CHAPTER 3
The Derivative

EXERCISE SET 3.1

1. (a) mgan = (50 — 10)/(15 — 5) (b)  Av(s)

| 1(s)
10 20"

2. (a) (10-10)/(3—0)=0cm/s
(b) t=0,t=2, and t = 4.2 (horizontal tangent line)
(c) maximum: ¢ =1 (slope > 0) minimum: ¢ =3 (slope < 0)
(d) (3—18)/(4—2)=—7.5cm/s (slope of estimated tangent line to curve at ¢t = 3)

3. From the figure:

N

yall

[ th 4 t

(a) The particle is moving faster at time ¢ because the slope of the tangent to the curve at tg is
greater than that at ts.

(b) The initial velocity is 0 because the slope of a horizontal line is 0.
(c¢) The particle is speeding up because the slope increases as ¢ increases from tg to t;.
(d) The particle is slowing down because the slope decreases as t increases from t; to ts.

y ~

5. It is a straight line with slope equal to the velocity.

6. (a) decreasing (slope of tangent line decreases with increasing time)
(b) increasing (slope of tangent line increases with increasing time)
(c) increasing (slope of tangent line increases with increasing time)
(d) decreasing (slope of tangent line decreases with increasing time)

fA)-fB3) _ @?/2-()?/2 7

7. (a) Mgec = 4_3 = 1 :5
o fla) - fB) L af/2-9/2
by = T s A s
r1—3 2(.T1 - 3) r1—3 2(q;1 — 3) 1—3 2

70



Exercise Set 3.1

(C) Mtan — lim
T1—To 1 — Xo
2 2
. 7 /2 —x85/2
— lim 1/ O/
T1—ZTo 1 — Xo
L -2
= lim
T1—To 2($1 - CC())
. X1+ To
= lim =z
T1—To 2

(C) Mtan =

3_ .3
] — T}

= lim
T1—To T1 — X

. 2 2
= lim (2¥ 4+ x120 + )
r1—To

_ .2
= 3z;

S5 _13-12 1

9. (&) Mgec = =

x1—1

(d)

lim

x1—1

24 I
B Tangent

J Secant
/N
I 5

(7 — 1) (23 + 21+ 1)

$1—1

lim (22 + 2, +1) =3

(d)

3—2 1 6
oo fl)—f(2) L L/a —1/2
(b) Mttan = Illlg}2 T —2 - $11192 T —2
. 2—x . —1 1
=lm ——— = lim — = — -
T1—2 233‘1(.131 — 2) z1—2 221 4

L F@) = fo)

(C) Mtan =
T1—To 1 — Xo
. 1 Ty — 1 Zo
= lim 7/ /
T1—To 1 — Xo
. ZTo — T1
= lim ————
T1—To xoxl(xl - IL’())
. -1 1
= lim =-—
xT1—To ToXq n)

2)—-f(1 1/4 -1
10. (a) mseczf() f(): / __3
2—-1 1 4
_ i fE) - ) 1/af -1
(b) Mtan = xlllgl I — 1 - G1—1 Tp — 1
1— a3 - 1
= lim ——— T~ lim 7(321;_ )
r1—1 $1(.’E1 — 1) r1—1 x7

=2

Tangent

il Il Il x
flsccant
| Secant

1 Tangent
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11.

12.

13.

14.

15.

(c)  Mgan = lim
T1—To 1 — Xo
RV S Vi
T1—To r1 — Xo
2 _ 2
T ek
T1—To 330561(.731 - 330) X
_ 2 .
= lim (1.127—’—2%0) =—-—= Tangent\ Secant
T1—To Ty i
- T+1)— (g3 +1
(@) e = lim fla) = flwo) _ - (@1+1) — (a5 +1)
T1—T0 Tr1 — Xo x1—To 1 — Xo
2 _ .2
= lim L0 = Jiy (x1 + o) = 2x
T1—To L1 — X T1—To

(b)

f(x1) — f(20)

f(z1) = f(xo) — lim

(22 + 321 + 2) — (23 + 370 + 2)

(a)  Mmpan = lim
x1—To Tr1 — X9 x1—To 1 — X0
2 2
— 3 —
= g BT 3@ T) sy S o 18
T1—To 1 — Xo T1—To

(b)

(a)  Mman = lim
x1—To 1 — X9 x1—To 1 — 2o
. 1 1
= lim =
z1—T0 /X1 + /Lo 2./x¢
1 1
b n—_—H—== =
( ) Mta 2\/I 9
- 1 -1
(@) =l LIV ZS@O) oy, VI 1V
T1—T0 Ir1 — Xo T1—T0 Ir1 — Xo
i VTo — +/T1 I -1 1
= 1m = 11m = —
T1—=To /T /L1 ((El — 1’0) T1—=T0 /T /L1 (\/1'1 + \/CC(]) 21-3/2
1 1
b an — — S \a2/0 — T4
(b) m 2(4)3/2 16

Mian = 2(2) +3=7

f(z1) — f(xo) — lim

VL~ /T

72°F at about 4:30 P.M.

Chapter 3

(a)
(c)

(b) about (67 —43)/6 = 4°F/h
decreasing most rapidly at about 9 P.M.; rate of change of temperature is about —7°F/h
(slope of estimated tangent line to curve at 9 P.M.)

For V = 10 the slope of the tangent line is about —0.25 atm/L, for V = 25 the slope is
about —0.04 atm/L.

(a) during the first year after birth
(b) about 6 cm/year (slope of estimated tangent line at age 5)

(c)

the growth rate is greatest at about age 14; about 10 cm/year
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d Growth rate
( ) 401 (cm/year)

30
20

10}
| | | 1 (yrs)
5 10 15 20

18. (a) The rock will hit the ground when 16t2 = 576, t?> = 36, t = 6 s (only ¢ > 0 is meaningful)
_16(6)2 — 16(0)? _16(3)2 — 16(0)?

() Vave 0 =96 ft/s (€) Vave = 50 =48 ft/s
. 16t7 —16(6)> . 16(t3 — 36)
(d) Vinst = tlllglﬁ t1 —6 o tl1u—r>16 t1 —6
= lim 16(t; +6) = 192 ft/s
1—
19. (a) 5(40)% = 320,000 ft (b)  Vaye = 320,000/40 = 8,000 ft/s

(c) 5t3 =135 when the rocket has gone 135 ft, so t3 = 27, t = 3 8; vaye = 135/3 = 45 ft/s.

. 5t —5(40)3 . 5(t3 —40%)
(d) v = lim | —— = Im = —0

= lim 5(t1 + 40t; + 1600) = 24,000 ft/s

2 _ 2
20 @) o= 2 +3?],— [13(1) U 13 i/
2 - —
(b) vt = lim CTI =4 Burdt -1
t1—1 tl -1 t1—1 tl 1

= tlim1(3t1 +4)="7mi/h
1*}

6(4)" —6(2)*

21. (a) Vaye = 13 = 720 ft/min
4 _ 4 4
(b) vme = lim S0y, 6 16)
t1—2  t] —2 H—2 t] —2
i S HDE =) B _
= Jlim =y = Jim 60t + 4)(f1 + 2) = 192 ft/min
EXERCISE SET 3.2

L f)=2 f'3) =0, f/(5) = 2, f/(6) = ~1/2
2. f'(4) < f1(0) < f'(2) <0< f1(=3)
3. (b) m=/f'(2)=3 (c) the same, f'(2) =3

4. f’(—1):m:04%(i):1



Chapter 3

y—(=1)=5(x—3), y=>5x—16 8. y—3=—-4(x+2),y=—-4x—-5
_ 3 2 _ 3 2
i) = im TOOZIE gy 3250y (4 ) = 0 £(3) = 832 = 27, £/(3) = 18
wW—T — w—T — w—x
soy—27=18(x —3), y =18z — 27
_ 4 _ 4
f'(z) = lim fw) = flx) _ lim = lim (w® + vz + wr? + 2%) = 423,
w—x w—2x w—zr W — T w—xT

)= @) _ o wt oo

f(z) = lim P e lim (w? + wz + 2?) = 32%; £(0) = 0% =0,
f(0)=0s0y—0=(0)(z—0),y=0
_ 3.1 _ (943
fl(x) = limw ~ lim 2¥ +L_(ff D m 2(w® + wz + %) = 6%
F(-1)=2(-1)3+1=—1, f(~1)=6soy+1=06(z+1), y=6z+5
— lim \/w+1—\/x+1\/w+l+\/x+l ~ lim 1 B 1 .
w—z w—x VwFT+vez+1 woe (Vw+I+vVz+1) 2V +1
1 1 1
f<8>:¢m:3,f'<8>:5soy— = -8, y=zz+2
f’(l‘)_ lim f(w)_f(x) — lim \/2w+1_\/21'+1
2 I 2 1

= lim

wﬂr\/2w+1+\/2x+1 wglw\/9+2h+31:x/2m+1l i
=4/2 Z\f:&f():1/3soy—3:§(a:—4),y=§x+§

L 7 — (z+ Az)
()= lim EtAz_x o wlet Ar)
Fla)= Jim == = dm =

—Azx . 1 1

= 1 = ——
Az xAx(z + Ax) Azo z(x + Azx) x?
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16.

17.

18.

19.

20.

21.

22,

23.

75
1 1 (x+1)—(z+Az+1)
oo (w+Az)+1 41 (z+1)(z+Ax+1)
(@)= Al.ggo Ax N Alalcgo Az
. r+1l-—z—-Azx—1 . —Az
= lim = lim
az=0 Az(z+ 1)(z+ Az +1)  az—0Azx(z+1)(x+ Az + 1)
= lim -1 =— 1
az—0 (z+1)(xz + Az + 1) (x+1)2
2 a2 2 2 _ax? —
Fla)= Tim [a(z + Ax)? + b] — [az?® + 1] ~ % + 2axAzx + a(Az)* +b—ax® —b
Az—0 Az Az—0 Az
2axA Ax)?
= lim 22T + a(A7) = lim (2az + aAz) = 2az
Az—0 Az z—0
. (z+Az)? — (2 + Az) — (22 —2) . 2zAr+ Az? - Az
/ — —
@)= Alglgrgo Ax N AI;:IEO Az
= lim 2z -1+ Az)=2z—1
vt
TN Vr+Azx  Jr . VI —+Vx+ Az
fl(z)= lim Y=——— ¥~ = lim ——————
Az—0 Az Az—0 Azv/zvz + Az
— fim x — (z+ Azx) — lim -1 _ 1
 Az—0 Axv/zvx + Az(yz + vV + Ax)  Az—0 Vrevz + Ax(Vz + Va + Ax) o 223/2
1 1 22 — (v + Az)?
oy e (w4 Az 2?2 x2(x + Ax)?
R -
. 2% — 2% = 20Ax — Az? —2zAx — Az? —2r — Ax 2
= lim - imm —— =— lim -— = —
Az—0  z?2Az(x 4+ Ax)? Az—0 22Ax(z + Az)?2  Az—0 x?(x + Ax)? x3
_ 2 42
F(t) = lim ft+h) = f(t) _ lim [4(t +h)° + (t+ h)] — [4° + 1]
h—0 h h—0 h
i At* 4 8th +4h* +t 4+ h — 4t° —t
= h
4 2
T e lim (8t +4h +1) = 8t + 1
h—0 h h—0
4 3_4 3 4 3 2 2,73 _ .3
v —7(r+h)®> — -ar —7t(r’> + 3r°h 4+ 3rh” + h> — r°)
= = lim 3 3 = lim 3
dr  h—0 h h—0 h
4
= }llin}) §7r(3r2 + 3rh + h?) = 4nr?
(a) D (b) F (c) B (d) C (e) A (f) E
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24.

25.

26.

27.

28.

29.

Chapter 3

Any function of the form f(z) = x + k has slope 1, and thus the derivative must be equal to 1
everywhere.

W

(a) (b) Y (c) Y
E—" - S ‘2{

(a) | ) J y\\

(c) y

(a) f(r)=22anda=3 () fz)=yzanda=1

(a) f(x)=2"anda=1 (b) f(z)=coszanda=m

4 2 41— M2 41 4o AR 41— da? — 1
/TN G i) e ) ol e Y PN, e o o Sk S R S P
dr  h—0 h h—0 h h—0
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( 5 +1>_(5+1) 5 5 5z — 5(x + h)
30 dﬂzlim z+h x :hmw:hmm
) dx h—0 h h—0 h h—0 h
hm5x—5x—5h_hm -5 5
=0 hx(zx+h) h—oxz(z+h) a2
dy| __ 5 _ .5
de|,_ , (—2)? 4
31. y=—-2z+1 32. 15
5
—21 112
0 =/ 2.5
0
-3
33. (b) h 0.5 0.1 0.01 0.001 | 0.0001 | 0.00001
(f(1+h)— f(1))/h | 1.6569 | 1.4355 | 1.3911 | 1.3868 | 1.3863 | 1.3863
34. (b) h 0.5 0.1 0.01 0.001 0.0001 | 0.00001
(F(L+ 1) — f(1))/h | 0.50489 | 0.67060 | 0.70356 | 0.70675 | 0.70707 | 0.70710
35. (a) dollars/ft
(b) As you go deeper the price per foot may increase dramatically, so f/(z) is roughly the price
per additional foot.
(¢) If each additional foot costs extra money (this is to be expected) then f/(z) remains positive.
1) —
(d) From the approximation 1000 = f/(300) =~ W
we see that f(301) ~ f(300) + 1000, so the extra foot will cost around $1000.
36. (a) gallons/dollar
(b) The increase in the amount of paint that would be sold for one extra dollar.
(c) It should be negative since an increase in the price of paint would decrease the amount of
paint sold.
11) — f(10
(d) From —100 = f'(10) =~ % we see that f(11) &~ f(10) — 100, so an increase of one
dollar would decrease the amount of paint sold by around 100 gallons.
37. (a) F =~2001lb, dF/df =~ 50 Ib/rad (b) p=(dF/df)/F =~ 50/200 = 0.25
. 10—-2.2 - . .
38. (a) The slope of the tangent line ~ 5050 — 1950 — 0.078 billion, or in 2050 the world population
was increasing at the rate of about 78 million per year.
dN .
(b) 7 = % =0.013 = 1.3 %/year
39. (a) T ~ 115°F, dT/dt ~ —3.35°F /min

(b) k= (dT/dt)/(T — To) ~ (—3.35)/(115 — 75) = —0.084
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41.

42.

43.

44.

45.

46.

47.

lim f(x) = 31;11% ¢z =0= f(0), so f is continuous at x = 0.

x—0
. fo+h)—f0) . Vh—0 B
pim, h = Jin = = i g = oo so

17(0) does not exist.

111% flz) = 1i1112(x72)2/3 = 0= f(2) so f is continuous at
. f4+h)—f2) . hYP-0
o2 gy PO PR

which does not exist so f/(2) does not exist.

lim f(z) = lim f(z)= f(1), so f is continuous at x = 1.

r—1— rz—1t

u f(1+h)— f(1) [(1+h)2+1] -2

hliof h B hli%{ h B hll%l*@ =3
1+h)— f(1 2(1+h)—2

i LEEM SO oy 20N =2 2=2s0 f/(1) = 2.

h—0t h h—0t h h—0t

lim f(z)= lim f(x)= f(1) so f is continuous at = = 1.

r—1— r—1t
. 2 —
h—0— h h—0— h h—0~
i LR ZSD) oy AR FAZ3
h—0+ h h—0+ h h—0+

so f'(1) does not exist.

Since —|z| < xsin(1/z) < |z| it follows by the Squeezing Theorem
(Theorem 2.6.2) that lir%xsin(l/x) = 0. The derivative cannot
xTr—

exist: consider

f(x) = f(0)

between —1 and +1 and does not tend to zero as x tends to zero.

Chapter 3

= sin(1/z). This function oscillates

y
27
! ! ¥
-2 2
hY
5L
\ [ X
2

For continuity, compare with +22 to establish that the limit is zero. The differential quotient is

xsin(1/z) and (see Exercise 45) this has a limit of zero at the origin.

f is continuous at & = 1 because it is differentiable there, thus ]}bin% f(1+h) = f(1)andso f(1) =0

@ exists; f/(1) = lim fA+h) = F)

because lim
h—0 h—0 h

f(1+h)

= lim

=5.
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48. Let x =y =0 to get f(0) = f(0) + f(0) +0so f(0) =0. f'(z) = }lbin%) w, but
flx+h)=f(x)+ f(h) +5zhso f(x+ h)— f(x) = f(h)+ 5zh and
, f(h) +5bxh f(h)
f(=x) —}llli%f _}Pi% <h+5m) =3+ 5z
/ flth) = fe) . f@)fh) = flz) . f@)f(h) —1]
49, fl@) = Jimy h = fo = fioy h
= s tim TOIO iy (0) = f(a)
EXERCISE SET 3.3
1. 2826 2. —36xt 3. 2427 42 4. 223
5. 0 6. V2 7. —1(73:6 +2) 8. g
3 5
9. 3ax?+2bx +c 10. 1 (2x + 1) 11. 2427+ 1/\z 12. 427 — O
a b 2/x
13. -3z 47278 14. % — %
oy Ay, 1 R _ 1
15. f'(z)= (322 +6) - <2x 4> + (21: 4) dx(3x2 +6) = (322 +6)(2) + (29: 4) (6)
= 182" — gx +12
16. f'(z)=(2—x — 3x3)%(7 +2%) 4+ (7+ x5)%(2 —z — 32°)
= (2—x —323)(5a*) + (7T + 2°)(—1 — 92?)
= —2427 — 62° + 10z — 632 — 7
17. fl(x)= (23 + 722 — 8)i(2x73 +a7 )+ (2273 + z74)i(x3 + 72?2 — 8)
' B dz dz
= (2% + 72? — 8)(—6x7% —4275) + (2273 + 274) (322 + 14x)
= —15272 — 14273 + 4824 4 32277
18. fl(z)= (a1 + x_Q)i(ng +27) + (32° + 27)i(m_1 +27?)
dx dz
= (x71 +272)(92%) + (323 + 27)(—272 — 2273) = 3 + 62 — 2722 — 5da~3
19. 12x(32% 4 1) 20. f(z) = 2'0 + 425 + 422, f'(x) = 102° 4 242° + 8z
d d
52 —3)—(1) — (1)—(bz — 3
21, W_ S TR e A 5 Y1) =-5/4

dr (5x — 3)2 (5 — 3)
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22.

23.

24.

25.

26.

27.

28.

29.

30.

Chapter 3

d d
r+2)—(3) —3—(Vx+2
dy VRO B VD R 2 ) = 815 = 10

du (Vz +2)2
d d

A @+1D)ZB)-G)Z2+1) 13- @3nE) 3

dt (2t +1)2 B (2t +1)2 (2t +1)2

d , o d
de _ BOGEFD - HDZE)  @ryen - @+1@) _£#-1

dt (3t)2 912 3t2

" (m—|—3)dd (20— 1) — (2:1:—1)dd (z +3)

da (x + 3)2
_ (x+3)(2) — 2x—1)(1) _ T dy 7
(z+3)? (x+3)2 dz|,_, 16
dy (- 5)dd (dz+1) — (4o + 1)%@2 —5)
dz (a2 = 5)2
(2?2 =5)4) — (dz+1)(2z)  4a?422+20 dy 13
B (2%~ 5)2 T (@-52 dr|,., 8
d x d d T
B () p ey g (25)
- (3”3;2) (—5276) + (75 +1) [w(?’) - (if26+2)(1)}
_ <3x:2) (=5276) + (x5 +1) (—2)
% =5(—5) +2(-2) = —29

oy [N C VO] (221 g

dy 2
— =(2-1)- 14-2)=—
B =@-Droai-2)

f(1.01) — f(1)  0.999699 — (—1)
0.01 - 0.01

() ~ = 0.0301, and by differentiation, f’(1) = 3(1)2 -3 =0

f(1.01) — f(1)  1.01504 — 1
0.01 n 0.01

rw=(vi+ 52|

(1) = = 1.504, and by differentiation,

=15
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31.

34.

37.

38.

39.

40.

41.

42.

43.

44.

45.

46.

47.

f(1)=0 32. f(1)=1 33. 32t
27 35. 3mr2 36 241
dVv dVv
_— = 4 2 —_ - 4 — 1
(a) o o (b) ar | . 7(5) 007
d [Ao+ A6 1 d 6y 5 Ao + 63
dA[?)\O] 27>\0d>\()\)\ +A)_2fAO(A +6A7) = 2 - X

(b) g'(x) =

(@) g'(x)=6x—5f"(z), g'(3)
2f(z) = 2z + 1) f'(x

AII

() d'(z) = ) ==z -8
(a) F'(z) =5f"(x)+2¢'(x), F'(2) = 5(4) +2(-5) = 10
(b) F'(z) = f'(x) =3¢ (x), F'(2) =4 -3(=5) =19
(e) F'(z) = f(z)g'(x) +g(x)f'(z), F'(2) = (=1)(=5) + (1)(4) =
(d) F'(z) = [g(z)f"(z) — f(2)g'(2)]/g*(x), F'(2) = [(1)(4) — (=1)(-5)]/(1)* = —1
(a) F'(z) =6f"(x) —5g'(x), F'(m) = 6(—1) — 5(2) = —16
(b) F'(zx) = f(z) +g(x) +2(f'(x) + ¢'(x)), F'(m) =10 =34+ 7(-1+2) =T+
(¢) F'(z) =2f(x)g' (x) +2f(z)g(x) = 2(20) 4 2(3) = 46
gy = AT 9@)f'(2) — f(2)g'(z) _ (4-3)(-1) —10(2) _
@ F@O="" 0wy - a0
y—2=5x+3),y=5x+17
dy (I4+z)(-1)—(1—-2)(1) 2 dy 2 1 B .
i TETOE =W e |, 9 andy——§ for z = 2 so an equation
of the tangent line is y — <—;> = —%(m —2),ory= —%x + %

a y/dr = 21z — 10x + 1, d°y/dx* = 42z —
dy/d 2122 — 10 1, d*y/dx?* = 42 10
b) dy/dx = 24x — 2, d*y/dx? = 24
(b) dy y
(c) dy/dx = —1/2% d?*y/dx?* = 2/x3
(d) y=3525— 1623 — 3z, dy/dx = 1752* — 4822 — 3, d?y/dx? = 70023 — 96z

(a) o' =282° — 1522 4+ 2, y’ = 16825 — 30x
(b) y/ — 37 y// —
2 4

r_ 4 _
(C) y - 5x27 y 53’:3
(d) y=2x*+ 323 — 10z — 15, y = 823 + 922 — 10, y"" = 2422 + 18«
(a) v = —5;5*6' + 5zt y” = 302" 4 2023, ¥ = —2102~8 + 60>
(b) y=a7l y=—a?y =277 y" =—627"

"

() v =3ax®+0b,y" =6azx,y" = 6a
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48.

49.

50.

51.

52.

53.

54.

55.

56.

(a)
(b)
(c)
(a)

(b)

(c)

(a)
(b)

Chapter 3

dy/dx = 10z — 4, d*y/dz? = 10, d3y/dz® = 0
dy/dx = —6x73 — 42 + 1, d*y/dx?® = 182~* + 8273, dy/dx3 = —7227° — 242~
dy/dx = 4ax® + 2bx, d*y/dz? = 12ax? + 2b, d®y/dx® = 24ax

f'(z) = 6z, f"(x) = 6, f"(z) =0, f"(2) =0

2 2
%:30&—&, %:1205’78, %{ 1:112
r=

d . _ . 42 e A e dt - _
%[x 3]2—396 4,E[m 3]:12x 5,%[96 3]2—6Ox 6,@[1‘ 3]:360x 7,
4

%[z*] = 360

x=1

y' = 1623 + 622, " = 482% + 12z, y""" = 96 + 12, y""(0) = 12

dy 5 &%y —¢ @’y _r dly -
— —4 _ 5 _ 6 _ 7 _ 8
d*y

— = 5040

dot|, _,

Yy =322 +3,y" =6z, and ¢y =6 so

y//l +

2y’ —2y =6+ x(62) —2(32% +3) =6+ 622 — 622 —6 =0

y=ax"1y =—-272 ¢y =22"3s0
23y + 2%y —ay =222 ) + 2% (—27 ) —2(z7)=2-1-1=0

Fl(z) = xf'(x) + f(x), F"(2) = af"(x) + f'(z) + ['(2) = 2 f"(x) + 2f'(z)

(a)
(b)

d
The graph has a horizontal tangent at points where d—y =0, L5
- 2

d
butd—y:x2—3x+2:(x—l)(;v—Z):Oifmzl,?. The
X

corresponding values of y are 5/6 and 2/3 so the tangent
line is horizontal at (1,5/6) and (2,2/3).

dy

s =

F//I(:Z,) — xf///(x) + 3f//(x)

Assume that F™(z) = x £ (2) + nf™ 1 (z) for some n (for instance n = 3, as in part (a)).
Then FOHD (z) = 2f ) (2) + (1 +n)f™ (z) = 2f O+ (2) + (n + 1) ™) (z), which is an
inductive proof.

0 /3

922 dy
m;gZOWhenx2:950x:i3. 0.2

The points are (3,1/6) and (—3,—1/6). V\




Exercise Set 3.3 83

57.

58.

59.

60.

61.

62.

63.

64.

65.

66.

67.

68.

The y-intercept is —2 so the point (0,—2) is on the graph; —2 = a(0)? + b(0) + ¢, ¢ = —2. The
a-intercept is 1 so the point (1,0) is on the graph; 0 = a + b — 2. The slope is dy/dx = 2ax + b; at
x = 0 the slope is b so b = —1, thus @ = 3. The function is y = 322 —x — 2.

d
Let P(z9,0) be the point where y = 22 +k is tangent to y = 2x. The slope of the curve is d—y =2z
x

and the slope of the line is 2 thus at P, 2xp = 2 so o = 1. But P is on the line, so yg = 2z9 = 2.
Because P is also on the curve we get yo =23 +ksok=yo— 23 =2— (1) = 1.

The points (—1,1) and (2,4) are on the secant line so its slope is (4 — 1)/(2+ 1) = 1. The slope
of the tangent line to y = 22 is y’ = 2w so 2x =1, x = 1/2.

The points (1,1) and (4,2) are on the secant line so its slope is 1/3. The slope of the tangent line

toy=+vxisy =1/(2yx) so 1/(2y/x) =1/3, 2\/x =3, x = 9/4.

y' = —2x, so at any point (xg,yo) on y = 1 — 22 the tangent line is y — yo = —2zo(x — 2¢), or
y = —2xgx + 22 + 1. The point (2,0) is to be on the line, so 0 = —4xg + 22 + 1, 23 —4zo +1 = 0.

44416 -4
— =2+ V3.
2 V3

Use the quadratic formula to get xo =

Let Pi(z1,ax?) and Py(x9,ax3) be the points of tangency. y’ = 2ax so the tangent lines at P; and
Py are y — ax? = 2az(x — x1) and y — az3 = 2awy(x — x2). Solve for @ to get x = (z1 + x2)
which is the z-coordinate of a point on the vertical line halfway between P; and Ps.

y' = 3az? + b; the tangent line at x = xg is y — yo = (3azd + b)(x — x¢) where yo = ax] + bxy.
Solve with y = az® + bx to get

(ax® + bx) — (axd + bxo) = (3azd + b)(x — zp)
azd + br — axd — brg = 3azdxr — 3azd + bx — by
23— 3xd3xr + 223 =0
(v — xo) (22 + x20 — 223) = 0
(x — 0)?(x + 220) = 0, s0 x = —2x.

Let (20, yo) be the point of tangency. Refer to the solution to Exercise 65 to see that the endpoints
of the line segment are at (29, 0) and (0, 2yg), so (zo,yo) is the midpoint of the segment.

1 1 T 2
y = ——; the tangent line at © = zo s y —yo = ——(x =), or y = —— + —. The tangent line
x xg x5 o

1
crosses the z-axis at 2z, the y-axis at 2/xq, so that the area of the triangle is 5(2/x0)(2x0) =2.

f'(z) = 3ax® + 2bx + ¢; there is a horizontal tangent where f’(x) = 0. Use the quadratic formula
on 3az? + 2bx +c = 0 to get © = (—b & /b2 — 3ac)/(3a) which gives two real solutions, one real
solution, or none if

(a) b*—3ac>0 (b) b*—3ac=0 (¢) > —3ac<0
F=GmMr—2, ar = —2GmMr~3 = _QGmM
dr r3

dR/dT = 0.04124 — 3.558 x 10~°T which decreases as T increases from 0 to 700. When T = 0,
dR/dT = 0.04124Q/°C; when T = 700, dR/dT = 0.016332/°C. The resistance is most sensitive
to temperature changes at T' = 0°C, least sensitive at T' = 700°C.
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69.

71.

72.

73.

74.

75.

76.

e

78.

Chapter 3

2
—4
") =1+1/2? for all 70. f'(z) = —H— .
f(z) +1/2% >0 for all z #0 0. f'(z) 5(x2+4)2’

8 f'(z) > 0 when 2% < 4, ie. on -2 <z <2

|
|

(f-g-0)=[(f-g)-h]'=(F-9h" +n(f-9) = (f-9)h" +hlfg"+ ['g] = fgh' + fg'h + ['gh
(fifer fo) =(fifafu) + (ifs o)+ (fifer o fR)
(@) 20+z D@2+ + e+ D) (-2 )@ 2 +7)+ e+ D)1 +271)(=327%)
(d) (2" +22—-3)% = (2" + 22— 3)(z" + 22 — 3)(27 + 22 — 3) so
7+ 22— 3)3 = (725 + 2)(27 + 2z — 3) (a7 + 22 — 3)

+(z" + 22 — 3) (72 + 2) (27 + 22 — 3)

+(27 + 22 — 3) (27 + 2z — 3)(725 + 2)

=3(72% + 2)(27 + 22 — 3)?

7

(a) —5x75(2? 4+ 22)(4 —32)(22° + 1) + 27 °(22 + 2)(4 — 3z)(22° + 1)
+275(2? 4+ 22)(—3)(22° + 1) + 27°(2® 4 22)(4 — 3z)(1828)
(b) (224 1) = (22 +1)(2? + 1) --- (2% + 1), where (22 + 1) occurs 50 times so

@ 0 = [@0)a 4 1) (1) 4 [ 1)) (0 1)
+o (@2 1)(22+ 1) (22))
=2z(z? + )" 4+ 22(2? + 1) 4+ - + 22(2? + 1)*°

= 100z(22 4+ 1)*° because 2z(2? 4+ 1)*° occurs 50 times.

f is continuous at 1 because liril_ flx) = 1inla+ f(x) = f(1); also 1inlr1_ f'(z)= lim 2z +1) =3

r—1—
and lim+ fl(z) = hm+ 3 =3 so f is differentiable at 1.
r—1 rx—1

f is not continuous at x = 9 because hrgl f(z) = —63 and hm f(z) = 36.

f cannot be differentiable at x = 9, for if it were, then f Would also be continuous, which it is not.

f is continuous at 1 because 1111117 flz) = hHll+ f(z) = f(1), also 111{17 f(z) = 1111117 2z = 2 and
lim f/(x) =

1
lim ——= = = so f is not differentiable at 1.
r—1+ r—1+ 2\/5 2 f

f is continuous at 1/2 because lir}1 flx) = hn/l . f(x) = f(1/2), also
1/2
1 :1 3z =3/4 dl = 1 3z/2 =3/4 "(1/2) = 3/4, and
im0 =t 30 =3/4and lw (o)=L 30/2=3/4s0 F(1/2) = 3/4, and |
is differentiable at x=1/2.
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79. (a) f(x) =3z—-21if x> 2/3, f(x) = =3z + 2 if z < 2/3 so f is differentiable everywhere
except perhaps at 2/3. f is continuous at 2/3, also 1121513_ fl(x) = lizr}13_(—3) = —3 and
. / _ . _ . . . _
I_lg}l3+ fi(x) = $_1)12r513+(3) = 3 so f is not differentiable at x = 2/3.

(b) f(z) = 22 -4 if |z| > 2, f(z) = —22 + 4 if |z|] < 2 so f is differentiable everywhere
except perhaps at +2. f is continuous at —2 and 2, also lirgli fl(x) = lirglﬁ(—2ac) = —4
and lirg+ f(z) = lir£1+(2x) = 4 so f is not differentiable at * = 2. Similarly, f is not
differentiable at x = —2.

80. (a) f'(z)=—-()272 f"(x)=2 D=3, f"(x)=—-(3-2-1)a*
()N _ [ 2nn—1Mn-2)---1
£ ) = (-~ D
(b) f(z)=—-2272 f"(x) = (3-2)27", f"(z) = —(4-3-2)27°
(n) _(_ 7L(n+1)(n)(n_1)"'2
£ (&) = (-1) P
d? d[d d [ d d[d d?
1. _— = — | — = — _ = Cc— | — _—
81 () gl @] = 5o | rlef @] = 4 [ U] =eft | U@ = eqzl)
2 d[d d d
@) +a@) = 4 [ 1) +a@)]] = o [ L]+ o]
d? d?
= @[f(x)] + E[Q(x)]
(b) yes, by repeated application of the procedure illustrated in Part (a)
82. (f-9)=1d+gf",\(f-9)" =19"+dF +af"+ 9 =F"9+2f9 + fg"
83. (a) f/(x)=na", f"(z) = nln— 12", "(z) = n(n — 1)(n — 2a", .,
7)) = nn - 1)(n—2)---1

(b) from Part (a), f*)(x) =k(k —1)(k—2)---1s0 f&+)(z) = 0 thus f™(2) =0if n >k

(c) from Parts (a) and (b), f™(z) = apn(n —1)(n —2)---1
"(2 —f(2

84. lim I +hf2 F'@) _ pra), f(a) = 807 — 2, F"(x) = 5625, s0 [(2) = 56(2°) = 3584.
85. (a) Ifafunction is differentiable at a point then it is continuous at that point, thus f’ is continuous
on (a,b) and consequently so is f.
(b) f and all its derivatives up to f(»~(z) are continuous on (a, b)

EXERCISE SET 3.4

1. f'(x) = —2sinx —3cosz

2. f'(x) = sinz(—sinxz) 4 cosz(cos x) = cos? z — sin® x = cos 2z

(e 1 o
3. fla) = x(cos x) 2(smﬂc)( ) _ xcosx2 sin x

€T €T
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10.

11.

12.

13.

14.

15.

16.

17.

18.

f'(x)
f'(x)
f()
f'(x)
f'(x)
f'(x)

f'(@) =

f'()
f'(x)

f'(x)

1+ cot? x = csc? x (identity) thus cot? 2 — csc

f'(x) =

f'(x)
f(x)
f(x)
f(z)

f'(x)

= 22(—sinx) + (cosx)(2z) = —z?sinx + 22z cosx

= 23(cosx) + (sinz)(32?) — 5(—sinz) = 2® cosz + (322 + 5) sinx

2

Chapter 3

cot x cos & xz(—csc? x) — (cotz)(1) resc?x + cotw

=cotx), f'(z) = = -

2

= (because 5
x sinx

x T

=secxrtanz — \/isec2zc

= (2% + 1)secrtanx + (secx)(2z) = (2 + 1) secx tanx + 2w sec

= sec z(sec? x) + (tan z)(sec x tan x) = sec® x + secx tan? x

(1 +tanx)(secxtanz) — (secr)(sec?x)  secxtanz + secx tan?z — secd x

(1+ tanz)? B (1+ tanz)?
_ secx(tanw + tan® x —sec? )  secx(tanx — 1)
N (1+ tanz)? (1 +tanx)?
= (escx)(—csc? x) + (cot z)(— cscw cot ¥) = — csc® x — cscx cot?

=1+4csczcotr —2csc?x

(1+cscx)(—csc?x) —cotx(0 — cscxcotz)  escz(—cscx — esc? z + cot? x)

(14 cscx)? N (14 cscx)?

2x=—-1so0

cscx(—cscx — 1) cse &

(I4+cscz)®?  1+cscw

_ tanaz(—cscx cot ) — cscx(sec? x)

cscx(1 + sec? x)

tan? x tan? x
= sin® 2 + cos? z = 1 (identity) so f'(z) =0

= =tanz, so f'(z) =sec’x
cotx

tanx

=TT otenz (because sinzsecx = (sinx)(1/cosx) = tanz),

(14 ztanz)(sec? z) — tan z[z(sec® z) + (tanz)(1)]
(14 ztanz)?

sec? z — tan®z 1

= = b 2z —tan’z =1
AT ztans)? ~ (1T otana)? (because sec”x — tan®x = 1)

(22 + 1) cot x

x)= ~————— (because coszcscx = (cosx)(1l/sinx) = cotx),

3—cotw
(3 —cot )2z cot x — (% + 1) csc® ] — (2% + 1) cot x csc? x
(3 — cotx)?
_ bxcotx —2xcot?x —3(x? 4 1) csc?x
N (3 — cotx)?

but
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19.

20.

21.

22,

23.

24.

25.

26.

27.

28.

29.

30.

dy/dx = —xsinz + cosz, d*y/dx? = —xcosx — sinw — sinwx = —rcosx — 2sinx
dy/dx = —cscx cot x, d*y/dx® = —[(cscz)(—csc? ) + (cot ) (— escw cot )] = cse® z + csc x cot? @

dy/dx = x(cosx) + (sinz)(1) — 3(—sinx) = xcosz + 4sinz,
d*y/dz?® = z(—sinx) + (cosz)(1) + 4cosz = —zsinx + 5 cos z

dy/dx = x*(—sinz) + (cosz)(2x) + 4cosx = —a?sinz + 2x cosx + 4 cos z,

d?y/dax? = —[2*(cos ) + (sinx)(2x)] + 2[x(—sinx) +cosx] —4sinz = (2—2?) cosz —4(z + 1) sinz
dy/dx = (sinz)(—sinz) + (cosz)(cos ) = cos? z — sin’ z,

d?y/da* = (cosx)(—sinz) + (cosz)(—sinz) — [(sinz)(cos ) + (sinx)(cosx)] = —4sinz cosz

2

dy/dx = sec?® x; d*y/dz* = 2sec? v tanw

Let f(x) = tanx, then f/'(z) = sec? z.
(a) f(0)=0and f'(0)=1s0y—0=(1)(z—0), y ==x.

(b) f(%)ZIandf’(g):2soy—1=2($—%),y:2x—g+1,
(c) f(—%):—landf’<_£>:2soy+1:2(a:+%),y:2x+g_1,
Let f(z) =sinx, then f'(x) = cosz.

(a) f(0O)=0and f/(0)=1s0y—0=(1)(z—0),y==x

() f(r)=0and f'(m)=-1soy—0=(-1)(z—7),y=—x+7
Yoz Yo v vaY TV e Ve

(a) If y=axsinax then y’ =sinxz + xzcosx and " = 2cosz — xsinz so y’ +y = 2cosx.
(b) Ify=asinz theny =sinz+xcosz and y’ = 2cosz—zsinx so y”"+y = 2 cos x; differentiate

twice more to get y* + ¢ = —2cosz.
(a) Ify =cosx then y = —sinz and ¥/ = —cosz so ¥y’ + y = (—cosx) + (cosz) = 0;
if y =sinz then y' = cosz and y” = —sinz so ¢y’ +y = (—sinz) + (sinz) = 0.

(b) y' = Acosz — Bsinz, y’ = —Asinz — Bcosx so
y"+y=(—Asinz — Bcosx) + (Asinz + Beosz) = 0.

(a) f'(z)=cosz=0at x==+7/2,+37/2.

(b) fl(x)=1-sinx=0at z=-3n/2,7/2.

(c) f'(x) =sec?x > 1 always, so no horizontal tangent line.
(d) f'(z) =secxtanz =0 when sinz =0, x = £2m, +7,0

(b) y = sinzcosxz = (1/2)sin2z and y' = cos2x. So y’ = 0 when 2z = (2n + 1)7/2 for
n=0,1,2,3or x =7/4,3n/4,57/4,Tr /4
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31.

32.

33.

34.

35.

36.

37.

38.

Chapter 3

x = 10sin6, dx/df = 10 cos 0; if § = 60°, then
dx/df =10(1/2) =5 ft/rad = 7/36 ft/deg ~ 0.087 ft/deg

s = 3800cscf,ds/df = —3800 csc b cot §; if § = 30°, then
ds/df = —3800(2)(v/3) = —7600v/3 ft/rad = —380v/37/9 ft/deg ~ —230 ft/deg

D = 50tan®,dD/df = 50 sec? §; if § = 45°, then
dD/df = 50(v/2)? = 100 m/rad = 57/9 m/deg ~ 1.75 m/deg

(a) From the right triangle shown, sinf = r/(r + h) so r + h =rcsc, h = r(cscf — 1).
(b) dh/dO = —rcscOcot; if 6 = 30°, then
dh/df = —6378(2)(v/3) ~ —22,094 km/rad ~ —386 km/deg

d4 d4k d87 d3 d4~21 d3

(a) ﬁsinx:sinx, SO sinz = sin x; sinr = ——sinxr = — cosx
x

i ——sing = — ——— =
dxtk da87 da3 dxt21 dx3

4100 d4k
(b) 100 COST = — 5 COST = COST
d2
dx?
d? d*
—[zsinz] = —zcosx — 3sinzx

da3

d—[msinx}:xcosx—i—sinx [xsinz] = —zsinx + 2cosx
x

Ir [xsinz] = xsinx — 4 cosx
x
By mathematical induction one can show
d4k JAk+1
T [xsinz] = xsinx — (4k) cos x;
x
JAk+2 JAk+3
[xsinz] = —zsinx + (4k + 2) cos x;

W[msinm] =zcosx + (4k + 1) sin z;
x

[zsinz] = —z cosz — (4k + 3) sinx;

dxik+2 dzpik+3

17

Since 17=4-4+4+ 1, —=[zsinz] = zcosx + 17sinz
drl?

(a) allz (b) allz

(c) z#7/24+nm,n=0,£1,42,... (d) z#nm,n=0,£1,£2,...
() z#w/2+nm n=0=%1,%2,... (f) z#nm,n=0,£1,£2,...
(g) 24 2n+m,n=0,£1,%2,... (h) z#nn/2,n=0,+1,%2,...
(i) allz

cos(x +h) —cosx . cosxcosh—sinzsinh — cosz
m im

d
el = 1
(2) dz [oos 2] s h h—0 h

= lim [cosw <C°Shh_1) _sing (Slzhﬂ = (cos2)(0) — (sinz)(1) = —sina

—0

(b) = secxtanx

T dr

d [ 1 ]:cosx(O)—(l)(—sinx) _ sinz

cos? cos? x

d [cos x} sinz(—sinz) — cos x(cos x)

dxr sin? z

(c)

sinx

—sin?x — cos® -1 9
= — =5 =-—cscz
sin” sin®

) di[cscm] :d[ 1 } _ (sinx)(())—z(l)(cossc) :_coszx C esexcot

sin x sin® x sin® x
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39. f'(z) = —sinz, f’(z) = —cosz, f"(x) = sinz, and f*(z) = cosz with higher order derivatives
repeating this pattern, so f("(z) = sinz for n = 3,7,11,. ..
(i) _,, CF)
. tanh . cosh . h 1
40. (a) Jlim == = lim == = i =~ 1 !
tanz + tanh U
d .. tan(z+h)—tanz . 1 _tanztanh
B Gl =i = =i h
i tanz +tanh — tanz + tan®xtanh tanh(1 + tan®z)
= h(1 — tanz tan h) e’ h(1 — tanz tan h)
tanh
_ 1 tanhsec’z i A
= a0 h(1 —tanxtanh) ST T tanz tan
. tanh
lim
—sec?z— =0 h =sec’x
lim (1 — tanz tan h)
h—0
. tan(z +y) —tany . tan(y+h)—tany d o,
41. ii% . = ]113}) A =0 (tany) = sec” y
. 180 . .
43. Let t be the radian measure, then h = Tt and cosh = cost, sinh = sint.
I cosh—1 L cost —1 o cost —1 —0
(@) Jim e = I s T s ¢
. sinh , sint m™ . sint ™
(b) Jim == = B Tsot /7 ~ T80 0% ¢~ 180
(c) %[sinz] = sinx}lLiE% cosh — 1 + cosx}lliir}J % = (sinx)(0) + (cosz)(7/180) = % cos x
EXERCISE SET 3.5
L. (fog)(x)=f'(g(z))g'(x) so (fog)(0) = f'(9(0))g'(0) = f(0)(3) = (2)(3) = 6
2. (fog)(2)=1r"(9(2)g'(2) =5(=3) = —15
3. (a) (fog)(z)=f(g(z)) = (22 —3)° and (fog)'(z) = f'(g9(x)g'(z) = 5(2z - 3)*(2) = 10(22 — 3)"
(b) (gof)(z)=g(f(z)) = 22" =3 and (go f)'(z) = ¢'(f(2))f'(x) = 2(52*) = 102"
4. (a) (fog)(z)=>5v4+coszand (fog)(x)= [f'(g(z))g (z) = Nﬁ(— sin )
)
(b) (g0 f)(x) =4+ cos(5y/x) and (go f)(z) = ¢'(f(2))f'(z) = — Siﬂ@ﬁ)ﬁ
5. (a) F'(z) = f'(9(x))g'(z) = ['(9(3))g'(3) = —=1(7) = =7
(b) G'(zx) =g (f(@))f'(z) =g (f3)f'(3) =4(-2) = -8
6. (a) F'(x) = f'(g(x))g'(x), F'(=1) = f(9(-1))g'(-1) = f'(2)(=3) = (4)(=3) = —12

(
(b) G'(z) =g (f(2))f'(z),G'(=1) = ¢'(f(=1) [(=1) = =5(3)



90

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22,

23.

24.

Chapter 3
d
f'(x) =37(z® + 2:;;)36@(1:3 +2x) = 37(z% + 22)*0 (322 + 2)

f'(x) = 6(32% + 22 — 1)°—(32% 4+ 22 — 1) = 6(32? + 22 — 1)° (62 +2) = 12(32* + 22 — 1)°(3z + 1)

5.4
dz
d

(o) D)D)

fl@) =@ —z+1)77

4_
@) = =9(a" -z + 1)_10%(935 —z41)= =9 —z+ 1)zt —1) = _m
f(x) =4(32% -2z +1)73
‘ —a 4 _ 24(1— 3
f'(x) = —12(32% — 22 + 1) 4%(3352—23;“):_12(3x2_2m+1) 4(6:6_2):(5’)332’(—%96)1)4
()= — e L _ 32
f(m)—2\/md$(m 2x+5)_2\/m
' d -3
fl(z) = Qde (4+3Vz) = WNTENG

d
f(x) = 3sin? x%(sinx) = 3sin® 2 cosx

fl(x) = cos(x‘o’)i(x?’) = 322 cos(x?)

dz
f(z) = 2005(3[) [cos(3\f)] = —2cos(3y/x) Sm(3\f) (3f) 3cos(3fic/);in(3\/i)
f'(z) =20 cos‘%c%(cos x) = 20 cos® z(—sinx) = —20 cos” zsinx
f'(z) = — csc(z?) cot(xg)%(xg) = —322 csc(z?) cot(x?)

(@) = cos(1/2) 10 (1/a%) = — 5 cos(1/2?)
/ 3. 3y 4 3 303\ a2 (3 L (3 2303\ 203
f'(z) = 4tan’(z )%[tan(m )] = 4tan”®(x”) sec”(x )%(a: ) = 122 tan” (z°) sec” (x°)

f(z)= 4sec(x7)%[sec(m7)} = 4sec(z”) sec(x”) tan(x7)%(x7) = 282%sec?(2") tan(z")

st () () () o) 50202

3 9 x . x
=— cos sin
(x +1)2 z+1 r+1

/ 1 5sin(5z)
() = \/Mdm [cos(5x)] = —m
Fllz) = 1 i[3x _ sin?(42)] = 3 — 8sin(4x) cos(4x)

24/3x — sin®(4x) dx 24/3x — sin®(4x)
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25. f'(z)=—3 [z + csc(z® +3)] - % [z + csc(z® + 3)]

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

= =3[z + csc(z® + 3)] - [1 — csc(x® + 3) cot(z® + 3)%(33‘3 + 3)}

—3 [z + csc(z® + 3)] - [1— 32” csc(z® + 3) cot(z® + 3)]

f(@)=—4[z" — sec(4a? — 2)] - di (2% — sec(42® — 2)]

dy
dzx

= —4 [z* —sec(42® —2)] {4:5 — sec(4x? — 2) tan(42? — 2)dd (422 — 2)]

— —16x [2* — sec(4a® — 2)] 7 [4% — 2 sec(da® — 2) tan(4a® — 2)]

. d .
= 23(2sin 52) e (sin 52) + 322 sin? 5z = 102° sin 5 cos 5z + 3% sin? 5
x

=z [3 tan?(v/z) secQ(\f)\F] Lf tan®(y/z) = gtaHQ(\/:E) sec?(v/x) + % tan®(v/z)

‘z:xssec<1>tan<1) (; +seC( )(5$4)

(D (! )Zg)m e (1)
(DY (1) st (2)

d 1 — Jsi 1)t 1
dy _ sec(3z + 1) cosx — 3sinwsec(3z + 1) tan(3x + 1) — coszcos(3z + 1) — 3sinzsin(3z + 1)
dx sec?(3x + 1)
dy__ sin(cosx) — (cos z) = —sin(cosz)(—sinz) = sin(cos z) sin
dr dx B B

d d
% = cos(tan Sx)%(tan 3x) = 3sec? 3 cos(tan 3z)

% = 3 cos?(sin 27) % [cos(sin 22)] = 3 cos?(sin 2z)[— sin(sin 2z)] % (sin 2x)

= —6 cos?(sin 22) sin(sin 2x) cos 2

dy (1 —cotz?)(—2zcscx?cot 2?) — (1 + csc2?)(2x csc? x?) 5 1+ cot 2% + csca?
= = = —2xcscx
dx (1 = cotx?)? (1 = cotx?)?
dy_ (5x + 8)1312(x% + 7x)11i(x3 + 7z) + (2 + 72)'213(5z + 8)12i(5x + 8)
dx dx dz

= 12(5x + 8)"3 (2% + 7)1 (322 + 7) + 65(2> + Tx) 2 (52 + 8)'2

d

di/ = (22 — 5)23(22 + 4)2(2z) + (22 + 4)32(22 — 5)(2)

= 62(22 — 5)%(2% + 4)? + 4(2x — 5)(2? + 4)3
=2(2z — 5)(2* + 4)*(82* — 152 + 8)

91
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37.

38.

39.

40.

41.

42,

43.

44.

45.

46.

Chapter 3

dy [z-5]*d[z-5] ,[z-5]" 11 33(x—5)?
de " |2x+1] dv |2z2+1] " |2z+1] (z+1)2  (2z+1)4

dy _ . <1+x2)16 d <1+x2) L (1+£c2>16 (1—22)(22) — (1 + 22)(—22)

dr 1—22) de \1—22 1—a? (1 —22)2
_17 1+22\° 4z  68z(1+ z?)'6
= 1—-22) (1—22)2  (1-22)8

dy  (42® —1)%(3)(2z + 3)*(2) — (22 4 3)3(8) (4a® — 1)"(8x)

dr (422 —1)16

_ 22z +3)°(42® —1)"[3(42* — 1) = 3222z +3)] _ 2(2x + 3)*(522> 4 96z + 3)

N (422 — 1)16 B (422 —1)9
dy .30 sy11 4 03005
— =12[1 —I|1
Iy 2[1 + sin®(x°)] dx[ + sin®(z°)]

d

= 12[1 + sin®(2%)]'13 sin2(a:5)% sin(z%) = 18021 + sin®(2°)]* sin?(2°) cos(z®)
d d
ﬁ =5 [zsin2z + tan4(x7)]4 o [ sin 2z tan* (z7)]

. 4, 7\14 d . 3, 7 d 7
=5 [zsin2z + tan*(z7)]" |z cos Qxd—(2x) + sin 2z + 4 tan® (z )d— tan(z")
x x

=5 [zsin2z + tan?(27)] ! [2 cos 22 + sin 22 + 282° tan®(27) sec? (27)]
d 7 — )V 3x? — x)V3z?
ay — 4tan 2+M sec2 24_%
dx 3 +sinz a3 4+ sinx
y V3245 L3 (7T—2)x (7T —2)V32? +5(32% + cosz)

x3 4 sinx 322 + 5 (23 + sinx) (23 +sinx)?
d

ﬁ = cos3x — 3xsin 3x; if x = 7 then ﬁ = —1 and y = —, so the equation of the tangent line
isy+mr=—(r—m,y=x

d d
d—y = 322 cos(1+ x3); if = —3 then y = —sin 26, & _ —27 cos 26, so the equation of the tangent
i x
line is y + sin 26 = —27(cos 26)(z + 3),y = —27(cos 26)x — 81 cos 26 — sin 26
dy _ 3 PR dy _ _ :
pri —3sec’(m/2 — z)tan(n/2 — x); if © = —x/2 then prl 0,y = —1 so the equation of the
x

x
tangent lineis y+1 =0,y = —1

dy 1\? 1Y . 27 dy .95 135 _

dx 3(37 x) ( +x2>’1 x then y 8 du 344 6 so the equation of the
1 1

tangent line is y — 27/8 = (135/16)(z — 2),y = 35 08

—
16 3
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47.

48.

49.

50.

51.

52.

53.

54.

55.

56.

57.

58.

d d
% = sec2(4x2)£(4x2) = 8xsec’(4x?), %‘x:ﬁ = 8y/msec?(4n) = 8y/7. When x = /7,
y = tan(4m) = 0, so the equation of the tangent line is y = 8\/7(x — \/7) = 8/mx — 8.
d d d
W 12cot® x — cotx = —12cot® z csc? z, e = —24. When z = /4,y = 3, so the
dx dx dxlz=n/4

equation of the tangent line is y — 3 = —24(x — 7/4), or y = —24x + 3 + 67.

d 2 d

% =2zv5—x2+ 2\/%(—235), % = 4-1/2="7/2. When z = 1,y = 2, so the equation
of the tangent line is y — 2 = (7/2)(x — 1), or y = %a: - %

d 1 d

% = ﬁ — g(l — 952)3/2(—295)7 ﬁ = 1. When x = 0,y = 0, so the equation of the

tangent line is y = x.

dy : d .od .
e x(— 81n(5x))%(5x) + cos(bzx) — QSIDLL‘%(SIH x)

= —bxsin(bz) 4 cos(bx) — 2sinz cosx = —bx sin(5x) + cos(bx) — sin(2z),
d%y d , . d d
i —5z cos(5x)%(5x) — 5sin(5x) — sm(Sx)%(Sw) - cos(2x)%(2x)

= —25x cos(bz) — 10sin(5x) — 2 cos(2z)

& _ Cos(3x2)i(3x2) = 62 cos(3z?)
dx dx ’
@ = 6x(— sin(3x2))i(3x2) + 6 cos(32?) = —36x2 sin(3z?) 4 6 cos(3x?)
dx? dx
dy _(L-o)+(+a) 2 _ 2 T -3 _ -3
1= (e e 2(1 — )™ and i 22)(-D)(1—2)" =41 —=x)

dy o1\ d (1 1 1 5 (1 1

— =zxsec|— ]| —[—)+tan|( - ) =——sec” | — | +tan | — |,

dx z /) dr \z T T T T

d2y 2 sec 1 d sec 1 + ! sec2 1 +sec2 1 d 1 2 sec2 1 ta !
s __Z ) el - — el V2 ()= 2 - nl =
dx? T z /) dx T 2 T z /) de \x 3 T T

27 135 135 91

soy——:—(x—Q),y—l—Gx—?

y = cot?(m — ) = —cot® 0 so dy/dx = 3 cot? § csc? 0
6 au+b\ ad— be
cu+d) (cu+d)?

2

™ [a cos? Tw + bsin® mw] = —27a cos mw sin Tw + 27 sin Tw cos TwW
w

= (b — a)(2sinrw cos Tw) = w(b — a) sin 27w

2csc? (/3 — y) cot(w/3 — y)
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59. (a)
(d)
60. (a)
(d)
61. (a)
(b)
(c)
(d)
62.

Chapter 3
—x 4 — 222
2 c) fllx)==x + -2 = ——
V\ © 1) = o= =
2
—21i L 1 2 -
M i /_\ |
=) I
6
f(1) =+/3and f'(1) = 2 so the tangent line has the equation y — /3 = l(x —1).
V3 V3
3
0 2
0

0.5

(c) f'(z) = 2xcos(x?)cosx — sin x sin(x?)

N

f(1) =sinlcos1 and f’(1) = 2cos®1 —sin? 1, so the tangent line has the equation
y—sinlcosl = (2cos?1 —sin®1)(z — 1).

0.8

{ - >4 ”
0

dy/dt = —Awsinwt, d*y/dt? = — Aw? coswt = —w?y

one complete oscillation occurs when wt increases over an interval of length 27, or if ¢ increases
over an interval of length 27 /w

f=1/T

amplitude = 0.6 cm,

Ik

= A
\N—/

[SIE]

[SIE]

_r
2

T = 27/15 s/oscillation,  f = 15/(2m) oscillations/s

dy/dt = 3A cos 3t,d*y/dt?> = —9Asin 3t, so —9Asin 3t + 2Asin 3t = 4sin 3¢,

—7Asin3t =4sin3t,—7TA =4, A= —4/7
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63. (a) p~101b/in% dp/dh ~ —2 1b/in?/mi
d _dpdn _

(b) = =207 = (~2)(03) = ~0.6 I/in?/s

45 dr 45(—sinf + 0.3 cos §)
64. F=— " = —=_ .
(a) cosf +0.3sinf’ db (cosf + 0.3sin 6)?
if # = 30°, then dF'/df ~ 10.5 Ib/rad ~ 0.18 Ib/deg
dF  dF df
b) — = —— ~(0.18)(-0. —0.09 Ib
(b) i (0.18)(—0.5) 0.09 1b/s
) ) d, . d d du d cosz, u>0
65. With u =sinz, %(\ sinz|) = %(|u|) = %(|u|)£ = @(|u|)c05x = { —cosz, uw<0
. cosx, sinz>0 cos x, O<z<m
| —cosx, sinzt<0 | —cosx, —-mw<z<O0
66 i(cosac) = i[s'n( /2 —1x)] = —cos(n/2 —x) = —sinzx
C o = - lsin(m = ™ = —si

67. (a) Forx #0,|f(x)] <|z|, and lin%) |z| = 0, so by the Squeezing Theorem, lir% f(z)=0.

f(z) = f(0)

(b) If f/(0) were to exist, then the limit 5
T —

doesn’t.
(c) forx#0, f'(x)=x (cos 91:) (—;) + Sin% = —% cosi + sin%
@ i L0~ 10)

z—0 x—0

= sin(1/x) would have to exist, but it

= lir% sin(1/x), which does not exist, thus f/(0) does not exist.
68. (a) —2? < a?sin(1/z) < 22, so by the Squeezing Theorem lir% f(z)=0.

(b) £(0) = lim 1B =710

z—0 z—0
(¢) Foraz#0,f'(z) =2wsin(1/z) + 22 cos(1/z)(—1/2?) = 2z sin(1/x) — cos(1/x)

(d) If f'(z) were continuous at = 0 then so would cos(1/z) = f'(z) — 2z sin(1/x) be, since
2z sin(1/x) is continuous there. But cos(1/z) oscillates at = = 0.

= limoxsin(l/ac) = 0 by Exercise 67, Part a.

69. (a) g'(z)=3[f(2)*f'(z), ¢'(2) = 3[f(2)]*f'(2) = 3(1)*(7) = 21
(b) W(z) = f'(x*)(32%), h'(2) = f'(8)(12) = (-3)(12) = —36

70. F'(z) = f'(g(x))g'(x) = /3(x? = 1) + 4(22) = 22v322 + 1

L F(@) = ['(g(e))g'(@) = £/ (VBr 1) ¢3i*_1 - fﬂ;i 5 \/3::37—1 -

72. %[f(xQ)] = f'(z*)(22), thus f'(2?)(2x) = 2% so f'(z?) = 2/2if x # 0
73 d 32)] = /(3 d3 =3f(3x) =6 "(3z) =2z. L =3 ! ~ 2
. %U( x)] = f( x)%( x) = 3f'(3z) = 6z, so f/(3x) = 2x. Let u = mtogetf(u)—gu,
d 2
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74. (a) If f(—2) = f(), then %[f(—x)] = %[f(x)], f(=2)(=1) = f'(z), f'(-z) = = f'(z) so
f’ is odd.
(b) If f(=x) = —f(x), then %[f(—x)] = —%[f( ) f1(=2)(=1) = = f'(z), f'(-x) = f'(z) so
f’ is even.

75. For an even function, the graph is symmetric about the y-axis; the slope of the tangent line at
(a, f(a)) is the negative of the slope of the tangent line at (—a, f(—a)). For an odd function, the
graph is symmetric about the origin; the slope of the tangent line at (a, f(a)) is the same as the
slope of the tangent line at (—a, f(—a)).

fx) Y
f'(x)
\ X
N
dy dy du dv dw

70 e T du dv dw dx
77 o) = (fgw), u=h(z)

d du , ’ du / ’ /

= g5 = £ (g(u)g ()5 = F(g(h(@)g' (@) (2)

EXERCISE SET 3.6

2
1. y= (2253 dy/dx = §(2x —5)7%3

2. dy/dx = % 2+ tan(a:%]fz/s sec?(2?)(2x) = gx sec®(z) [2 + tan(xQ)]72/3

i

x+2 de |z +2 x+2)? |z+2
4 dyjde— L[] g T e1] 12417 c12e 6 [2241]717
=512 s dr |72 —5] 2|22 —5 (x2—5)2 (22_5)2 |22 —5

2 - 1
5. dy/dx = ° (3) (522 +1)7°/3(102) 4 322(52 + 1)72/3 = gx2(5x2 +1)75/3(252% 4 9)

4
x2§(3 —22)1/3(=2) — (3 — 22)*/3(22) 2(3 — 20)1/3 (22 — 9)
6. dy/dx = = -
x4 33

15[sin(3/2)]%/2 cos(3/x)
22

7. dy/dz = g[sin(3/a:)]3/2[cos(S/x)}(—S/xQ) __
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1 oy — . aaq—
8. dy/de = — [cos(a®)] 52 [ sin(a®)] (3x2):gz25in(9:3) [cos(2?)] >
dy dy 2—3z%—y
9. 32 — 2=0, - =——"">
(@) 3 +xd ty- dz x
1+2r—2% 1 9 dy 1
(b) nyZE-FZ—x SO%:—E—%
dy 2—32? — 2—3z%—(1 2—a? 1
(c) fromPart(a),%: i y_ z? (:C/QH_ m):_gx_ﬁ
1 _,dy dy
10. — 1229 _ z — 22— 9%
0. (a) 5Y 7y ¢ Oordx ey
d
(b) y=(2+€"’”)2:2+4e””+e2"”sod—y:4e$+262w
x
d
(c) from Part (a), %226I\/y=26m(2+€x)=46x+2621
d d
11. 2x+2y—y:0307y:ff
dx dx Y
dy dy dy dy 2% —2y
12. 32% = 3y°—= =6(z—> 3y* +6 =6y —32” so —— =
* r (mdx—’_y) ~(3¢" + m)alar: Yoo Y2+ 2x

d d
13. x2£ +2ny + 3x(3y2)d—y 132 —1=0

dy dy 1—2zy-— 33
2 2
YW_1_9 & _ T2y
(2 + 9zy )dx zy — 3y° so & 221 9n

d o dy
14. xs(zy)di/ + 32%y% — 5a? o~ 10ay +1=0
x
dy dy  10zy — 322y — 1
(2z°y — bz )da: Ozy — 3z°y SO o 25y — 57
ldy 1 dy Y2
15, ——— —— =0 -2
y2de 22 50 Ir 22
16. 9p — @= ) +dy/dr) - (@ +y)(1 = dy/dx)

(z —y)? ’

dy d —y)2+
2z(x — y)? :f2y+2zd— soﬁfw

d
17. cos(z%y?) |2® (2y)—y

20| =1, = =
dx-&-acy

dx 22y cos(x2y?

dy 1 —2zy?cos(x?y?)
)

(1 + cscy)(—csc?y)(dy/dz) — (coty)(— cscy cot y)(dy/dx)

18. 2z =
v (14 cscy)?

)

d
22(1 4 cscy)? = — cscy(cscy + csc? y — cot? y)d—y,
x

d 22(1
but csc?y — cot?y = 1, so Y = —w
dx cscy

dy
19. 3tan®(zy? + y)sec?(zy® +y) <2xyd

dy
1
ty +d)

dy 1 — 3y? tan?(zy? + y) sec?(zy? + v)
©dx 322y + 1) tan®(zy? + y) sec(zy? + y)

97
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20.

21.

22,

23.

24.

25.

26.

27.

28.

Chapter 3

(1 + secy)[3zy?(dy/dx) + y°] — xy?(secy tany)(dy/dx) P dy
(1+secy)? Yoo

3

d
multiply through by (1 + secy)? and solve for d—y to get
x

dy y(1 + secy)

dr  4y(1 +secy)? — 3x(1 +secy) + zysecytany

dy 3z d27y ~ (4y)(3) — (3z)(4dy/dx) 12y —12z(3z/(4y)) 12y —92%  —3(32® — 4y?)
de 4y’ dz? 16y2 N 16y2 16y 16y3 ’
2y —3(7) 21

but 322 — 4y = T s0 —2 = =

e e A T 1647

dy 2 Py y*(2x) —2?(2ydy/dx) _ 2xy? - 22%y(—2?/y?) _ 2a(y® +a%)

dr yz’ dr2 Y4 - Y4 - Y5 )

d?y 2z
34,3 _

butx +y —1SO@—*E

dy y &Py x(dy/dy) —y(1)  x(-ylr)—y 2y

dx x’ dx? x2 x2 x2
dy _ _y
dr  y—x’

: w-a (L) v (L 1)
&y (y—=)(dy/dx) —y(dy/dz —1) y—a y—a
dx? (y—x)? (y —z)?

2 2
Y= — 2wy 2 dy 3
A iy — ey = —3, s0 oY =%
(y—ap Y TR0 g =T
dy _ 1 d%y . 9 . dy siny
de (14 cosy)™, dz? (1 cosy) ™ Smy)dz (1 +cosy)3
dy cosy

dr 1+ asiny’
d*y (1 + zsiny)(—siny)(dy/dz) — (cosy)[(x cos y)(dy/dz) + siny]

dx? (14 zsiny)?

~ 2sinycosy + (zcosy)(2sin® y + cos? y)
B (1+ zsiny)3

but zcosy =y, 2siny cosy = sin 2y, and sin®y + cos?y = 1 so

d?y  sin2y+ y(sin®y 4 1)

dz? (1+ xsiny)3

T o dy x dy
By implicit differentiation, 2z + 2y(dy/dx) = 0, e at (1/v/2,1/V/2), = —1; at

i y x
(1/v/2,—1/V/2) dy = +1. Directly, at the upper point y = v/1 — x2 dy — % _ Jandat
) ) dr . ) ) dr /71_372
d

the lower point y = —v/1 — 22, % = \/% =+1.

If y> — 2+ 1 = 0, then y = /z — 1 goes through the point (10, 3) so dy/dxr = 1/(2y/x —1). By
implicit differentiation dy/dxz = 1/(2y). In both cases, dy/dz|, 3 = 1/6. Similarly y = —va — 1

goes through (10, —3) so dy/dx = —1/(2v/x — 1) = —1/6 which yields dy/dz = 1/(2y) = —1/6.
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dy dy dy dy y+1
30. 3y2%+ 2%+2I‘y+2$—6y%20, 80%2—2$m

=0atx=0
dy dy
1. 422+ (20 +2y—2 ) =25 22 — 2y—=
3 (x+y)(w+ ydz> 5(% ydz>,
dy (25 —4(2® + y?)

2)] -
dr  y[25+ 4(22 + y?)] = ~9/13

;at (3,1)

2 d d 13
32 - (x_1/3 +y—1/3y) —0 Y- _% =3 at (—1,3V3)

dzx " dx
34. (a) A
| X
0 2
2+

(b) 2yg—y = (z —a)(x —b) + x(x — b) + x(x — a) = 32° — 2(a + b)x + ab. Ifj—y = 0 then
x x

322 — 2(a + b)x + ab = 0. By the Quadratic Formula

_ 2(a+b)+\/4a+b)2—4-3ab 1

= + 2 2 1/2.
5 3 a+ b=+ (a®+b° — ab)

(¢) y==xyx(x—a)(x—0>). The square root is only defined for nonnegative arguments, so it is
necessary that all three of the factors x, x — a, x — b be nonnegative, or that two of them be
nonpositive. If, for example, 0 < a < b then the function is defined on the disjoint intervals
0 <z <aandb<z <400, so there are two parts.

35. (a) Y (b) =£1.1547
X
-2
d d d -2 d
(¢) TImplicit differentiation yields 2z — Pl y+ Zy—y —0. Solve for £ =422 % _
dx dx der 2y—=x dx
2
then y — 2z =0 or y = 2x. Thus 4 = 22 — 2y + y? = 22 — 222 4 422 = 322, :c::t%.
1 du 1 du Vu
36. —u-1/2% 2 12 g M _ VY
2" T T T T

da da da da  2t3 + 3a?
37. 4a®— — 48> =6 [ a® + 2at— lve for — t t — = ————
“at (a ety ), soveton gy 0Bt G = 50 Gat
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38.

40.

41.

42.

43.

44.

45.

46.

47.

48.

Chapter 3

dx dx 1 5 dw 9 dw b2\
1:(cosz)d—y sod—yzcosxzsecx 39. 2a wa+2b )\:Osoa:—%

Let P(x0,y0) be the required point. The slope of the line 4o — 3y + 1 = 0 is 4/3 so the slope of
the tangent to y? = 22® at P must be —3/4. By implicit differentiation dy/dx = 322/y, so at P,
32 /yo = —3/4, or yo = —4x3. But y2 = 223 because P is on the curve y? = 223, Elimination of
Yo gives 16x§ = 223, x3(819 — 1) = 0, so 9 = 0 or 1/8. From yo = —4a3 it follows that yo = 0
when zg = 0, and yo = —1/16 when 2o = 1/8. It does not follow, however, that (0,0) is a solution
because dy/dx = 322 /y (the slope of the curve as determined by implicit differentiation) is valid
only if y # 0. Further analysis shows that the curve is tangent to the z-axis at (0,0), so the point
(1/8,—1/16) is the only solution.

The point (1,1) is on the graph, so 1 + a = b. The slope of the tangent line at (1,1) is —4/3; use

. o .. dy 2xy 4
licit diff tiat t t — = ————"— t(1,1), — =——,142a=3/2,a=1/4
implicit differentiation to get - 2+ 20 so at (1,1), T+ 2 3 +2a /2, a /

and hence b=1+1/4=5/4.

Use implicit differentiation to get dy/dx = (y—32?%)/(3y* — ), so dy/dx = 0 if y = 32%. Substitute
this into 2% — 2y 4+ > = 0 to obtain 2725 — 223 = 0,23 = 2/27, 2 = V/2/3 and hence y = V/4/3.

Let P(xo,yo) be a point where a line through the origin is tangent to the curve

22 — 4z + y2 + 3 = 0. Implicit differentiation applied to the equation of the curve gives

dy/dx = (2 — xz)/y. At P the slope of the curve must equal the slope of the line so

(2 —20)/yo = Yo/x0, or Y2 = 2x¢ — 23. But 22 — 420 + y2 + 3 = 0 because (g, o) is on the curve,
and elimination of ¥ in the latter two equations gives z3 — 4z + (2x9 — 22) +3 = 0, z9 = 3/2
which when substituted into y3 = 2x¢ — 22 yields y2 = 3/4, so yo = +1/3/2. The slopes of the
lines are (+v/3/2)/(3/2) = £v/3/3 and their equations are y = (v/3/3)x and y = —(v/3/3)z.

By implicit differentiation, dy/dx = k/(2y) so the slope of the tangent to y*> = kx at (xo,yo) is
k

k/(2yo) if yo # 0. The tangent line in this case is y — yg = 2—(:6 —Zg), or 2yoy — 2y§ = kx — kxg.
Yo

But y2 = kxo because (20, yo) is on the curve y? = kz, so the equation of the tangent line becomes

2yoy — 2kxg = kx — kxo which gives yoy = k(z + x0)/2. If yo = 0, then xg = 0; the graph of

y? = kx has a vertical tangent at (0,0) so its equation is z = 0, but yoy = k(z + 20)/2 gives the

same result when xg = yo = 0.

d dy dt
By the chain rule, W _Y Use implicit differentiation on 233t + t3y = 1 to get
de dt dz
dy 2y +3t% . da 1 so@—— 2% + 3t%y
dt — 6ty? +13"’ dr  cost  dr  (6ty? +13)cost’
dy de dy dy 3z2y? dx
903y Y 1 3,2,2% LW _ W _ az
T A T T T NES 7
dy 5 dx dr dy 3cos3x —y?dx
2ey— =y°— =3 3T)—, — = ———— —
W =Y g~ 3eos3n g gy Sry  di

(2) J'() =325, () = 5o

7 28 28 _
(b) /() = go*/3, (@) = Sal, f(a) = Sam

(c) generalize parts (a) and (b) with k=(n—1)+1/3=n—2/3
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49. v =ra" Ly =r(r—1)a""? s0 322 [r(r — 1)2" 2] + 4z (ra" ') — 22" =0,
3r(r—1)a" +4dra” — 22" =0,(3r? +r — 2)2" =0,
3r24+1r—2=0,3r—2)(r+1)=0;r=-1,2/3
50. y' =ra" 1y’ =r(r—1)2""% so 1622 [r(r — 1)a" 2] 4+ 24z (ra" ') + 2" =0,
167(r — 1)a" + 24rz” + 2" = 0, (1672 + 8r + 1)2" = 0,
1602+ 8 +1=0,(4r +1)2=0;r=—-1/4
51. We shall find when the curves intersect and check that the slopes are negative reciprocals. For the
intersection solve the simultaneous equations 2 + (y — ¢)? = ¢? and (x — k)? + y? = k? to obtain
1 — —k
cy = kx = §(x2+y2). Thus 2% + y? = cy + kx, or y?> — cy = —2? + kx, and yx -7 .
Y
d d —
Differentiating the two families yields (black) d—y = —L, and (gray) d—y =7 . But it was
x y—c :c
proven that these quantities are negative reciprocals of each other.
: - : dy dy
52. Differentiating, we get the equations (black) xd— +y = 0 and (gray) 2z — 2yd— = 0. The first
T T
says the (black) slope is = —% and the second says the (gray) slope is g, and these are negative
reciprocals of each other.
EXERCISE SET 3.7
dy dx
1. Yo3™
dt dt
dy dr dx 1
(@) - =3(2)=6 (b) S o 3
dx dy
2. —4+4—=0
dt + dt
dy d 1 d d
(a) 1+4dt 0 so d‘lt’ = -7 vheno =2. (b) d—f+4(4):0so d—i:flfiwhenx:?).
dx dy
3. 2x— +2y— =0
dt * Yt
fdy dy 1 V2 dz V2 dx
2-(1) 42X = 0,50 = = ——. b) 2% +2°-(-2) =0, 50 - =2
(a) 2()+2dt Cw T (b) 25 +25 (=0 505
dx dy dx
4. 2x— +2 =2—
Ta T Va T w
dy dy
9429 - 9 Y
(a) —2+2%, dt
24+vV2d 2 dx
(b) ZEV2dT V2 2+ﬂ—2)—+3\f—0 &3
2 dt 2 dt’
dA dx
5. (b) A=2? ) Pt
(b) x () =2
dA dx dA
Find — given that — = 2. From Part (c), — = 2(3)(2) = 12 ft* /min.

dt |,_, dt |,_, dt |,_,
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10.

11.

12.

Chapter 3

dA dr
— 2 o
(b) A=ar (c) o = 27r o
dA d dA
(d) Find — given that & = 2. From Part (c), — =27(5)(2) = 20 cm?/s.
dt r=>5 dt r=>5 dt r=>5
av 5 dh dr
— 2 — -
(a) V =arh, so r 77( dt+2 hdt)
d dh d
(b) d‘t/ Tl = =1 and dlz; e T —1. From Part (a),
*10 *10 r=10
av

= 7[10%(1) + 2(10)(6)(—1)] = —207 in®/s; the volume is decreasing.
h=6,
r=10

1
(a) 62:$2+y2750d€:£<xd$g+ dy)

dt

dt dt dt

. dr 1 dy 1
s given thatE — and — prie

y=4

From Part (a) and the fact that £ =5 when x = 3 and y = 4,

e 1 1 1 1 . - .
= - =% [3 ( ) +4 ( 4)} =10 ft/s; the diagonal is increasing.
xdy ydw
Y 0,d0 gt Tar do cos? 0 dy dj
(a) tanf = » 50 sec edt = o T e Py Vg
db dx dy 1
i i =1 =——.
(b) dt |o=2, dt |o=2, and dt |o=2, 4
y=2 y=2 y=2
Wh 2and y=2, tanf=2/2 = 1500 =~ and cosd = cos ~ = ——. Th
enz=2andy=2, tanf = =1s06 = and cos —cs4—\/§. us
do _(1/V2)? 1 5 . .
from Part (a), - - =0y 2 1)~ 21| = ~16 rad/s; 6 is decreasing,.
. dz . dx dy
Find A given that Tl = —2 and i 3.
y=2 y=2 =
d d dr d
d—j = 2x3yd—g: + 32%y? dotc di = (4)(3) + (12)(—2) = —12 units/s; z is decreasing

1,2

Let A be the area swept out, and 6 the angle through which the minute hand has rotated.

— rad/mln A= 77"20 =80, s % = Bﬁ am in? /min.

dA &
Find 2 given that &
ind - siven that = o5 TR TR

dt
. . dA . dr
Let 7 be the radius and A the area enclosed by the ripple. We want o given that pri 3.
t=10

dA dr
We know that A = 712, so i QWTE. Because r is increasing at the constant rate of 3 ft/s, it

dA
follows that r = 30 ft after 10 seconds so E = 21(30)(3) = 1807 ft?/s.
=10
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13.

14.

15.

16.

17.

18.

d d dA d d 1 dA
Find d—: - given that i 6. From A = 7r? we get i 27rrd—z SO d—: =5 a IfA=9
dr 1
th 2=9,r=3 30 — =—-(6)=1 i/h.
en r , 7 =3/y/T s0 i, 2w(3/ﬁ)( ) =1/y/m mi/
. L 4 4 D
The volume V of a sphere of radius r is given by V = §7TT or, because r = 0} where D

4 (DY 1 dD
is the diameter, V = §7r (2) = Eﬂ'DS. We want a )

av 1
given that — = 3. From V = —nD?
1 dt 6

1 dD dD 2 dV dD 2 3

t — = —7mD*— — = —"—— 50 — = 3) = — ft/min.
weeet o =™ T Tapr e ar |, mp ) T gy b/min

d d 4 d d
Find di‘t/ L given that ditd = —15. From V = 5777’3 we get di‘t/ = 47r7'2d—: SO
dV 2 . 3 ]
g = 4m(9)°(—15) = —48607. Air must be removed at the rate of 48607 cm®/min.

r=9

Let « and y be the distances shown in the diagram.

d d
We want to find ol given that @ _ 5. From
dt dt

y=8

d d d d
22 4y? = 172 we get 20 0 42y 2Y — 0,50 ¥ = 2L

= . y
at "Vt at .y dt \
| y

When y = 8, 22 + 8% = 172, 22 = 289 — 64 = 225,

d 1 x
z =15 s0 =2 = ——5(5) __D ft/s; the top of e
dt|,_q 8 8
the ladder is moving down the wall at a rate of 75/8
ft/s.
d d
Find 22|  given that 22 = —2. From 22 + y? = 132
dt|,_s dt
dx dy dx y dy /\
2w— + 2 = = = <2
we get T + v 0 so o T Use T .
22 + y? = 169 to find that 2 = 12 when y = 5 so " \y
dz 5 5 i
— =——(-2) == ft/s.
dt y=5 12 6 |__x_,|
. ., do
Let 0 be the acute angle, and = the distance of the bottom of the plank from the wall. Find —
dt =2
. dx 1 . . x
given that I =3 ft/s. The variables § and = are related by the equation cosd = o
=2
de 1 dz df 1 dx
—sin—=——, — =————. Wh =2, th f the plank is v/102 — 22 = /96 f
s1n9d 0dr dt 10500 dt When x , the top of the plank is /10 96 ft
above the ground so sin# = /96/10 and @ L <—1> Lo 0.051 rad/s
8 dt{,_, V96 \ 2 2V/96 '
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19.

20.

21.

22.

23.

24.

Chapter 3
Let x denote the distance from first base and y the
distance from home plate. Then z2 4 602 = y? and @
dx dy S x
Zza = 2y Y When z = 50 then y = 10v/61 so
dy xdx 50 125 :
— =——=—=(25) = — ft/s. First
dt ydt 10\/61( ) V61 /
Home
. dx . Y
Find 7 given that E = 2000. From Roiket
x=4
dx dy dx y dy -7
52 - t 2 —_— = 2 = // |
o yhowe get 20 = 2 0 G = g v
Use 22 + 25 = y? to find that y = v/41 when z = 4 so //// :
dx V4l . Rad - |
i ~(2000) = 50041 mi/h. Stjﬁf)‘;ﬁg 5mi |
xr=
d d
Find &/ given that — — 880. From Rocket
dt | 4—4000 dt | —4000
dy dx dy x dr e
2 = 22 4 3000 t 2 =2r— S0 — = — —. -
y=aty W BeL LYt at 2t Ty dt v
If = 4000, then y = 5000 so e I
d 4000 Camera/// |
d = (880) = 704 ft/s. :
dt | 4000 5000 ~—— 3000 ft ——
) dx
Find — given that — = 0.2. But x = 3000 tan ¢ so
/4 p=m/4
d do d
T _ 3000(sec? ) 22, I = 3000 (sec —) (0.2) = 1200 ft/s.
dt dt” dt |y, 4
(a) If z denotes the altitude, then r — 2 = 3960, the radius of the Earth. 6 = 0 at perigee, so

(b)

(a)

r = 4995/1.12 ~ 4460; the altitude is z = 4460 — 3960 = 500 miles. § = 7 at apogee, so
r = 4995/0.88 &~ 5676; the altitude is x = 5676 — 3960 = 1716 miles.

If § = 120°, then r = 4995/0.94 ~ 5314; the altitude is 5314 — 3960 = 1354 miles. The rate
of change of the altitude is given by

dv dr drdfd  4995(0.12sin6) df

dt — dt  dodt  (1+0.12cos0)? dt

Use 6 = 120° and df/dt = 2.7° /min = (2.7)(7/180) rad/min to get dr/dt ~ 27.7 mi/min.

Let x be the horizontal distance shown in the figure. Then x = 4000 cot 8 and

dr do do sin® 0 dx o
i —4000 csc 9— SO pri 2000 d@t Use 8 = 30° and

dx/dt = 300 mi/h = 300(5280/3600) ft/s = 440 ft/s to get
df/dt = —0.0275 rad/s =~ —1.6°/s; 0 is decreasing at the rate of 1.6°/s.
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25.

26.

27.

28.
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(b) Let y be the distance between the observation point and the aircraft. Then y = 4000 csc 6

so dy/dt = —4000(csc cot 0)(d0/dt).
dy/dt =~ 381 ft/s.

dh
Find —
dt h=16

water in the tank at a depth h is V = §7rr2h. Use

d
given that T 20. The volume of

similar triangles (see figure) to get r_1 sor = 5
8 & R T T 12
1 (5 Y 25 v 25 ,dh
th =cr|zh)h=—mh® — 2
us V 3”(12 > 32" Ay T 1 at
dh_ MV odn| M9
dt — 25mh? dt’ dt|,_,,  25m(16)2 207w
ft /min.
dh d 1
Find — given that v =8 V = —ar?h, but
dt |, _g dt 3
1 1 _(hY 1 . dv 1 _,dh
T2hSOV37T(2>h127Th,dt Zﬂ' a,
dh 4 dV dh 4 8
a_ = 4r 4 — 8) = — ft/min.
dt ~ wh?dt’ dt|,_g w62 &) = gy ft/min

d dh 1
Find —V given that — = 5. V = —ar?h, but
h=10 dt 3
1 1 /hY 1 . dv 1 ,dh
=Zh = Z 2V h = —gqhd 2 = Zap22
r=ghseV 3”(2) 2" e T A
dv 1
@ = —7(10)%(5) = 1257 ft* /min.
at |, ., 47T( 0)=(5) 57 £t /min

Let 7 and A be as shown in the figure. If C is the circumference

of the base, then we want to find E given that i = 10.
dt |, _g dt

1
It is given that r = §h’ thus C' = 2mr = wh so

dcC dh

=~ = 1
at ~ dt )

‘ IR 3 av. 1 ,dh
Use V—37r7‘ h = 127Th to get il wh a0 SO

dh 4 dV

== 2T )
dt  wh? dt 2)

dac 4 dv dc 4

Substitution of (2) into (1) gives il Rl Ry . 64(10)

Use 6 = 30° and df/dt = —0.0275 rad/s to get

)
=

g ft /min.
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29.

30.

31.

32.

With s and h as shown in the figure, we want
dh d
to find T given that d—i = 500. From the figure,

a0 1 dh _1ds 1 B ,
h = ssin30 3880 =5 o = 2(500) = 250 mi/h.

dx

d
Find — given that c% = —20. From

y=125

dx dy dx _y dy
2 1 2 __ —
22 4+ 10% = y? we get 2z 7 =2y dt dt Tl Use

22 4 100 = g2 to find that z = /15,525 = 15v/69 when
125 500
=——(-20) = ——.
y=125  15v69 369

500
The boat is approaching the dock at the rate of

369

dr

=125 —
Y so 7

d d
Find di;f/ given that @

= —12. From 22+410% = ¢?
y=125
dy dy x dx

dz
t 2020 — 9y W 5o W Use 22 + 100 = ¢?
weget A =Wy O Ty Tt Y

to find that = /15,525 = 15v/69 when y = 125 so

dy 15@(_12)__36@
dt 125 o

. The rope must be pulled

at the rate of

361/69
ft
o ft/mi
(a) Let  and y be as shown in the figure. It is required

d d
to ﬁnd , given that d—?z = —3. By similar triangles,

at_a?+y o _ _1
5 13 , 18z = 6x + 6y, 122 = 6y, © = Y 80
de ldy 1 3
= —(=3)= —= ft/s.
Y A R

30°

Chapter 3

ft /min.

Ground

Boat

Light

1
18

Man
Shadow, 6
—_—
| |
|‘— L |

(b) The tip of the shadow is z = x + y feet from the street light, thus the rate at which it is

dz dx dy

3

d
moving is given by — il + —. In part (a) we found that 5 =73 when & = _3 5o

dt  dt’
dz

2 dt

pri (—=3/2) + (—3) = —9/2 ft/s; the tip of the shadow is moving at the rate of 9/2 ft/s

toward the street light.
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33.

34.

35.

36.
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Find % . given that Cé—f = % = g rad/s. : _

Then z = 4tan 6 (see figure) so Z—f c? Gd—f 4; 9

Z—i vt =4 (sec2 %) (g) = 8n/5 km/s. ir\
Ship

If =, y, and z are as shown in the figure, then we want

dz dx dy ¢
iven that — = — =l =-1200. B
Tl - given that 7 600 and 7 - 00. But
dz dx dy dz 1 dx dy

2= 2 = 2p— + 2 == Y
F=atytso 2o =20 20 z<dt+ dt> 2
When z =2 and y =4, 22 =22 +42 =20, z = v/20 = 2V/5 so

d 1 3000

El = [2(—600) + 4(—1200)] = — == = —600v/5 mi/h;

dt ==, 2v/5 V5 Missile

the distance between missile and aircraft is decreasing at the
rate of 600+/5 mi/h.

P i Aircraft

d d
We wish to find = given Y 600 and
dt |e=2, dt
dy v P Aircraft
pr = —1200 (see figure). From the law of cosines,
=2,
y=4
o Y
22 = 2% +y? — 2wy cos 120° = 22 + y% — 22y(—1/2) ;
dz dx dy dy dx
= 2242 2: 28 =980 4oy Y
r°+y“+xy, so Zd dt+ dt+ dt+ a
dz 1 dx dy Missile
- 2% +y) — + (2
it~ 22 [( +y)dt G|
When 2 =2 and y = 4, 22 = 22 + 42 4 (2)(4) = 28, s0 z = /28 = 21/7, thus
dz 1 4200
it = ——[(2(2) 4+ 4)(—600) + (2(4) + 2)(—1200)] = ——= = —600v/7 mi/h;
&t ooy 2(2\ﬁ)[( (2) +4)(=600) + (2(4) + 2)( )] 7 /

the distance between missile and aircraft is decreasing at the rate of 6007 mi/h.

(a) Let P be the point on the helicopter’s path that lies directly above the car’s path. Let x,

d d
y, and z be the distances shown in the first figure. Find d—j given that d—f = —75 and

rx=2,
y=0
d
Y _ 100. In order to find an equation relating x, y, and z, first draw the line se

dt

gment

that joins the point P to the car, as shown in the second figure. Because triangle OPC' is a

right triangle, it follows that PC' has length /22 4 (1/2)?; but triangle HPC is also a right
2 dz d d

triangle so 22 = ( z? + (1/2)2) +y? =2 +y*+1/4 and 2,2 =925 2y & +0,

dt dt Yt
dz 1 dz dy B B , , , -
- ( T + dt)' Now, when z = 2 and y = 0, 22 = (2)* + (0)* + 1/4 = 17/4,
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1
= 250 — ——[2(=75) + 0(100)] = —300/v/17 mi/h
z=V17/ Sodt” (\/ﬁ/Q)[( ) +0(100)] / mi/
North
Tmis_p
>~
b) L x\\\g

2
Car
West . ° East Z
Z %
Helicopter

d
(b) decreasing, because £ < 0.

d dx
37. (a) We want ditJ given that a = 6. For convenience, first rewrite the equation as

=1, x=1,
y=2 y=2

8 8 2 dy dx 16 dy dy % d
3= 3
- then 3 de _ 16 P de
Ty =5 + 5y en wy T +y i 5 dt 5 = 16 i .
YT
dy 23 .
At oo, 16—(6) = —60/7 units/s.

= —(2)-3(1)2°
5
. dy

(b) falling, because yr <0

38. Find d— given that @
dt (2,5) dt

so3x2d—x:2 dy d:v_27y@ dr
dt Yarr dat ~ 3224t di

= 2. Square and rearrange to get 2% = y% — 17

= (5> (2) = 5 units/s.
2.5) 6 3

39. The coordinates of P are (z,2x), so the distance between P and the point (3,0) is

(2,5)

dD

D =/(z —3)2 + (22 — 0)2 = V522 — 62+ 9. Find — =-2.
dt | _, dt .,

dD 5r — 3 dx dD 12

P ——, S0 — = — —2 :—4 unitS S.

dt Vbx?2 —6x +9 dt at |,_s v 36( ) /

. . . dD dx
40. (a) Let D be the distance between P and (2,0). Find o given that I =4.
=3 =3

dD 2 — 3
D = z—2)2 4192 = z—22+rx=vV22—-3rx+4s0 — = ———nu——:
Ve =225y =i =2) At~ 2v/22 —3r+4

aD _ 3 .3 units/s
dt |,_s 24 4 '

do
(b) Let 0 be the angle of inclination. Find — given tha =4.
dt|,_, dt »
y N do x+2 dx df 5 r+2 dx
tan 6 = = 20— = — = — 00— —.
T 2 T a2 T s @t T Tam(w—2)? dt
1 db 15 5
When =3, D =2 so COSH—* and ’ =—-——(4) = ———= rad/s.
dt,_q 42/3 2V/3
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41.

42.

43.

44.

45.

dx dy
Solve = = 3Y given y = 2/(¢? + 1). Then y(z? + 1) = z. Differentiating with respect to =,

dt dt

dy dy dy/dt 1 1
1)-= 2z) = 1. But - = =-so(2?+1)-+2zy=1,2"+1+6zy =3
(2 + 1) + y(27) e =3 %0 @+ )5 +2y = La® + 1+ 6oy =3
x +1+6x2/($c +1) =3, (x +1)2+62% - 32> -3 = 0, x* + 522 —3 = 0. By the binomial theorem
applied to z2 We obtain 22 = (=5 £ /25 + 12)/2. The minus sign is spurious since 22 cannot be
negative, so x2 = (V33 — 5)/2, x ~ £0.6101486081, y = +0.4446235604.

dz dy dy  dx dx 16
2¢ — + 18y — = 0; if — — h 2 1 = 2 18y = = ——
Sxdt+8dt 0; o = t;«éO,ten(3x+ Sy)dt 0,32x+18y =0, y = g T S0
256 400 81 9 9 169 16
1622 =144, —a2? =144, 22 = — z =+_. Ifz = h =——c ==
6x —|—981 5 x? o5 & 5 x , then y = 9oF = T §
9 16 9 16 9 16
Similarly, if x = —5 then y = 5 The points are (5, —5> and (—5, 5).
dsS ds 1 1 1 1 ds 1 dS
Find — i that — = -2. F -4 = == t ———— —=— =10
ind — . given that — - rom — + 5 g Vet —5o - , SO
ds S? ds 1 1 ds 225
— = ———. If s = 10, then — + — = = which S =15. So — =——(-2)=45
at — s2dt o 10 g = Which gives ° G| _, " 100 Y

cm/s. The image is moving away from the lens.
Suppose that the reservoir has height H and that the radius at the top is R. At any instant of time
let h and r be the corresponding dimensions of the cone of water (see figure). We want to show

dh d
that T is constant and independent of H and R, given that di‘t/ = —kA where V is the volume

of water, A is the area of a circle of radius r, and k is a positive constant. The volume of a cone of

1 1 ¥
radius 7 and height h is V = §7r7‘2h By similar triangles E g = %h thus V = gﬂ' (g) h3
SO

av R dh
M h?— 1
at " (H ) dt (1)

av
But it is given that o —kA or, because

RY dv RY
— 2 _ J— 2 = — —_— 2
A=nr —7r< >h’dt k7r< >h,

which when substituted into equation (1) gives

RY , RY pdh dh

d
Let r be the radius, V the volume, and A the surface area of a sphere. Show that d—: is a constant

d 4
given that i —kA, where k is a positive constant. Because V = 5777“3,
dVv dr
— = 4pr?— 1
a O dt S

d d
But it is given that di‘t/ = —kA or, because A = 4nr?, dit/ = —47r?k which when substituted into
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46. Let x be the distance between the tips of the minute and hour hands, and « and 8 the angles
shown in the figure. Because the minute hand makes one revolution in 60 minutes,

d 2

d—(j = % = 7/30 rad/min; the hour hand makes one revolution in 12 hours (720 minutes), thus
dg 2T . dx . da dp
primior i /360 rad/min. We want to find 7 |._,, siven that i /30 and i 7/360.

B=3m/2
Using the law of cosines on the triangle shown in the figure,
2? = 3% +42 — 2(3)(4) cos(a — B) = 25 — 24 cos(a — 3), so

dzx dao  df
23:% =0+ 24sin(a — ) (dt - dt)’

dx da  dB)\ |

dt  x <dt - dt) sin(a — ). When a = 27 and § = 37/2,

a2 = 25 — 24 cos(2m — 37/2) = 25, x = 5; so

du _ 12 Nr .

n - (7?/30 — 7/360) sin(2r — 37 /2) = 5o in/min.
=3m/2

47. Extend sides of cup to complete the cone and let Vj
be the volume of the portion added, then (see figure)

1 4 1 1 6 —
V:§7T7“2h—VOWhere%:E:§sor:§hand % | T
\ | 2
1 (hY av 1 ,dh N
Ve o (MY n v = Tand v, W2 Lt NS
3”(3) 0= 97" O T o™ A 1’ \/ [
/
dh _ 9 dv dh N “
dt — wh?dt’ dt|,_, m(9)? 97

EXERCISE SET 3.8

1. (a) fle)=f()+f(A)(zr—1)=1+3(x—1)
(b) f(I1+Az)= f(1)+ f/(1)Az =1+ 3Ax
(c) From Part (a), (1.02)? ~ 1+ 3(0.02) = 1.06. From Part (b), (1.02)% ~ 1 + 3(0.02) = 1.06.

2. (a) fl@)=f@)+f(2(x-2)=1/2+(-1/2*)(z —2) = (1/2) — (1/4)(z - 2)
(b) f2+4+Az)= f(2)+ f'(2)Ax=1/2— (1/4)Ax
(c¢) From Part (a), 1/2.05 = 0.5 — 0.25(0.05) = 0.4875, and from Part (b),
1/2.05 ~ 0.5 — 0.25(0.05) = 0.4875.

/(23/1)(x —0) =14 (1/2)z, so with o = 0 and
+(1/2)(=0.1) = 1 — 0.05 = 0.95. With = = 0.1 we
05.

—0.1, we have /0.9 = f(—0.1)

3. (a) f( ) ~ f(xo) + f'(zo)(x — xp) = 1+
have VIT= f(0.0) ~ 1+ (1/2)(0.1) =

(1
1
1.
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10.

11.

12.

13.

(b) y
|
I dy
Ay | Ay
\I\’/\\ :
/ dy |
| iy |
| |
| |
| | ¥
~0.1 0.1

(@) f(z)~ flzo)+ f'(zo)(x—mo) = 1/2—[1/(2-43/2)] (x—4) = 1/2— (z—4)/16, so with z( = 4
and = = 3.9 we have 1/v/3.9 = £(3.9) = 0.5 — (-0.1)/16 = 0.50625. If g = 4 and = = 4.1
then 1/v/4.1 = f(4.1) ~ 0.5 — (0.1)/16 = 0.49375

(b)
Ay Al
A
d)’J_I J
I
! N
| I dy
\I ! f X
39 4 41 .

f(z) = (1+2)¥ and 2o = 0. Thus (1+2z)'° ~ f(z0)+ f'(z0)(z—z0) = 1+15(1)**(x—0) = 1+15z.

flx) = \/11_711 and zo = 0, so 11_ . ~ flzo)+ f(zo)(x—x0) = l+m(x70) =1+xz/2
tanx ~ tan(0) + sec?(0)(x — 0) = = 8. H%zl—yﬁ(x—o):l—x

= (D)* +4(1)3(x — 1). Set Ar =z — 1; then = Az + 1 and (1 + Ax)* =1 + 4Az.

1
\/Eﬁt:\/I—&—Q—ﬂ(x—l),andle—i—Am,sox/l—i—Aa:%l—&-Aar/Z

1 1 1 1 11
~ - —1),and 24+ 2 =3+Az, 50 —— ~ = — A
24z 241 (2+1)2(m Joand 2w =3+ Av,so gm0 & g~ gAe

(4+2)3~(44+1)34+34+1)%(xz — 1) so, with 4 + 2 = 5+ Az we get (5 + Ax)? ~ 125 + T5Ax

f@)=+z+3and zog =0, so 0
1 1 2 \2

VI+3xav3+—(x—0 :\/g—i——a:,and
2\/5( ) 2V/3

‘f(x) - <\/§+ 2\1/§x>‘ < 0.1 if |z] < 1.692.

Yy
[0 - (43 + 555 %)|




112

14.

15.

16.

17.

18.

Chapter 3
1
flz) = T 0.06
1 1 1 1 1
~ — —_— —0 = — —_—
5=~ 5 "o V=5 T e
and |f(z) — 1+ix <0.1if || < 5.5114
3 5 ' '
—6\ /6

tanx
and |

0
[re - (5 + )

~ tan 0 + (sec?0)(r — 0) = z, 0.06
tanz — x| < 0.1 if |z| < 0.6316

~08\c , J 038
0
() — x|
1 1 —5(2)
~ —0)=1- 10z, 0.12
G507 “axzof T a2 op@ 0 *
and |f(x) — (1 —10z)| < 0.1 if |z| < 0.0372
~0.04\ , 0,04
0

(a)

(b)
(c)

()

(b)
(c)

[f() = (1 = 10x)]

The local linear approximation sinx & x gives sin 1° = sin(7/180) ~ 7/180 = 0.0174533 and
a calculator gives sin 1° = 0.0174524. The relative error |sin(7/180)— (7 /180)|/(sin 7 /180) =
0.000051 is very small, so for such a small value of x the approximation is very good.

Use o = 45° (this assumes you know, or can approximate, v/2/2).

44 45
44° = é radians, and 45° = é = % radians. V\\;ifh x\; é and xg = il we obtain
. o__447TN_7T T 447 T\ 2 2 (—7 - .
sin44° = sm@ /2 sin 1 + (COS 4) (180 4> =3 + 5 (180> = 0.694765. With a

calculator, sin44° = 0.694658.

tanx &~ tan 0 + sec? 0(z — 0) = z, so tan 2° = tan(27/180) ~ 27 /180 = 0.034907, and with a
calculator tan 2° = 0.034921

use 2o = 7/3 because we know tan 60° = tan(n/3) = v/3
T 607 61m

w1thm0:§—1—8oan x:@wehave

617 T T 6lr T
tan61° = tan —— =~ tan — ( 2—) — — — | =v3+4— =1.8019,
an an 180 an 3 + [ sec 3 180 3 V3 + 120

and with a calculator tan61° = 1.8040
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19. f(z) =14, f'(z) = 423, 29 = 3, Az = 0.02; (3.02)* ~ 3% + (108)(0.02) = 81 + 2.16 = 83.16

20. f(z) =23, f'(z) = 322, 29 = 2, Az = —0.03; (1.97)% ~ 23 + (12)(—0.03) = 8 — 0.36 = 7.64

1 1 1
21. f(z) =7, f'(z) = N 64, Az = 1; V65 ~ V64 + 76(1) =8+ 7 = 80625

1 1
22, f(z) =z, f'(z) = 5= %o = 25, Az = —1; V24 ~ V25 + E(_l) =5-0.1=4.9

Jz

1 1
23. f(z) =z, f'(z) = 575 @0 = 81, Az = -0.1; V80.9 ~ V81 + E(_O'l) ~ 8.9944

Jz

1 1
24. f(z) =z, fl(x) = NG 36, Az = 0.03; v/36.03 ~ /36 + 73(0:03) = 6 +0.0025 = 6.0025

25. f(z) =sinz, f'(z) =cosz, xog =0, Az = 0.1; sin0.1 ~ sin 0 + (cos 0)(0.1) = 0.1
26. f(z) =tanz, f'(z) =sec?x, zg = 0, Az = 0.2; tan 0.2 ~ tan 0 + (sec? 0)(0.2) = 0.2

27. f(x) =cosz, f'(z) = —sinz, o = 7/6, Az = 7/180;
o o 1 m V3 s
cos 31° ~ cos 30° + <—2> (ﬁ) =3 " 30" 0.8573

28. (a) Let f(z) = (1+)* and o = 0. Then (1 + z)* ~ 1¥ + k(1)*~1(x — 0) = 1 + kx. Set k = 37
and = = 0.001 to obtain (1.001)%7 ~ 1.037.
(b) With a calculator (1.001)37 = 1.03767.

(c) The approximation is (1.1)3” ~ 1 + 37(0.1) = 4.7, and the calculator value is 34.004. The
error is due to the relative largeness of f'(1)Az = 37(0.1) = 3.7.

~<

29. (a) dy= f'(r)dx = 2xzdx = 4(1) =4 and (b)
Ay=(r+Az)? —22=02+1)%2-22=5

.\%—»

N f————
Wh————

30. (a) dy=32?dr=3(1)?(1) =3 and (b)
Ay=(z+Az) -3 =(1+13-13=7
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31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

(a) dy=(-1/2?)dz = (-1)(-0.5) = 0.5 and (b) y

Ay=1/(z+ Az) —1/z A
=1/(1-05)-1/1=2-1=1 Tay=1
dy:EELT
1+ \
0.5 1 .

(@) dy=(1/2y/@)dx = (1/(2- >><7>:71/6~70167and
Ay=Vz+Ar—z=1+/9+ ~V9=v8-3~—0.172

(b) v

3r 11 dy=-0.167

Ay=-0.171

dy = 32%dx;
Ay = (z+ Az)® — 2 = 2° + 32° Az + 32(Ax)* + (Ax)® — 2% = 322 Az + 32(Ax)?

dy = 8dx; Ay = [8(x + Az) — 4] — [8z — 4] = 8Ax
dy = (2z — 2)dx;
Ay=[(z+ Az)? = 2(x + Az) + 1] — [2? — 22+ 1]
=224+ 22 Av+ (Ax)? — 22 — 2Ar + 1 — 22 + 20— 1 =22 Ax + (Ax)? — 2Azx
dy = cosx dx; Ay = sin(x + Ax) — sinz

(a) dy = (1222 — 14x)dw
(b) dy = xd(cosx) + cosz dr = x(—sinx)dx + cosxdx = (—xsinx + cos z)dx

(a) dy=(-1/2?)dx (b) dy=5sec?zdx

(a) dy= (m 2\/196—733) de = ;/%dx

(b) dy=-17(1 +xz) 8dz

(2 —1)d(1) — (1)d(z® = 1) (2 —1)(0) — (1)32*dx 322

@@= (1) I N e
— ) (=322 dr — (1 — 23)(— 3 _ a2

(b) dy = (2 —2)(—32%)dzx — (1 — z°)(—1)dz _ 22 — 6" + 1d:v
PRE PR

dy= — > dp =2, de = 0.03; Ay ~dy = (0.03) = 0.0225

y - 2\/m T, T =4, ar =U. ’ y ~ y - 4 . - Y

x
dy = dz, z =1, dr = —0.03; Ay ~ dy = (1/3)(—0.03) = —0.01
Va? +38

Chapter 3

+ (Az)3
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43. dy =

44.

45.

46.

47.

48.

49.

1 —z? 3
mdm, =2 dr=-0.04; Ay = dy = <_25) (—0.04) = 0.0048

4
dy = (x + 8z + 1) de, x = 3, do = 0.05; Ay ~ dy = (37/5)(0.05) = 0.37

(a)
(b)

(a)
(b)

(a)

(b)

(b)

dR
R

V8xr +1

A = 22 where z is the length of a side; dA = 2z dx = 2(10)(%0.1) = +2 ft*.
dr  40.1

relative error in x is ~ <= 10 "~ +0.01 so percentage error in x is ~ +1%; relative error
in Ais ~ % = 22# = Qdf = 2(£0.01) = +0.02 so percentage error in A is &~ £2%

V = 23 where x is the length of a side; dV = 3x%dx = 3(25)%(£1) = £1875 cm?.

relative error in z is & d?:c = :;—51 = 40.04 so percentage error in z is ~ +4%; relative error
inVis~ d7V = 33;2# = 3% = 3(+0.04) = £0.12 so percentage error in V is ~ £12%

x = 10sin6, y = 10 cos f (see figure),

dr=10c036d0 =10 (cos - ) (£-2-) = 10 v3 (+55) 107
6 180 2 180 x
~ +0.151 in, \o
T us 1 us
dy=—1 '0d0:—1<'—)(i—):71 - (i—) v
Y 0(sin §) 0 (sin e 180 0 5 180
~ +0.087 in
d
relative error in z is &~ ?a? = (cot 0)df = (cot %) (i%) =3 (:I:lﬂ-%) ~ +0.030
so percentage error in z is ~ £3.0%;
d 1
relative error in y is ~ ?y = —tanfdf = — (tan%) (i%) = —% (i%) ~ £+0.010
so percentage error in y is ~ +1.0%
x =25cotd, y =25csch (see figure);
- _ 2000 — — 2T T
dx = —25csc” 0df 25 (csc 3) (i360)
4 T
=-25( = +— ) ~ +0.291
5<3)( 360) 0.291 cm, v 25cm
dy= —25cscfcot 0df = —25 (csc g) (cot g) (i%)
2 1 0
=25 (=) (= ) (555 ) ~ +0.145 em A
V3 \3) \ 7360 ¥
d 29 4
relative error in z is &~ @w_ o df = fﬁ (:l:i) ~ £0.020 so percentage
x cot § 1/v/3 \" 360
error in x is &~ +2.0%; relative error in y is & dy _ _ cot 8df = _1 (ii) ~ +0.005
et YEES T ~ B \s60) T

so percentage error in y is ~ +0.5%

2k /13)d d d d
_ /A ol I 1005 s0 O & —2(£0.05) = £0.10; percentage error in R
(k/r2) r r R

is ~ +10%



116 Chapter 3

50. h = 12sin6 thus dh = 12 cos 0df so, with § = 60° = 7/3 radians and df = —1° = —x /180 radians,
dh = 12 cos(r/3)(—7/180) = —7 /30 ~ —0.105 ft

1
51. A= 1(4)2 sin 20 = 4sin 26 thus dA = 8 cos 20d6 so, with 6 = 30° = 7/6 radians and
df = +£15" = +£1/4° = +7/720 radians, dA = 8 cos(r/3)(£m/720) = +7/180 ~ £+0.017 cm?
dA  2xd d d
52. A = 2% where z is the length of a side; — = e _ Q—x, but N +0.01 so
A A x? x x
R ~ 2(£+0.01) = £0.02; percentage error in A is = £2%

. d 2d d d
53. V = 23 where z is the length of a side; 7‘/ _ swde 3% , but &~ +0.02
x x

3

dv
50 4 & 3(40.02) = 40.06; percentage error in V is & +6%.

d 4nrd d d d d
7‘/ - #3/; - 37”, but 7‘/ ~ +0.03 so 377" ~ +0.03, 77" ~ +0.01; maximum permissible

percentage error in r is &~ +1%.

54.

1l . . . . dA (aD/2)dD _dD dA
55. A= Z’]TD where D is the diameter of the circle; a1 TQ/ZL = 267 but T +0.01 so
dD

26 ~ +0.01, 53 ~ £0.005; maximum permissible percentage error in D is ~ £0.5%.

56. V = 3 where x is the length of a side; approximate AV by dV if z = 1 and dz = Az = 0.02,
dV = 3x2dx = 3(1)%(0.02) = 0.06 in®.

57. V = volume of cylindrical rod = 7r?h = mr?(15) = 157r?; approximate AV by dV if r = 2.5 and
dr = Ar = 0.001. dV = 307r dr = 307(2.5)(0.001) ~ 0.236 cm?.

2—7r L, dP 2r 1 dL T ar _ 1d—L so the relative error in P =~ % the

YAV P AV VA N

relative error in L. Thus the percentage error in P is ~ 3 the percentage error in L.

58. P =

59. (a) a=AL/(LAT)=0.006/(40 x 10) = 1.5 x 107%/°C
(b) AL =2.3x1075(180)(25) ~ 0.1 cm, so the pole is about 180.1 cm long.

60. AV =7.5x 107%(4000)(—20) = —60 gallons; the truck delivers 4000 — 60 = 3940 gallons.

CHAPTER 3 SUPPLEMENTARY EXERCISES

dy _ o VI A@ A h) VI —dr (9 —d(xth) (9 da)

4. (a =
@ g =i h h=0 h(\/9 — 4(z + h) + /9 — 4x)
. —4h R
h=0h(y/9 —4(z+h)+v9—4x) 2V9—-4z VI—4z
x+h T
dy . z+h+1 axz+1 _ . (e+h)(@+l)—z(@+h+1)
b) =1 =1
i h heo R+ htl)(z+1)
h 1

= 1.
s hMez+h+1)(z+1) (x+1)2
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10.

11.

12.

Set f/(z) =0: f'(z) =6(2)2z+7)5(x —2)° +52z +7)%(x—2)*=0,8022+7=00rxz—2=0
or, factoring out (2z + 7)°(z — 2)%, 12(x — 2) + 5(2z + 7) = 0. This reduces to x* = —7/2, r = 2,
or 22z 4+ 11 = 0, so the tangent line is horizontal at x = —7/2,2, —1/2.

4(2? 4 22)(z — 3)% — (22 +2)(z — 3)*
t ! — . / —

Set f'(x) = 0: f'(x) "

only if its numerator equals zero. So either & — 3 = 0 or, after factoring out (z — 3)3,

4(2? + 2z) — (22 + 2)(z — 3) = 0, 222 + 122 + 6 = 0, whose roots are (by the quadratic formula)

o —6++36—4-3
- 2

, and a fraction can equal zero

= —3+ /6. So the tangent line is horizontal at z = 3, —3 + /6.

3
Set f'(x) = QM(x —~1)2+2V3x+1(x—1)=0. If z = 1 then ¢ = 0. If z # 1 then divide

out x — 1 and multiply through by 2v/3z + 1 (at points where f is differentiable we must have
V3x 4+ 1 #0) to obtain 3(x — 1) +4(3x + 1) =0, or 152+ 1 = 0. So the tangent line is horizontal
at x =1, —1/15.

2 x4

3r+1\* d 3x+1  (3z+1\?2%(3) — (32 +1)(2x)
x? de 2

P =3

=0.If f'(x) =0

<3x+ 1)2 322 + 2z
= -3 2 2
X X

then (3z + 1)3(32z% + 2z) = 0. The tangent line is horizontal at x = —1/3,-2/3 (x = 0 is ruled
out from the definition of f).

(a)
(b)
(c)
(d)

(@) f(Mg()+f(1)g'(1) =3(=2) +1(-1) = =7

by SO W) 23 —1 5
9(1)? (—2)? i

1L oy 1 o 3

@ Gl V=555

(d) 0 (because f(1)g’(1) is constant)

8

-2 -1,1,3

—00,—2), (—=1,1), (3,+0)

—2,-1), (1,3)

"(x) = f"(x)sinx + 2f'(z) cosx — f(z)sinz; ¢”(0) = 2f7(0) cos0 = 2(2)(1) = 4

S —~

The equation of such a line has the form y = mx. The points (¢, yo) which lie on both the line and
the parabola and for which the slopes of both curves are equal satisfy yo = mzg = 23 — 923 — 1620,
so that m = 23 — 929 — 16. By differentiating, the slope is also given by m = 3z2 — 1879 — 16.
Equating, we have acg —9x9—16 = 330% —18z9— 16, or 2;108 — 929 = 0. The root ¢y = 0 corresponds
to m = —16,yo = 0 and the root zg = 9/2 corresponds to m = —145/4, yo = —1305/8. So the line
y = —16x is tangent to the curve at the point (0,0), and the line y = —145z/4 is tangent to the
curve at the point (9/2, —1305/8).

The slope of the line x + 4y = 10 is m; = —1/4, so we set the negative reciprocal
d

4=my = d—(2a:3 — 2%) = 62% — 22 and obtain 622 — 2z — 4 = 0 with roots
x

1+/1+24
T = TJF =1,-2/3.
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13.

14.

15.

16.

17.

18.

19.

20.

21.

Chapter 3

d

The line y — 2 = 2 has slope m; = 1 so we set my = d—(3x—tanx) =3—sec’z=1,orsec’z =2,
x

secx = £v/2 50 = nm + 7/4 where n = 0,41, +2, .. ..

f(zx) is continuous and differentiable at any = # 1, so we consider z = 1.

(a) lim (2*—1)= lir§1+ k(x —1) =0 = f(1), so any value of k gives continuity at z = 1.

rz—1—

(b) lim f'(z) = lim 2z = 2, and lim_ f(z) = lim k = k, so only if k = 2 is f(z) differen-
r—1— r—1— r—1 r—1
tiable at x = 1.

The slope of the tangent line is the derivative Y

y =2z = a+b. The slope of the secant is
02 — p2 v=3(atb)
= + b, so they are equal. (b,b?)
a —
(a,a?
L1 ¥
a atb p
2

To average 60 mi/h one would have to complete the trip in two hours. At 50 mi/h, 100 miles are
completed after two hours. Thus time is up, and the speed for the remaining 20 miles would have
to be infinite.
(a) Az=15-—2=—05;dy= By _71(—0.5) = 0.5; and
’ (z—1)? (2-1)? ’
1 1

M=as-n) @opy 2Tt

(b) Az =0-(—-7n/4) =7/4; dy = (sec?(—x/4)) (r/4) = 7/2; and Ay = tan0 — tan(—n/4) = 1.
—x -0
V2 —22 /25— (0)2

Ay=+25-32—-25-02=4—-5=—1.

(¢) Ax=3-0=3;dy= (3) =0; and

43 - 23 56 o 9
(a) o — 5 — 28 (b) (dV/d)|,_5 =30*|,_. =3(5)* =75
dw AW
(a) e 200(t — 15); at t = 5, o = —2000; the water is running out at the rate of 2000
gal/min.
W(5)—W(0 10000 — 22500
(b) ( E)) - © = 3 = —2500; the average rate of flow out is 2500 gal/min.
4 4
cot 46° = cot 767r; let g = il and x = —GW. Then
180 4 180
o _ ~ ot T — ﬂ)(,ﬁ): DY L :
cot 46 cot x =~ cot 1 (CSC 1 x 1 1-2 <180 1 0.9651;

with a calculator, cot 46° = 0.9657.
2 : o 51 :
(a) h=115tan¢, dh = 115sec? ¢ d¢; with ¢ = 51° = 180" radians and
dé = £0.5° = £0.5 (%) radians, h =+ dh = 115(1.2349) = 2.5340 = 142.0135 = 2.5340, so
the height lies between 139.48 m and 144.55 m.



Chapter 3 Supplementary Exercises 119

22,

23.

24.

25.

26.

27.

28.

29.

30.

31.

1
(b) If |dh| < 5 then |d¢| < %15 cos? %ﬁ ~ 0.017 radians, or |d¢| < 0.98°.

dr 2 1 1

4L~ ViaVL Vel (b) s

(a)

. ar . . . . . A .
(¢) Since — > 0 an increase in L gives an increase in T, which is the period. To speed up a

clock, decrease the period; to decrease T', decrease L.

T L
(d) Z—g = —% < 0; a decrease in g will increase T" and the clock runs slower
g
ar -1\ 55 VL s
(e) @—2\/3 (2)9 = n (f) s°/m
(a) f'(z)=2z, f'(1.8) =3.6
(b) f(z) = (2® —4x)/(x — 2)2, f(3.5) =~ —0.777778

(a) f'(z)=3z%— 2z, f(2.3) = 11.27
(b) f'(z) = (1—22)/(z2+1)2, f'(-0.5) = 0.48

F/(2) ~ 2.772589; f/(2) = 4In 2

£(2) = 0.312141; f/(2) = 252 (cos 2In 2 + sin 2/2)

. 3(h+1)%% +580h — 3 1 d_ 55 1 s
inst = 1 = — 5 ' = — (2. 1)2 = 58. ft
Uinse = lim, o 58+10 dx3x . 58+10( 5)(3)(1) 58.75 ft /s
164 ft/s
2500
1 =/ 20
0

Solve 322 — cosz = 0 to get x = £0.535428.

When 2zt — 2 —1 > 0, f(z) = 2 — 22 — 1; when s
vt —2—-1<0, f(z) = —2* + 1, and f is differen-

tiable in both cases. The roots of #* — 2 — 1 = 0 are \/—\ /
L L J 2

x1 = —0.724492, x5 = 1.220744. So z* — 2 —1 > 0 on

(=00, 1) and (w9, +00), and * —z—1 < 0 on (1, T2). -L5)f

Then lim f'(z) = lim (423 — 2) = 423 — 2 and I V

T—xy

lim_ f(z) = lim_ —4z® = —42% which is not equal ~1s

JJ—)ZIJI 13-’(131
to 43 — 2, so f is not differentiable at = 1; simi-
larly f is not differentiable at x = xs.

(@) [(x) =5 (b) f/() = 1/ () ['(x)=—1/24%
(d) f'(z)=-3/(x—1)2 (e) f(z)=3x/V32x2+5 ) f'(z) =3cos3x
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32.

34.

36.

37.

38.

39.

40.

Chapter 3
1 —2y/xsin 2z
'(z) = 2si 2 33. fl(z) = - —YTOIEY
f'(x) = 2xsinz + 2° cosx f(x) N
622 + 8z — 17 (1+ 2?)sec?z — 2z tanz
/ = 35- ! =
(@) (3z + 2)2 (@) (1+ 22)2

" )_xQCosf—ng/Qsin\/E
fila) = 0072

—22%sinz — 2z cosw + 42 + 622 sinx + 62 — 3z cosx — drsinx +4cosz — 8

f(@) = 222v/x% — 3+ 2(2 — cos x)2

2
U3 _ Zy=3y ) = 0. Atz =1and y = —1, ¥ = 2. The tangent line is

2
Differentiating, =z~
1rerentiating 3(E 3

y+1=2(xz—-1).

Differentiating, (xy’+y) coszy = y'. With x = /2 and y = 1 this becomes y’ = 0, so the equation
of the tangent line is y — 1 = 0(x — 7/2) or y = 1.

Find % - given % = a and % = —b. From the

figure sinf = y/z; when z =y = 1, z = v/2. So

6 =sin~'(y/z) and Y <
d9:1<1dy_yd2>:_b_a )
dt W zdt 22 dt V2

when z =y = 1.

CHAPTER 3 HORIZON MODULE

1.

x1 =1y cosby,xo =lacos(fy +63), so x = 21 + 9 = 1 cos 01 + I3 cos(01 + 03) (see Figure 3 in text);
similarly y1 = I3 sin 6y + la sin(6;1 + 62).

Fix 6, for the moment and let #5 vary; then the distance r from (z,y) to the origin (see Figure 3
in text) is at most 1 + I and at least 1 — Iy if I; > Iy and Iy — I} otherwise. For any fixed 605 let
0, vary and the point traces out a circle of radius r.

(@) {(z,y):0<a®+y>* <2}
(b) {(z,y):li —la<a2?+y* <l +1ls}
(C) {(xay):ZQ*ll§x2+y2§ll+lg}

(z,y) = (I3 cos O + I3 cos(f1 + 63),11 sin 0y + 5 sin(6; + 62))

= (cos(m/4) + 3 cos(5m/12), sin(w/4) + 3sin(57/12)) = (ﬁ R 3\/6>

4 ’ 4

x = (1) cos 2t 4 (1) cos(2t + 3t) = cos 2t + cos 5t,
y = (1)sin2¢ + (1) sin(2t + 3t) = sin 2t + sin 5¢



Chapter 3 Horizon Module 121

6. x = 2cost, y = 2sint, a circle of radius 2

7. (a) 9= [3sin(f; + 02)]> + [3cos(f; + 62))> = [5 — 3sin61]? + [3 — 3cos 61]2
=25 —30sin6; + 9sin®60; +9 — 18 cosfy + 9cos2 0, = 43 — 30sinf; — 18 cos by,
so 15sin#y + 9cos b = 17

17— 9cos b \°
(®) 1= sin® 01 + cos? 6y = (1;081) + cos 6y, or 306 cos? f; — 306 cosf; = —64
1 517
(c) cosby = (153 +/(153)7 — 4(153)(32)) /306 = 5 & 2

(e) If 8, = 0.792436 rad, then 6 = 0.475882 rad ~ 27.2660°;
if #; = 1.26832 rad, then 65 = —0.475882 rad ~ —27.2660°.

dr o . d91 . d91 deg
8. = = —3SH191E — (3sin(fy + 62)) <dt + dt)
= 350 Gn 0, + sin(0; + 05)) — 3 (sin(0 + 0,)) 22
dt dt
dé . do
=~y = 3(sin(0 +02)
- dy  db, df dv  dy
similarly ik 3(cos(6 +02)) o Now set o = 0, i 1.

1
9. (a) z = 3cos(n/3)+ 3cos(—7/3) = 65 = 3 and y = 3sin(w/3) — 3sin(n/3) = 0; equations (4)

df do df
become 3sin(7r/3)d—t2 =0, 3d71 +3cos(7r/3)d—t2 = 1 with solution dfs /dt = 0, d, /dt = 1/3.
_ _ del _ d91 d@g _ . . .
(b) z=-3,y=3,50 _3E =0 and —3E - 3% = 1, with solution df;/dt = 0,

by /dt = —1/3.



