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Specification of a voting system

Consider that you have a board composed by four persons, 
one president (A) and other three members (B, C, and D).

We want to build a system producing the status of the
voting of the board. Whenever there is a tie, the president
uses his/her quality vote to untie.

Voting in favor is expressed by 1, while against is expressed
by 0.

LUÍS GOMES, 2014,15

Specification of
a voting system

A B C D

0 0 0 0 m0

0 0 0 1 m1

0 0 1 0 m2

0 0 1 1 m3

0 1 0 0 m4

0 1 0 1 m5

0 1 1 0 m6

0 1 1 1 m7

1 0 0 0 m8

1 0 0 1 m9

1 0 1 0 m10

1 0 1 1 m11

1 1 0 0 m12

1 1 0 1 m13

1 1 1 0 m14

1 1 1 1 m15

LUÍS GOMES, 2014,15
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Specification of
a voting system

A B C D

0 0 0 0 m0 0
0 0 0 1 m1 0
0 0 1 0 m2 0
0 0 1 1 m3 0
0 1 0 0 m4 0
0 1 0 1 m5 0
0 1 1 0 m6 0
0 1 1 1 m7 1
1 0 0 0 m8 0
1 0 0 1 m9 1
1 0 1 0 m10 1
1 0 1 1 m11 1
1 1 0 0 m12 1
1 1 0 1 m13 1
1 1 1 0 m14 1
1 1 1 1 m15 1

Output = Σ m(7,9,10,11,12,13,14,15)

Output = Π M(0,1,2,3,4,5,6,8)

LUÍS GOMES, 2014,15

Next problem: how to find the most simple
expression to represent a function?

We need methods to simplify Boolean expressions.

Most common methods:

- Karnaugh maps

- Quine-McCluskey method

LUÍS GOMES, 2014,15
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Karnaugh maps for functions of 2 and 3 
variables

A
B

0        1

0

1

/A/B  0 A/B    2

/AB    1 AB     3

/A/B/C  0 /AB/C  2 AB/C  6 A/B/C  4

/A/BC  1 /ABC  3 ABC  7 A/BC  5

A
B

C

0

1

0 0 1 1
0 1 1 0

A B
0 0
0 1

1 0
1 1

A B C
0 0 0
0 0 1
0 1 0
0 1 1
1 0 0

1 0 1
1 1 0

1 1 1

0
1
2
3
4
5
6
7

0
1
2
3

A

B

/A/B  0 A/B    2

/AB    1 AB     3

/A/B/C  0 /AB/C  2 AB/C  6 A/B/C  4

/A/BC  1 /ABC  3 ABC  7 A/BC  5

A

C

B

LUÍS GOMES, 2014,15

Karnaugh maps for functions of 4 
variables

/A/B/C/D  0 /AB/C/D  4 AB/C/D  12 A/B/C/D  8

/A/B/CD  1 /AB/CD  5 AB/CD  13 A/B/CD  9

/A/BCD  3 /ABCD  7 ABCD 15 A/BCD  11

/A/BC/D  2 /ABC/D  6 ABC/D  14 A/BC/D  10

A 0 0 1 1
B 0 1 1 0C

D

0 0

0 1

1 1

1 0

A B C D
0 0 0 0
0 0 0 1
0 0 1 0
0 0 1 1
0 1 0 0
0 1 0 1
0 1 1 0

0 1 1 1
1 0 0 0
1 0 0 1
1 0 1 0
1 0 1 1
1 1 0 0
1 1 0 1
1 1 1 0

1 1 1 1

0
1
2
3
4
5
6
7
8
9

10
11
12
13
14
15

/A/B/C/D  0 /AB/C/D  4 AB/C/D  12 A/B/C/D  8

/A/B/CD  1 /AB/CD  5 AB/CD  13 A/B/CD  9

/A/BCD  3 /ABCD  7 ABCD 15 A/BCD  11

/A/BC/D  2 /ABC/D  6 ABC/D  14 A/BC/D  10

A

B

D

C

LUÍS GOMES, 2014,15



02/10/2017

4

Karnaugh maps simplification rules (using 1s)

Group a number of 2m cells containing 1s in a rectangular/square area, 
considering adjacency of the cells;

A group should be as big as possible, and contains at least one 1 that do 
not belong to any other group;

The function is described as a sum of products, where each group will
generate a product composed by all variables that stay constant in all
cells of the group; if the variable value is 1 then the variable appears in 
the product uncomplemented, otherwise if the variable value is 0 then
the variable appears in the product complemented.

LUÍS GOMES, 2014,15

f1(A,B,C,D)=Σ(0,1,2,3,4,5,10)

1  0 1  4 12 8

1  1 1  5 13 9

1  3 7 15 11

1  2 6 14 1 10

A 0 0 1 1
B 0 1 1 0C

D

0 0

0 1

1 1

1 0

1  0 1  4 12 8

1  1 1  5 13 9

1  3 7 15 11

1  2 6 14 1 10

A

B

D

C

LUÍS GOMES, 2014,15
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f1(A,B,C,D)=Σ(0,1,2,3,4,5,10)=
=/A/C+/A/B+/BC/D

1  0 1  4 12 8

1  1 1  5 13 9

1  3 7 15 11

1  2 6 14 1 10

A 0 0 1 1
B 0 1 1 0C

D

0 0

0 1

1 1

1 0

/A/C

/A/B

/BC/D

+

+

1  0 1  4 12 8

1  1 1  5 13 9

1  3 7 15 11

1  2 6 14 1 10

A

B

D

C

LUÍS GOMES, 2014,15

Karnaugh maps simplification rules (using 0s)

Group a number of 2m cells containing 0s in a rectangular/square area, 
considering adjacency of the cells;

A group should be as big as possible, and contains at least one 0 that do 
not belong to any other group;

The function is described as a product of sums, where each group will
generate a sum composed by all variables that stay constant in all cells
of the group; if the variable value is 1 then the variable appears in the
product complemented, otherwise if the variable value is 0 then the
variable appears in the product uncomplemented.

LUÍS GOMES, 2014,15
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f1(A,B,C,D)=Σ(0,1,2,3,4,5,10)=
=Π(6,7,8,9,11,12,13,14,15)

1  0 1  4 0 12 0 8

1  1 1  5 0 13 0 9

1  3 0 7 0 15 0 11

1  2 0 6 0 14 1 10

A 0 0 1 1
B 0 1 1 0C

D

0 0

0 1

1 1

1 0

0 4 0 12 0 8

1 5 0 13 0 9

3 0 7 0 15 0 11

2 0 6 0 14 10

A

B

D

C

LUÍS GOMES, 2014,15

f1(A,B,C,D)=Π(6,7,8,9,11,12,13,14,15)=
=(/A+C).(/A+/D).(/B+/C)

1  0 1  4 0 12 0 8

1  1 1  5 0 13 0 9

1  3 0 7 0 15 0 11

1  2 0 6 0 14 1 10

A 0 0 1 1
B 0 1 1 0C

D

0 0

0 1

1 1

1 0

0 4 0 12 0 8

1 5 0 13 0 9

3 0 7 0 15 0 11

2 0 6 0 14 10

A

B

D

C

LUÍS GOMES, 2014,15
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f1(A,B,C,D) =

=Σ(0,1,2,3,4,5,10) = /A./C+/A./B+/B.C./D =

=Π(6,7,8,9,11,12,13,14,15) = (/A+C).(/A+/D).(/B+/C)

LUÍS GOMES, 2014,15

=0

=0

(1)(1)(1)

(1) A + A.B = A

f1(A,B,C,D) =

=Σ(0,1,2,3,4,5,10) = /A./C+/A./B+/B.C./D =

=Π(6,7,8,9,11,12,13,14,15) = (/A+C).(/A+/D).(/B+/C)=

= (/A + /A./D + /A.C + C./D) . (/B+/C) =

= /A./B + /A./C + /A./B./D + /A./C./D + /A./B.C + /A.C./C + 

+ /B.C./D + C./C./D =

= /A./C+/A./B+/B.C./D

LUÍS GOMES, 2014,15
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Specification of a new voting system

Consider that you have a board composed by four persons, 
one president (A) and other three members (B, C, and D).

We want to build a system producing the status of the
voting of the board. One output informs whenever there is
a tie. When no tie exists, a second output informs about the
voting of the board.

Voting in favor is expressed by 1, while against is expressed
by 0.

LUÍS GOMES, 2014,15

Specification of the
new voting system

A B C D Maj Tie

0 0 0 0 m0

0 0 0 1 m1

0 0 1 0 m2

0 0 1 1 m3

0 1 0 0 m4

0 1 0 1 m5

0 1 1 0 m6

0 1 1 1 m7

1 0 0 0 m8

1 0 0 1 m9

1 0 1 0 m10

1 0 1 1 m11

1 1 0 0 m12

1 1 0 1 m13

1 1 1 0 m14

1 1 1 1 m15

LUÍS GOMES, 2014,15
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Specification of the
new voting system

A B C D Maj Tie

0 0 0 0 m0 0
0 0 0 1 m1 0
0 0 1 0 m2 0
0 0 1 1 m3 1
0 1 0 0 m4 0
0 1 0 1 m5 1
0 1 1 0 m6 1
0 1 1 1 m7 0
1 0 0 0 m8 0
1 0 0 1 m9 1
1 0 1 0 m10 1
1 0 1 1 m11 0
1 1 0 0 m12 1
1 1 0 1 m13 0
1 1 1 0 m14 0
1 1 1 1 m15 0

Tie = Σ m(3,5,6,9,10,12)

LUÍS GOMES, 2014,15

Specification of the
new voting system

A B C D Maj Tie

0 0 0 0 m0 0 0
0 0 0 1 m1 0 0
0 0 1 0 m2 0 0
0 0 1 1 m3 X 1
0 1 0 0 m4 0 0
0 1 0 1 m5 X 1
0 1 1 0 m6 X 1
0 1 1 1 m7 1 0
1 0 0 0 m8 0 0
1 0 0 1 m9 X 1
1 0 1 0 m10 X 1
1 0 1 1 m11 1 0
1 1 0 0 m12 X 1
1 1 0 1 m13 1 0
1 1 1 0 m14 1 0
1 1 1 1 m15 1 0

Maj = Σ m(7,11,13,14,15)+d(3,5,6,9,10,12)

Tie = Σ m(3,5,6,9,10,12)

Introducing don’t cares

LUÍS GOMES, 2014,15
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Specification of the
new voting system

A B C D Maj Tie

0 0 0 0 m0 0 0
0 0 0 1 m1 0 0
0 0 1 0 m2 0 0
0 0 1 1 m3 X 1
0 1 0 0 m4 0 0
0 1 0 1 m5 X 1
0 1 1 0 m6 X 1
0 1 1 1 m7 1 0
1 0 0 0 m8 0 0
1 0 0 1 m9 X 1
1 0 1 0 m10 X 1
1 0 1 1 m11 1 0
1 1 0 0 m12 X 1
1 1 0 1 m13 1 0
1 1 1 0 m14 1 0
1 1 1 1 m15 1 0

Maj = Σ m(7,11,13,14,15)+d(3,5,6,9,10,12) =
= Π M(0,1,2,4,8)+d(3,5,6,9,10,12) 

Tie = Σ m(3,5,6,9,10,12) =
= Π M(0,1,2,4,7,8,11,13,14,15)

Introducing don’t cares

LUÍS GOMES, 2014,15

How to handle don’t cares when
simplifying one function?

• F(A,B,C,D) = ∑(1,3,5,6,10) + d(0,2,4,8,12)

Example

LUÍS GOMES, 2014,15
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F(A,B,C,D) = ∑(1,3,5,6,10) + d(0,2,4,8,12)

X  0 X  4 X 12 X 8

1  1 1  5 13 9

1  3 7 15 11

X  2 1 6 14 1 10

A 0 0 1 1
B 0 1 1 0C

D

0 0

0 1

1 1

1 0

X  0 X  4 X 12 X 8

1  1 1  5 13 9

1  3 7 15 11

X  2 1 6 14 1 10

A

B

D

C

LUÍS GOMES, 2014,15

F(A,B,C,D) = ∑(1,3,5,6,10) + d(0,2,4,8,12)

X  0 X  4 X 12 X 8

1  1 1  5 13 9

1  3 7 15 11

X  2 1 6 14 1 10

A 0 0 1 1
B 0 1 1 0C

D

0 0

0 1

1 1

10

/B/D +
X  0 X  4 X 12 X 8

1  1 1  5 13 9

1  3 7 15 11

X  2 1 6 14 1 10

A

D

C

LUÍS GOMES, 2014,15
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F(A,B,C,D) = ∑(1,3,5,6,10) + d(0,2,4,8,12)

X  0 X  4 X 12 X 8

1  1 1  5 13 9

1  3 7 15 11

X  2 1 6 14 1 10

A 0 0 1 1
B 0 1 1 0C

D

0 0

0 1

1 1

1 0

/B/D

/A/D

+

+
X  0 X  4 X 12 X 8

1  1 1  5 13 9

1  3 7 15 11

X  2 1 6 14 1 10

A

D

C

LUÍS GOMES, 2014,15

F(A,B,C,D) = ∑(1,3,5,6,10) + d(0,2,4,8,12)

X  0 X  4 X 12 X 8

1  1 1  5 13 9

1  3 7 15 11

X  2 1 6 14 1 10

A 0 0 1 1
B 0 1 1 0C

D

0 0

0 1

1 1

10

/B/D

/A/D

/A/C

+

+

+

X  0 X  4 X 12 X 8

1  1 1  5 13 9

1  3 7 15 11

X  2 1 6 14 1 10

A

D

C

LUÍS GOMES, 2014,15
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F(A,B,C,D) = ∑(1,3,5,6,10) + d(0,2,4,8,12)

X  0 X  4 X 12 X 8

1  1 1  5 13 9

1  3 7 15 11

X  2 1 6 14 1 10

A 0 0 1 1
B 0 1 1 0C

D

0 0

0 1

1 1

10

/B/D

/A/D

/A/C

/A/B

+

+

+

X  0 X  4 X 12 X 8

1  1 1  5 13 9

1  3 7 15 11

X  2 1 6 14 1 10

A

D

C

LUÍS GOMES, 2014,15

Alternative representations for Karnaugh
maps

A 0 0 1 1
B 0 1 1 0C

D

0 0

0 1

1 1

1 0

0

1

2

3

4

5

6

7

12

13

14

15

8

9

10

11

B

D

0

1

2

3

4

5

6

7

12

13

14

15

8

9

10

11

A

C

LUÍS GOMES, 2014,15


