3\ ﬁ
SO
3 — 8cos2x, + 8
Tp4l = Tp —

322 + 16sin 2z,

T = 2, 29 = —2.216897577,
15 = —2.193821581, ..., 25 = 26 = —2.193618950.

X

2 _ 1
(&) f@)=2—a [x) =2 s =20~ 50 =5 (x - x)

(b) a=10; z; = 3, 3 = 3.166666667, x5 = 3.162280702, x4 = x5 = 3.162277660

(@ f@) =1~ a f@) =~ T = (2 - az)

(b) a=17; z; =0.05, 2 = 0.0575, x3 = 0.058793750, =5 = x¢ = 0.058823529

f'(z) = 2% + 22 + 5; solve f/(x) = 0 to find the critical points. Graph y = 2® and y = —2z — 5 to

3+ 2w, +5
322 42

x1 = —1, 20 = —1.4, x3 = —1.330964467,...,x5 = x¢ = —1.328268856 so the minimum value of

f(z) occurs at x ~ —1.328268856 because f”(x) > 0; its value is approximately —4.098859132.

see that they intersect at a point near z = —1; f”(x) = 322 +2 50 Tp11 = Ty, —

From a rough sketch of y = xsinx we see that the maximum occurs at a point near x = 2, which

will be a point where f/(x) = zcosz +sinz = 0. f(z) = 2cosz — xsinz so

Tp COS T, + sinax, T, + tanx,
= dn

Tp4+1 = Tn —

2COS Ty, — T, SIN T, 2 —zx,tanz,

1 = 2, xog = 2.029048281, x3 = 2.028757866, x4 = x5 = 2.028757838; the maximum value is
approximately 1.819705741.

Let f(z) be the square of the distance between (1,0) and any point (z,z?) on the parabola, then
flx)=(x—1)?+ (2> -0)2 =2 + 22 — 22+ 1 and f'(x) = 42® + 22 — 2. Solve f'(x) = 0 to find
4xi+2xn—2_ Qxfl—i—xn—l

1222 +2 "7 622 +1
1 = 1, o = 0.714285714, 3 = 0.605168701,...,24 = x7 = 0.589754512; the coordinates are
approximately (0.589754512,0.347810385).

the critical points; f”(z) = 122% +2 50 Tp41 = T —

The area is A = xy = x cosx so dA/dx = cosz — zsinz. Find = so that dA/dx = 0;

. COS Xy, — Ty SIN Ty, 1—z,tanx,
d2A/dx2:—251nm—xcosx SO Tpt1 = Ty + — =T, +—.
2sinx,, + T, COST, 2tanz,, + T,

r1 =1, 9 = 0.864536397, x5 = 0.860339078, x4 = x5 = 0.860333589; y ~ 0.652184624.
(a) Let s be the arc length, and L the length of the chord, then s = 1.5L. But s = rf and
L = 2rsin(6/2) so rf = 3rsin(6/2), 6 — 3sin(0/2) = 0.

(b) Let f(0) =0 — 3sin(0/2), then f'(§) =1 — 1.5c0s(0/2) so Op,11 = 6, On = 35i(0/2)

1—15c08(0,/2)
01 = 3, 05 = 2.991592920, 03 = 2.991563137, 0, = 05 = 2.991563136 rad so 0 ~ 171°.
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26.

27.

28.

29.

30.

31.

Chapter 4

r2(0 —sinf)/2 = 7r?/4 so § — sinf — /2 = 0. Let f(0) = 0 —sinf — m/2, then f/(§) =1 — cosd
0, —sinb,, — /2

1—cosf,
01 = 2, 05 = 2.339014106, O3 = 2.310063197, . .., 05 = 0 = 2.309881460 rad; 0 ~ 132°.

SO 041 =

If v =1, then y* +y=1,9* +4y —1=0. Graph z = y* and z = 1 — y to see that they intersect
4
n— 1
near y = —1 and y = 1. Let f(y) =y* +y — 1, then f'(y) =4y + 1 50 Yp11 = yn — %
Yn
If y; = —1, then yo, = —1.333333333, y3 = —1.235807860, . .., ys = y7 = —1.220744085;
if y1 = 1, then yo = 0.8, y3 = 0.731233596, . . ., ys = y7r = 0.724491959.

If x =1, then 2y — cosy = 0. Graph z = 2y and z = cosy to see that they intersect near y = 0.5.

2y, —
Let f(y) = 2y — cosy, then f/(y) =2+ siny $0 ynt1 = Yn — w.
2 +sinyy,

y1 = 0.5, yo = 0.450626693, y3 = 0.450183648, y4 = ys = 0.450183611.
5000 25 : - 125 1 24
S(25) = 250,000 = —~ [(141)%° —1]; set f(i) =50i— (1+4)*+1, f'(i) = 50— 25(1+1i)*; solve

f(i) = 0. Set ig = .06 and 41 = ip— [50i — (1 +4)* + 1] / [50 — 25(1 + i)?*]. Then i; = 0.05430,
iz = 0.05338, i3 = 0.05336, ..., i = 0.053362.

(a) x1 =2, 29 = 5.3333, 0.5
x3 = 11.055, x4 = 22.293, i
x5 = 44.676
0 = 15
0

(b) x1 =0.5, 29 = —0.3333, 23 = 0.0833, x4 = —0.0012, x5 = 0.0000 (and z,, = 0 for n > 6)

(a) T1 T2 3 T4 5 T 7 s 9 T10
0.5000 | —0.7500 | 0.2917 | —1.5685 | —0.4654 | 0.8415 | —0.1734 | 2.7970 | 1.2197 | 0.1999

(b) The sequence x,, must diverge, since if it did converge then f(z) = 22 + 1 = 0 would have a
solution. It seems the z,, are oscillating back and forth in a quasi-cyclical fashion.

EXERCISE SET 4.8

6+ 36 —24
6

F0)=f(2) =0, fl(x) =322 — 6z +2,32 —6c+2=0; c= =1+3/3

f(n/2) = f(Bn/2) =0, f'(x) = —sinz, —sinc=0,c=7
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1}'27 €T 02* C
6. (=1 = f(1) =0, () = Tt S = 0.2 et 120

44416 -4
cC= —M—
2

=2+ /3, of which only ¢ =2 — /3 is in (~1,1)

T O = @) =0. @) =g~ g g — g = hes

8. f(1)=[(3)=0, f'(x) =~ + o —2 4 L

73 @,—0*3“1‘302:0,—64—4020,623/2

f®)—f0) _6_3_ o
9. S =g==/(154)c=15
AC I A ()
10. = o =119 = f(0.77)
11. f(—4) =12, f(6) =42, f/(z) =22 +1,2c+1 = 642_;(_142) =3,¢c=1
12. f(=1) = =6, f(2) =6, f'(x) =322 +1, 3> +1 = S:E:?; =4, ¢ =1, ¢ = +1 of which only
c=1lisin (-1,2)
) 1 1 2-1 1
13. f(0)=1, f3) =2, f'(z) = T 33 03" Vet1=3/2,c+1=9/4, c=5/4
14. f(3)=10/3, f(4) =17/4, f'(z) =1 —1/2%, 1 -1/ = % =11/12, 2 =12, c = +2V/3
of which only ¢ = 2v/3 is in (3,4)
15. f(-5)=0, /(3) =4, f'(2) = ——— ¢ _ 40 1 me

V25 —22 V25— 3-(-5) 2
42 =25—-c%, 2 =5¢c=—/5
(we reject ¢ = v/5 because it does not satisfy the equation —2c¢ = v/25 — ¢2)

1 1/4-1 1

16, £(2) = 1, £5) = 1/4, £'(e) = <1/(w = V% 5z = g =~ (=1 =4 e=1 = %2
¢ = —1 (reject), or ¢ =3
17. (a) f(-2)=f(1)=0 (b) ¢=-1.29

The interval is [—2, 1]

(¢) zo=-1,21 =-1.5, 29 =—1.32, 3 = —1.290, x4 = —1.2885843
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18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

Chapter 4
—-2) — f(1 —16 -5
(a) m:f(,;,{(): —3 =7s0y—5=Tx—-1),y="Te—2
(b) f'(x) = 322 + 4 = 7 has solutions x = +1; discard = 1, so ¢ = —1
(¢) y—(-5)="Tx—(-1)ory="Tr+2 (d) 5
) //|// 1

-20

(a) f'(x) =sec?z, sec? ¢ = 0 has no solution (b) tanz is not continuous on [0, 7]

(a) f(-1)=1, f(8) =4, f'(z) = %x—l/s

4-1 1
_1/3 = m = g, 01/3 = 2, C:8 Wthh iS not in (-1,8)

(b) x2/3 is not differentiable at z = 0, which is in (—1,8).

2
—c
3

(a) Two z-intercepts of f determine two solutions a and b of f(x) = 0; by Rolle’s Theorem there
exists a point ¢ between a and b such that f/'(c¢) =0, i.e. ¢ is an z-intercept for f’.

(b) f(z) =sinxz =0 at x = nm, and f'(x) = cosz = 0 at x = nw + /2, which lies between nr
and (n+ 1)m, (n =0,£1,£2,...)

x1) — f(z
M is the average rate of change of y with respect to x on the interval [zo,z;1]. By
Tr1 — X0

the Mean-Value Theorem there is a value ¢ in (xg,z1) such that the instantaneous rate of change

f/(c) _ f(fl?l) - f(mO) )
Tr1 — X0
Let s(t) be the position function of the automobile for 0 < ¢ < 5, then by the Mean-Value Theorem
there is at least one point ¢ in (0,5) where
s'(c) =v(ec) =[s(5) — s(0)]/(5 —0) =4/5 = 0.8 mi/min = 48 mi/h.

Let T(t) denote the temperature at time with ¢ = 0 denoting 11 AM, then T'(0) = 76 and

T(12) = 52.

(a) By the Mean-Value Theorem there is a value ¢ between 0 and 12 such that
T'(c) = [T(12) — T(0)]/(12 — 0) = (52 — 76)/(12) = —2° F/h.

(b) Assume that T'(¢t;) = 88°F where 0 < t; < 12, then there is at least one point ¢ in (¢1,12)
where T"(c) = [T(12)=T(t1)]/(12—t1) = (52—88)/(12—t1) = —36/(12—t1). But 12—¢; < 12
so T'(c) < —36/12 = —3°F /h.

Let f(t) and g(t) denote the distances from the first and second runners to the starting point,
and let h(t) = f(t) — g(t). Since they start (at ¢ = 0) and finish (at ¢ = ¢1) at the same time,
h(0) = h(t;) = 0, so by Rolle’s Theorem there is a time to for which h'(t2) = 0, i.e. f'(t2) = ¢'(t2);
so they have the same velocity at time to.

f(x) = 25 — 222 + x satisfies f(0) = f(1) = 0, so by Rolle’s Theorem f’(c) = 0 for some ¢ in (0, 1).

(a) By the Constant Difference Theorem f(x) — g(x) = k for some k; since f(xg) = g(xo), k =0,
so f(z) = g(x) for all x.

(b) Set f(z) = sin?x + cos?z, g(x) = 1; then f/(z) = 2sinxzcosz — 2cosasinz = 0 = ¢'(z).
Since f(0) =1 =g(0), f(z) = g(z) for all =.
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28.

29.

30.

31.

32.

33.

34.

35.

(a) By the Constant Difference Theorem f(z) — g(x) = k for some k; since f(zo) — g(xo) = ¢,
k=c¢,so f(z) —g(x) = c for all .
(b) Set f(z) = (x —1)3, g(x) = (z* + 3)(x — 3). Then
f(x)=3(x—-1)2 g'(x) = (22 +3) +2x(x —3) =322 =62+ 3 =3(2%2 — 22+ 1) = 3(x — 1),
so f'(z) = ¢'(z) and hence f(x) — g(x) = k. Expand f(x) and g(z) to get
)= f(z) —g(x) = (2 =322 + 32— 1) — (23 — 322 + 32 — 9) = 8.
() h(z)=23-322+3x—-1— (23 —322+32r-9)=38

(a) If z,y belong to I and = < y then for some ¢ in I, M = f'(e),
y—x
so |f(z)—fy)| =11 (0)||lx—y| < M|x—y|; if z > y exchange = and y; if x = y the inequality

also holds.

(b) f(z)=sinz, f'(x) =cosz, [f'(x)] <1 =M, so|f(x) = f(y) < |z —ylor
|sinz —siny| < |z — yl.

(a) If x,y belong to I and = < y then for some ¢ in I,

f(y)ff(x)i ,C
G

so |[f(z)— f()| =I|f(e)||lr —y| > M|z — yl; if z > y exchange x and y; if
x = y the inequality also holds.

(b) If z and y belong to (—7/2,7/2) and f(z) = tanx, then |f'(x)| = sec> x > 1 and
|tanx — tany| > |x — y|

(c¢) yliesin (—m/2,7/2) if and only if —y does; use Part (b) and replace y with —y

(a) Let f(z) =+x. By the Mean-Value Theorem there is a number ¢ between = and y such that

Vi—ve 1 for ¢ in (z,y), thus /y — f<2

y—z /e %ﬁ

1
(b) multiply through and rearrange to get /zy < 5(;10 +v).

\F

Suppose that f(z) has at least two distinct real solutions 1 and 79 in I. Then

f(r1) = f(r2) = 0 so by Rolle’s Theorem there is at least one number between 1 and ry where
f(x) =0, but this contradicts the assumption that f'(z) # 0, so f(z) = 0 must have fewer than
two distinct solutions in .

(a) If f(z) = 2 +4x — 1 then f'(z) = 322 + 4 is never zero, so by Exercise 32 f has at most one
real root; since f is a cubic polynomial it has at least one real root, so it has exactly one real
root.

(b) Let f(z) = az® +bx? + cx +d. If f(x) = 0 has at least two distinct real solutions ry and ra,
then f(r1) = f(r2) = 0 and by Rolle’s Theorem there is at least one number between r; and
ry where f/(z) = 0. But f/(x) = 3az? + 2bx + ¢ = 0 for

= (—=2b+ V4b? — 12ac)/(6a) = (—=b £ V/b% — 3ac)/(3a), which are not real if b> — 3ac < 0

so f(z) = 0 must have fewer than two distinct real solutions.

1 1 f V3 1
! =2— But - for ¢ in (3,4
fi(x) = N 2\[ ~—3 V3. <2\[ \forcm(,)so
1
1<2—\/<57?0.25<2—\/§<0.29,r1.75<—f<—1.71,1.71<\/§<1.75.

(a) %[fz(x) + g% (@)] = 2f(2)f'(2) + 29(2)g'(x) = 2f (2)g(x) + 29(x) [~ f(x)] = 0,
so f2(x) + ¢g?(x) is constant.

(b) f(z)=sinz and g(x) = cosx
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36. —[f*(z) = ¢°(2)] = 2f () f'(z) = 29(w)g'(z) = 2f (x)g(x) — 29(2) f(x) = 0 s0 f2(x) — g*(x)

37. If f'(x) = ¢'(z), then f(z) = g(x) + k. Let z =1,
f)=g)+k=(12-4(1)+6+k=3+k=2,s0k=—1. f(z) =2°—4x +5.

38. Let h = f — g, then h is continuous on [a, b], differentiable on (a,b), and h(a) = f(a) — g(a) =0,
h(b) = f(b) — g(b) = 0. By Rolle’s Theorem there is some ¢ in (a,b) where h'(¢) = 0. But
W(e) = f'(c) = g'(c) so f'(¢) = ¢'(c) = 0, f'(c) = ¢'(c).

39.

40. (a) Suppose f/'(x) = 0 more than once in (a,b), say at ¢; and c2. Then f'(c1) = f'(c2) = 0 and
by using Rolle’s Theorem on f’, there is some ¢ between c¢; and cg where f”(c) = 0, which
contradicts the fact that f”(x) > 0 so f/(x) = 0 at most once in (a, b).

(b) If f’(x) > 0 for all = in (a,b), then f is concave up on (a,b) and has at most one relative
extremum, which would be a relative minimum, on (a, b).

41. (a) similar to the proof of Part (a) with f'(¢) <0
(b) similar to the proof of Part (a) with f'(¢) =0

42. Let x # xo be sufficiently near xo so that there exists (by the Mean-Value Theorem) a number c
(which depends on x) between x and xg, such that

f(@) = flzo

o
DT g,
Since ¢ is between z and zg it follows that
f'(xg)= lim f(ma)c — i(ﬂfo) (by definition of derivative)
T—xg — X
= lim f'(c) (by the Mean-Value Theorem)
T—T
= lim f'(2) (since lim f'(z) exists and c is between x and z).
T—x

43. If f is differentiable at x = 1, then f is continuous there;
lim f(z)= lim f(z)=f(1)=3,a+b=3; lim f'(x)=a and
z—1+t z—1- z—1+
lim f'(z) =6soa=6and b=3—6=—3.
r—1—

44. (a) lim f'(z) = lim 2z =0 and lim_ f(z) = lim 2z = 0; f’(0) does not exist because f is
z—0~ rz—0~ z—0 z—0
not continuous at x = 0.

(b) 1i1%17 fl(z) = 111%1+ f/(z) =0 and f is continuous at = 0, so f/(0) = 0;

lirgli ' (z) = 11187(2) =2 and lirgl+ ' (z) = lirgl+ 62 =0, so f”(0) does not exist.
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45.
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From Section 3.2 a function has a vertical tangent line at a point of its graph if the slopes of
secant lines through the point approach 4+oco or —oco. Suppose f is continuous at z = xg and
hm f(z) = +00. Then a secant line through (z1, f(x1)) and (o, f(x0)), assuming z1 > x, will

T e - fe)

have slope . By the Mean Value Theorem, this quotient is equal to f’(c¢) for some
r1 — o

¢ between xg and x1. But as x; approaches zy, ¢ must also approach xg, and it is given that

hm f'(¢) = +o0, so the slope of the secant line approaches +cc. The argument can be altered

CHKL’O

appropriately for z; < xo, and/or for f’(c) approaching —oo.

SUPPLEMENTARY EXERCISES FOR CHAPTER 4

4.

3 2
x x
(a) False; an example is y = 3 g o [—2,2]; = = 0 is a relative maximum and z = 1 is a
1
relative minimum, but y = 0 is not the largest value of y on the interval, nor is y = ~5 the
smallest.
(b) true

(c) False; for example y = 23 on (—1, 1) which has a critical number but no relative extrema

(a) (b) v ()
41 4
L1 Ly I T B R L1 L X
2 2 2
T —T)(x—1
(a) f'(z)= w; critical numbers at x = 0,1,7;
322/3
neither at = 0, relative maximum at x = 1, relative minimum at = 7 (First Derivative
Test)

f'(x) = 2cosx(1 + 2sinx); critical numbers at = 7/2,37/2,77/6,117/6;
relative maximum at x = /2, 37 /2, relative minimum at x = 77 /6,117/6

(b)

; critical numbers at x = 5; relative maximum at z =5

2
!/ 1 27
(a) fl(z)= 182 3/2, f(x) = 362 5/2, critical number at z = 9;
f"7(9) > 0, relative minimum at x = 9
z® — ,7°+8
m) fa)=2" 20 ) =21,

critical number at = 41/3 f"(41/3) > 0, relative minimum at x = 41/3

(¢) f'(x) =sinz(2cosz + 1), f’(x) = 2cos®x — 2sin® x + cos z; critical numbers at
x = 2n/3,m,4xw/3; f"(27/3) < 0, relative maximum at x = 27/3; f”(x) > 0, relative
minimum at z = 7; f”(47/3) < 0, relative maximum at x = 47/3
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9.

10.

11.

12.

lim f(z) = +o0, lir+n flx) =400
f(z) = x(42? — 92 +6), f"(z) = 6(2z — 1)(x — 1)
relative minimum at = = 0,

points of inflection when =z =1/2,1,
no asymptotes

Chapter 4

(3.83,-261.31)

lim f(z) =—-oc0, lim f(z)=4o0 y
T— —00 5 ) I/—>+OO ) (-0.42,0.16)
f(x) =2(z - 2)%, f'(x) = 27 (52 — 6)(z — 2), (=0.63,0.27) 0.0) [«
f"(z) = 4z (52% — 12z + 6) Al 23 4
+ 24/31 —-100+
critical numbers at x = 0, %
—-200
8 —2v/31
relative maximum at x = —5 ~ —0.63 (2.82.-165.00)
8 +2v/31
relative minimum at x = % ~ 3.83
6 4+ /66

points of inflection at = 0, ~ 0,—0.42,2.82

5
no asymptotes

lim f(z) doesn’t exist
r—to0

f'(z) = 2z sec? (22 + 1),

f"(z) = 2sec?(x? 4 1) [1 + 4% tan(a? + 1)]

critical number at x = 0; relative minimum at x = 0
point of inflection when 1 + 422 tan(z? + 1) = 0

vertical asymptotes at z = £/7(n+3) —1,n=10,1,2,...

lim f(z) =—oc0, lim f(z)=4o0
T— —00 xr——+00
f'(x)=1+sinz, f"(x) = cosz
critical numbers at © = 2nm +7/2, n =0,+1,£2, ..,
no extrema because f’ > 0 and by Exercise 51 of Section 5.1,
f is increasing on (—oo, +00)
inflections points at = nw + 7/2, n =0,+1,+2, ...
no asymptotes

—_——_—— e — b

——— e
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z(x +5) 22% + 1522 — 25
13. fl(2) =275 s, fa) = —250 5
F@) =2 e @ (22 + 27 + 5)°
critical numbers at x = —5, 0;
relative maximum at z = —5,

relative minimum at z =0
points of inflection at z = —7.26, —1.44,1.20
horizontal asymptote y =1 as x — £o0

2

14. f/(z) = 3%, F(x) = =6

critical numbers at x = +5v/3/3;

relative maximum at z = —5v/3/3,

relative minimum at 2 = +5/3/3

inflection points at = £5,/2/3

horizontal asymptote of y =0 as © — +o0,

vertical asymptote x =0

322 — 50
5

15.  lim f(z) = +oo, lirf flz)=—o0

, _ T . z <0
f(x)_{—%c if {x>0

critical number at x = 0, no extrema
inflection point at x = 0 (f changes concavity)
no asymptotes

5 —3x
/! —
16. fi(@) = 3(1 4 2)1/3(3 — x)2/3’
—32

f//(-r) = 9(1 +.’17)4/3(3 — I)5/3

critical number at x = 5/3;
relative maximum at = 5/3

cusp at x = —1;
point of inflection at x = 3
oblique asymptote y = —x as x — o0
17. (a) 40 (b)
-5\ 5

—40

179

f(z) =2 — ﬁ, f(z) =2z
1

critical points at x = £—;
P 20

relative maximum at x = ~30’

relative minimum at x = 20
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(c) The finer details can be seen when 0.0001
graphing over a much smaller z-window.
-0.1 / / 0.1
—0.0001
oy . . _ 3 .
18. (a) 200 (b) critical points at z = £v/2, 3,2;
relative maximum at z = —v/2,
relative minimum at x = v/2,
-5): — s . . 3
relative maximum at x = 5
relative minimum at z = 2
-200
(c) 10 ~2.909

_2.2 Il Il Il Il Il J 3.5
E 13
-4

22012

19. (a) 6 (b) Divide y =22+ 1 intoy = 2% — 8
E to get the asymptote ax + b =z
P A / X
-6
20. (a) p(z)=2°—x (b) p(z) =2* — 22
(c) plx)=a°—a* — 23+ 22 (d) plx)=2a®—23

21. f'(x) =423 — 1822 + 24z — 8, f"(z) = 12(x — 1)(z — 2)
fH(l) =0, fl<1) =2, f(l) =2 f//(2) =0, f/(2) =0, f<2) =3,

so the tangent lines at the inflection points are y = 2z and y = 3.

d dy d d cos
22. cosx — (sin y)—y = Q—y; Y _ ) when cosz = 0. Use the first derivative test: -2 = 733
dx dx’ dx dx 2+ siny

and 2+ siny > 0, so critical points when cosz = 0, relative maxima when x = 2nw + /2, relative

minima when ¢ = 2n7w — 7/2, n =0,+1,£2, ...
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(2 —1)(2?+2—-7)  aP4+ax-7

23. = = 1/2
S ) = et 3 raor 7Y
horizontal asymptote: y = 1/3,
vertical asymptotes: = = (—1 £+/13)/6
r—2)(2?+ 2+ 1)(2? -2
2. () J0)= 02N fo —2) (b)

(z —2)(z2 — 2)2(22 + 1)
_ 22 +r+1
(22 =2)(z2 + 1)

181

D —

»

:

W
T

\\Fc\:ﬁ
|

25. f'(x) = 2ax +b; f'(x) > 0or f'(x) <0 on [0,4+00) if f'(x) = 0 has no positive solution, so the
polynomial is always increasing or always decreasing on [0, +00) provided —b/2a < 0.

26. f'(z) = 3ax?® + 2bx + ¢; f'(x) > 0 or f'(x) <0 on (—oo,+00) if f/(x) = 0 has no real solutions so
from the quadratic formula (2b)% — 4(3a)c < 0, 4b® — 12ac < 0, b* — 3ac < 0. If b*> — 3ac = 0, then
f'(z) = 0 has only one real solution at, say, x = ¢ so f is always increasing or always decreasing
on both (—o0, ¢] and [¢, +00), and hence on (—oo, +00) because f is continuous everywhere. Thus

f is always increasing or decreasing if b> — 3ac < 0.

27. (a) (b)

relative minimum —0.232466
at ¢ = 0.450184

relative maximum 0 at x = 0;
relative minimum —0.107587

at x = +£0.674841

-1.2]

0.2

N/

-0.5

(c) relative maximum 0.876839; at x = 0.886352;
relative minimum —0.355977 at x = —1.244155

L1 112

-0.15

-0.4
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28.

29.

30.

Chapter 4

f'(z) = 2 + 322 — 423 has one real root at zg ~ 1.136861168, so f(z) is increasing on (—o0, k))
at least for k = 9. But f”(x9) < 0, so f(z) has a relative maximum at = xp, and is thus
decreasing to the right of = x¢. So f is increasing on (—oo, x|, where zo ~ 1.136861.

(a) If a =k, a constant, then v = kt + b where b is constant; v
so the velocity changes sign at t = —b/k.

b ~blk
/
(b) Consider the equation s =5 —t3/6, v = —t?/2, a = —t. v .
Then for ¢ > 0, a is decreasing and av > 0, so the
particle is speeding up.
s(t) =t/(t* +5), v(t) = (56— *)/(t* +5)*, a(t) = 2t(t> — 15)/(t* + 5)°
(a) 025 0.2
o] === |20
—-0.05
s(0) (1)
0.01
0 10
—0.1;5

a(t)

(b) v changes sign at t = /5
(¢) s=+/5/10,v=0,a=—/5/50

(d) @ changes sign at t = /15, so the particle is speeding up for v/5 < t < v/15, and it is slowing
down for 0 < t < v/5 and /15 < t

(e) v(0) = 1/5, tligrn v(t) = 0, v(t) has one t-intercept at ¢ = /5 and v(t) has one critical

point at t = /15. Consequently the maximum velocity occurs when ¢ = 0 and the minimum
velocity occurs when ¢ = /15.
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31.

32.

33.

34.

37.

38.

39.

(a) s(t) = so+vot — $gt* = vot — 4.9t%, v(t) = vg — 9.8¢; Smax occurs when v = 0, i.e. t = 1v/9.8,
and then 0.76 = syax = v0(v0/9.8) — 4.9(v9/9.8)% = v3/19.6, so vg = v/0.76 - 19.6 = 3.86 m/s
and s(t) = 3.86t — 4.9t2. Then s(t) = 0 when ¢ = 0,0.7878, s(t) = 0.15 when
t = 0.0410,0.7468, and s(t) = 0.76 — 0.15 = 0.61 when ¢ = 0.2188,0.5689, so the player
spends 0.5689 — 0.2188 = 0.3501 s in the top 15.0 cm of the jump and
0.0410 + (0.7878 — 0.7468) = 0.0820 s in the bottom 15.0 cm.

(b) The height vs time plot is a parabola that opens down, and the slope is smallest near the top
of the parabola, so a given change Ah in height corresponds to a large time change At near
the top of the parabola and a narrower time change at points farther away from the top.

(a) s(t) = so+vo — 4.9t%; assume sg = vg = 0, so s(t) = —4.9t2, v(t) = —9.8¢

t|0 1 2 3 4
s|0]—-49| —-19.6 | —44.1 | —784
v|0|—-98|—-19.6 | —29.4 | —39.2

(b) The formula for v is linear (with no constant term).
(c) The formula for s is quadratic (with no linear or constant term).

it +2t2 -1 3t +10t5 — 12¢* — 6¢2 + 1
(a) v=-— a=
- (t4 + 1)2 [t (t4 4 1)3
(b) v a
0.2 1
| | | \t \N\ \t
o2k 2 2

(c) It is farthest from the origin at approximately ¢ = 0.64 (when v = 0) and s = 1.2

(d) Find t so that the velocity v = ds/dt > 0. The particle is moving in the positive direction
for 0 <t <0.64 s.

(e) Tt is speeding up when a,v > 0 or a,v < 0, so for 0 < ¢ < 0.36 and 0.64 < t < 1.1, otherwise
it is slowing down.

(f) Find the maximum value of |v| to obtain: maximum speed = 1.05 m/s when ¢t = 1.10 s.

No; speeding up means the velocity and acceleration have the same sign, i.e. av > 0; the velocity is
increasing when the acceleration is positive, i.e. a > 0. These are not the same thing. An example
iss=t—t2att=1, wherev=—1and a = -2, s0 av > 0 but a < 0.

(a) If f has an absolute extremum at a point of (a,b) then it must, by Theorem 6.1.4, be at a
critical point of f; since f is differentiable on (a,b) the critical point is a stationary point.

(b) It could occur at a critical point which is not a stationary point: for example, f(x) = |z| on
[—1,1] has an absolute minimum at z = 0 but is not differentiable there.

Yes; by the Mean-Value Theorem there is a point ¢ in (a,b) such that f'(c) =

(a) f'(z) = —1/2® # 0, no critical points; by inspection M = —1/2 at z = —2; m = —1 at
z=—1

(b) fl(z) =322 423 =0at x =0,3/4; f(—1) = =2, f(0) = 0, f(3/4) = 27/256,
f(3/2) = —27/16,so m = -2 at x = —1, M = 27/256 at x = 3/4
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40.

42.

44.

45.

46.

47.

Chapter 4

—12 144 [ 2\'/?
(¢) fl(z)= W, critical points at x = 12/7,2; m = f(12/7) = 19 (7) ~ —1.9356
at x =12/7, M =9 atz =3

T(x —2
(d) ling+ flz) = 1i111 f(z) = 400 and f'(z) = %, stationary point at © = 2; by
Theorem 6.1.5 f(x) has an absolute minimum at z = 2, and m = e?/4.
3 — a2
/ — 2
(@) £ =2
andM:\/§/3atx:\/§.

critical point at = = /3. Since lim+ f(z) =0, f(r) has no minimum,
z—0

(b) f'(x) = 1023(z — 2), critical points at z = 0,2; mlirgl— f(z) = 88, so f(z) has no maximum;

m=—-9at =2

(c) critical pointat z =2;m=—-3atx =3, M =0at z =2

r = —2.11491, 0.25410, 1.86081 43. x = 2.3561945
Let a < z < z¢. Then W > 0 since f is increasing on [a,b]. Similarly if 29 < z < b
—To
then M > 0. Thus, since the limit exists, lim M > 0.
T — To T—x0 T — X
(a) yes; f'(0)=0
(b) no, f is not differentiable on (—1,1)
(c) ves, f'(V7/2) =0
(a) no, f is not differentiable on (—2,2)
3)— f(2
(b) yes, 16) - 1@ ;75( ) =-1=f(1+V2)
(¢) lim f(x)=2, lim+ f(z) =2 so f is continuous on [0,2]; lim f'(z) = lim —2z = —2 and
z—1— r—1 r—1— r—1-
lim+ fl(x) = 1im+(72/12) = —2, so f is differentiable on (0, 2); and
z—1 r—1
2)— f(0
IO gy

Let k& be the amount of light admitted per unit area of clear glass. The total amount of light
admitted by the entire window is

1 1
T =k - (area of clear glass) + ik - (area of blue glass) = 2krh + ZT(k‘TQ.
But P = 2h + 2r + @r which gives 2h = P — 2r — 7r so

1
T:kr(P—Qr—m“)—&—Zﬂ'er =k [Pr— (2—|—7T— %) 7"2}

P
=k Pr78+37rr2 forO0<r < ——,
4 247
d—T:k P78+37r7’ ,d—T:OWhenT: 2P .
dr 2 dr 8+ 3w

This is the only critical point and d?T/dr? < 0 there so the most light is admitted when
r=2P/(8 4 3m) ft.
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48.

49.

50.

51.

52.

If one corner of the rectangle is at (x,y) with 2 > 0, y > 0, then A = 4zy, y = 3/1 — (x/4)?,

dA 8 — 22
A =122.\/1 — (x/4)? = 3216 — 22, — = 6————, critical point at z = 2v/2. Since A = 0
o/ dv ~ V647 P

when z = 0,4 and A > 0 otherwise, there is an absolute maximum A = 24 at = = 24/2.

(a) 2.1 (b) minimum: (—2.111985, —0.355116)
maximum: (0.372591, 2.012931)

(a)

(b) The distance between the boat and the origin is /22 + y2, where y = (2'0/% — 1)/(222/3).
The minimum distance is 0.8247 mi when z = 0.6598 mi. The boat gets swept downstream.

(¢) Use the equation of the path to obtain dy/dt = (dy/dz)(dz/dt), dz/dt = (dy/dt)/(dy/dx).
Let dy/dt = —4 and find the value of dy/dx for the value of = obtained in Part (b) to get
dx/dt = —3 mi/h.

Solve ¢ — 0.0167 sin ¢ = 27(90)/365 to get ¢ = 1.565978 so
r =150 x 105(1 — 0.0167 cos ¢) = 149.988 x 105 km.

Solve ¢ — 0.0934 sin ¢ = 27(1)/1.88 to get ¢ = 3.325078 so
r =228 x 105(1 — 0.0934 cos ¢p) = 248.938 x 10° km.



